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0 Preface

This book is an introduction to symbolic logic. The primary goal is to teach
the basics of symbolic logic (propositional and predicate logic). By the end
of this book, you will know (1) what an argument is, (2) some criteria for
makes a good argument, (3)what it means for a conclusion to ``follow from''
its premises, (4) how to test when a conclusion follows from its premises,
and (5) how to prove that a conclusion follows from its premises. You will
know this with respect to the English language, but also with respect to two
different logical languages and (6) you will know how to translate English
arguments into these logical languages.

Who is this book for?

In deciding whether this book is worth your time, it is important to know
the target audience for this text and how the text presents the material.

First, the primary audience for this book are those who know nothing about
logic but want to learn the basics of symbolic logic. As such, it is an ideal
textbook for a first course in logic or for those who have taken a logic course
but who want to review the basics. I've written the text with undergraduate
with a limited mathematical background in mind.

Second, the book is written in a way that (I hope) makes it easier to learn
logic outside of the classroom setting. The textbook material is delivered in
bite-sized chunks followed by exercises. While this approach is not novel,
this text makes a concerted effort to make these chunks smaller than other
texts. In other words, exercises are more dispersed throughout the text than
in other texts. I'm hoping that this approach gives instructors teaching from
the text more flexibility in terms of where to start and stop their courses and
a greater opportunity to assess student understanding in the classrooom. In
addition, I'm hoping that this approach allows students and those learning
on their own the opportunity to periodically check their understanding of
the material and to take breaks when needed.

Finally, it isworth noting that this book is not intended to be a comprehensive
introduction to all aspects of logic as it does not cover topics like informal fal-
lacies, modal logic, metatheory, or axiom systems. As such, this text would
not be ideal for a critical thinking course or a course in mathematical logic.

v



vi CONTENTS

Structure of the book

The book begins with an introductory chapter that orients the reader to the
study of logic. Part I contends that the goal of logic is to sort arguments into
two types: good arguments and bad arguments. In order to come close to
achieving this goal, many hurdles must be overcome. The first hurdle is to
define what it means to be an argument. Chapter 1 thus defines what an ar-
gument is and distinguishes arguments from other types of discourse. The
second hurdle is to define what it means for an argument to be good. Chap-
ter 1 then introduces three criteria for a ``good argument'' and then focuses
on one of these criteria for the remainder of the book: validity. Finally, the
third hurdle is that it is one thing to know what a good argument is, but it is
another thing to be able to identify or construct good arguments. The chap-
ter concludes with a discussion of informal methods for identifying valid
arguments and limitations in these methods.

From here, the book is divided into two parts. In Part I, the language of
propositional logic is introduced. In Chapter 2, the symbols, syntax, and
semantics are articulated. It concludes with a discussion of how to translate
English sentences into propositional logic. In Chapters 3 and 4, truth tables
and truth trees are presented as methods for testing sets of wffs for logical
properties. In Chapter 5, the concept of a proof system is introduced and
a natural deduction proof system is presented. In my experience, students
tend to struggle with proofs and so there are many examples and exercises
to help students master this skill.

Part II of the text turns to predicate logic. This part has a similar structure to
Part I. In Chapter 6, the formal language of predicate logic is introduced. In
Chapter 7, truth trees are articulated and in Chapter 8, the proof system for
propositional logic is presented.

Those with limited time or not wishing to read the book cover to covermight
still profit from this book by reading chapters in a specific order. Three dif-
ferent courses of reading are provided in the diagram below (although other
paths are possible):

ch1 ch2 ch3

ch4

ch5 ch6

ch7

ch8 ch9

ch9

ch9

ch10

ch10

The top path skips Chapter 4 and 7, which deal with propositional and pred-
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icate logic truth tress. The middle path skips propositional and predicate
logic proofs. Finally, the bottom path skips propositional logic proofs and
the entire discussion of predicate logic (Chapters 6-8). While the more ad-
vanced Chapters 8 and 9 contain elements of both trees and proofs, one may
still profit from several sections in these chapters even if one skips discus-
sions of trees and proofs.

About the website

Supplemental material for this book can be found at my website (https:
//www.davidagler.com) and on my YouTube Channel (https://www.yout
ube.com/LogicPhilosophy). On the website, you can find course handouts,
lecture slides, sample exams, and supplemental materials not included in
this text. Onmy YouTube channel, you can find roughly 75 videos that cover
the material in this book. The videos are organized into three playlists. The
first covers propositional logic, the second covers predicate logic, and the
third covers both propositional and predicate logic. The videos are also use-
ful for studentswho are learning remotely, absent from class, orwant to learn
at a different pace than the rest of the class.
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1 Introduction to Logic

1.1 What is Logic?

In our day to day lives, we find ourselves arguing with other people. Some-
times we want someone to believe something that they don't currently be-
lieve. Other people are no different. They wish to convince us of something
and so they use various tactics to get our assent. Sometimes we find their
tactics convincing, other times we are unpersuaded, and other times we are
unsure what we should think.

Often times we think that the way to get someone to believe what we believe
is by giving them reasons to accept what we accept. We take ourselves to
be reasonable people. At least for many of the propositions we believe, we
take these propositions to be true not merely because we believe them but
because (i) we have excellent reasons for those beliefs and (ii) those excellent
reasons support the beliefs in question. And, insofar as we take other people
to be reasonable like ourselves, we will often convey those excellent reasons
in support of a belief to these people. We do this in the hopes that they
recognize that not only the reasons as excellent but also that the argument
has some particular quality to it that makes it worth accepting.

In addition to putting forward reasons, we also criticize other people's ar-
guments. When we do this, we either take the reasons they put forward in
support of their argument to be false or we point out that even if the rea-
sons they have were true, this doesn't mean one ought to rationally accept
the conclusion in question. That is, we think that their argument has some
particular feature (or features) that make it flawed.

The primary goal of logic is to separate good arguments and bad arguments.
Doing this requires a variety of other subgoals, e.g., defining what an argu-
ment is, what it means for an argument to be good (or bad), methods for
identifying good versus bad arguments, and methods for constructing good
arguments.

Definition 1.1.1: Logic

Logic is a science that aims to separate good and bad arguments.
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Arguments Logic

Good Arguments

Bad Arguments

Figure 1.1: Logic aims to identify good arguments

In the remainder of this chapter, we will focus on three of these subgoals.
First, we will define what an argument is and how to identify arguments.
Second, we will develop a preliminary account of what it means for an ar-
gument to be good or bad. Third, we will outline twomethods for identifying
good and bad arguments.

To begin, in formulating criteria for good and bad arguments, the focus of
logic is on arguments, not on arguing. Arguing and arguments differ in many
important ways. Arguing is a broader, more complex phenomena that of-
ten, although not always, includes arguments. When we argue, it is often
directed at some other person (our friends, family, or strangers), it can in-
volve yelling, the rolling of our eyes in disbelief, or some other gesture. In
contrast, an ``argument'' is a sequence of sentences (called ``propositions'')
where some proposition (called the ``conclusion'') is represented as follow-
ing from another set of propositions (called the ``premises'').

Definition 1.1.2: Argument

An argument is a series of propositions in which a certain proposi-
tion (the conclusion) is represented as following from another set of
propositions (the premises or assumptions).

One way to think about the concept of an argument is that an argument is an
abstraction from what goes on when people argue. It is a selection of part of
what goes on when people are arguing. That is, part of what people do (or
at least aim to do) when they argue is to utter sentences that support some
other sentence. In doing this, they put forward arguments.

1.1.1 Propositions

The definition of an argument contains a number of terms that need clarifi-
cation. First, an argument is a series of propositions. What is a proposition?
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Definition 1.1.3: Proposition

A proposition is something (typically expressed by a sentence) that
is capable of being true or false.

Let's consider some examples of sentences that do express propositions and
those that do not. First, consider the following sentences:

1. The sky is blue.
2. Tek is 6'0 tall.
3. If there are three cookies, then one cookie is missing.

Each of the above sentences express something that can be true or false. In
contrast, consider the following items that do not express propositions:

1. A rock on the ground
2. The blueness in Tek's shirt
3. The sentence: do you have any water?

Notice that the rock (which is an object) may exist in the world but it is not
something that is true or false. If Liz were to say "the rock is on the ground",
then this sentence (since it expresses something that can be true or false) is
a proposition. Similarly, the property of being blue may be in Tek's shirt, but
the blueness itself (as a property) does not express a proposition. Finally, not
all sentences express propositions since while it may make sense to answer
"yes" or "no" to the quesiton of whether you have water, this type of sentence
does not express content that can be true or false.

1.1.1.1 Identifying propositions: Two tests

With a definition of a proposition along with a few examples in place, it
would be helpful if there were a method for identifying propositions. In this
subsection, two informal methods are presented: the naturalness test and
the cognitive attitude test.

Sentence?

Naturalness test

Cognitive attitude test

There are at least two ways to pick out sentences that express propositions. Naturalness test
First, there is the "naturalness test". To use the naturalness test, imagine a
scenario where someone utters the sentence S and another person responds
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"True" or "False". If the response sounds "natural", then there is evidence
that S expresses a proposition. While the notion of something "sounding
natural" is a vague notion, we can take it to mean that a native speaker of the
language in which the sentence is uttered will judge it to be an acceptable
response.

Let's consider two examples. First, consider the sentence "the sky is green".
Now suppose Tek utters this sentence and Liz responds "False" or "That
is false". This response is natural and so there is evidence that "the sky is
green". Second, imagine that Tek utters "where is the nearest gas station?"
to Liz and Liz responds "False". This is a strange response. Liz would say
that it does not make sense to respond in this way. Given Liz's judgment, we
have reason to believe that "where is the nearest gas station does not express
a proposition?"

The second test is the "cognitive attitude test". There are a variety of men-Cognitive Attitude Test
tal and emotional attitudes we may have toward things in the world or our
minds. Suppose Tek just saw a new movie. Tek may hate the move or love it
or be indifferent about it. A cognitive attitude is a mental or intellectual atti-
tude that someone has toward something. Such attitudes have some relation
(explicitly or implicitly) to a person's belief about the world. For example,
most explicitly, Tek can believe he saw some specific movie. Alternatively,
Tek might doubt he saw some specific movie ten years ago. Attitudes like
belief, doubt, knowing are all examples of cognitive attitudes.

With cognitive attitudes inmind, supposewe have a sentence S andwewant
to determine if S expresses a proposition. To test, we place it to the right of
(1) a phrase that expresses a cognitive attitude and (2) the word "that". For
example,

• Tek believes that S.
• Tek knows that S.
• Tek doubts that S.

If itmakes sense tomakeS the object of a propositional attitude, thenS likely
expresses a proposition. To use a concrete example, suppose the sentence is
"The sky is green".

• Tek believes that the sky is green.
• Tek knows that the sky is green.
• Tek doubts that the sky is green.

Since "the sky is green" can be the object of a propositional attitude, there is
good reason to believe that "the sky is green" expresses a proposition.Some additional

propositions include: (1)
John is tall, (2) There are
10,234 trees in Paris, (3)

Socrates is mortal, and (4)
The earth is flat.
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Finally, it is important to stress that not every sentence expresses a propo-
sitions. In general, questions (interrogatives), exclamatory sentences, and
commands (imperatives) do not express propositions since the content they
express is incapable of being true or false. For example, consider the follow-
ing sentences:

• Questions: Who has my money? Where am I? Is John tall?
• Exclamations: Woah! Yikes! Congratulations!
• Commands: Close the door. Get out of here.

In the case of questions, it seems unnatural to respond "True" to the question
of "Who hasmymoney?" The right sort of response is to give the name of the
personwho has the speaker'smoney or to say that you don't know. Similarly,
applying the cognitive attitude test to the question "Who has my money?"
does notmake sense. Doing sowould give us "Tek believeswho hasmymoney"
which is not a natural utterance and is ungrammatical. The same is true
for both exclamations and commands. Responding "true" or "false" to these
sentences or applying the cognitive attitude test yields a strange result.

Exercise 1.1

For the following sentences, state which express propositions and
which do not express not propositions. If necessarily, use the natu-
ralness and cognitive attitude test.

1. Be a yardstick of quality.
2. Let's Go Pens!
3. How may I help you?
4. Let the dog out.
5. In a fixed rate par bond, the issuer issues the bond at par value.
6. Brandon has Finance 301 at 11:15PM on Thursdays.
7. Recycling bins are blue.
8. Tek is eating a sandwich.
9. Mike goes to the University of Miami.

10. Billboards are a great way to advertise for your company.
11. Can you pass me the pepper?
12. Isaac Newton discovered gravity when he dropped a piano on

his brother’s head.

1.1.1.2 Some finer points involving propositions

With the definition of a proposition and some basic examples, let's consider
some finer points about propositions.
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First, we have defined a proposition as something that is capable of beingPropositions are abstract
true or false. We have also claimed that it is what is typically expressed by a
sentence rather than the sentence itself. A proposition then is something like
the meaning or content typically expressed by certain sentences. As such, a
proposition is something abstract as it is not the ink on the page or the sound
waves created by a person. Some individuals find talk of abstract objects
worrisome since they believe that the only things that exist are things located
in space and time (concrete things). These individuals might be inclined to
define a proposition not as that which is expressed by a sentence but the
sentence itself (e.g., the ink on the page).

Second, in the previous section, it was noted that questions, exclamations,Questions that express
propositions and commands do not (in general) express propositions. However, the sit-

uation is not so simple since there are some contexts where questions do
express propositions. For example, suppose you and your friend Tek are
having dinner. Your friend Tek tells you that he has joined a cult. Tek begins
to describe the belief system of his new cult, but you stop him before he can
continue. You utter "are you crazy?" On the surface, this is a question and so,
if questions fail to express propositions, then you have not uttered a propo-
sition. However, in this context (and in general) this question is rhetorical.
You are not asking Tek whether he is crazy but instead telling Tek that he
is crazy. Your utterance "are you crazy" is expressing some content that is
capable of being true or false. As such, the sentence expresses a proposition.

Third, not only do some questions express propositions, but some sentencesDeclaratory sentences that
do not express propositions that appear to be describing the world (and therefore expressing proposi-

tions) are, on closer inspection, not expressing propositions. Here is an ex-
ample. Suppose you and Tek are having dinner at Tek's home. You insult
Tek and are now in a heated argument. Angrily, Tek stands up, points to
the door, and says "there is the door." What is Tek saying? On the surface,
he is saying that there exists a door in the room and it is the door that he is
pointing at. But, as most people would rightly take Tek to be commanding
you to leave. Therefore, just because a sentence is, on the surface, describing
the world does not mean that it is expressing a proposition.

Fourth, if the proposition is nothing more than the content expressed by aDifferent sentences but the
same proposition sentence, and two different sentences can express the same content (have the

same meaning), then two different sentences can express the same proposi-
tion. For example, the sentence "Tek loves Liz" and "Liz is loved by Tek"
express the same thing: some content that is capable of being true or false.
Therefore, they can be understood as expressing the same proposition in
two different ways. A similar point might be made when the same content
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is expressed in two different languages. Take the sentences "Tek quiere la
chaqueta" (Tek wants the jacket) and "La chaqueta es buscada por Tek" (The
jacket is wanted by Tek). Although these are two different sentences (one
expressed in Spanish, the other in English), given that they mean the same
thing, they can be understood as expressing the same proposition.

Fifth, different utterances of the same sentence can express different propo- One sentence but different
propositionssitions. The meaning of a sentence often depends upon contextual factors

(who said it, when it was said, how it was said, etc.). For example, con-
sider how the following three different utterances of the same sentence "I
ate breakfast" express three different propositions.

1. ``I ate breakfast'' is uttered by John expresses the proposition John ate
breakfast

2. ``I ate breakfast'' is uttered by Liz expresses the proposition Liz ate
breakfast

3. ``I ate breakfast'' is uttered by Tek expresses the proposition Tek ate
breakfast

Since the meaning of "I ate breakfast" depends upon who uttered the sen-
tence (the speaker of the sentence), if the speaker changes, then the propo-
sition expressed by the sentence changes.

Sixth, one common mistake with respect to identifying whether something A sentence can express a
proposition even if you
don't know if it is true

expresses a proposition is thinking that the truth value of a proposition is
known. This is not correct for two reasons.

First, there are many sentences that are either true or false even though no
one knows whether they are true or false. For example, consider the sen-
tence "there are 250,304 trees in Morelia." Let's suppose that no one knows
whether this is true or false. Even if that were the case, presumably there
is some fact of the matter about this sentence. That is, presumably there is
some precise number of trees in Morelia and this number either makes this
sentence true or false. Second, it is important to note that the definition of
a proposition says that it is something that is capable of being true or false.
What this means is that it is the type of thing that could be assigned a truth
value. Some sentences are capable of being true or false even if (1) no one
knowswhether they are true or false or (2) there is no fact to the matter as to
whether it is true or false. Take a sentence about the future like "Tek will eat
a sandwich tomorrow." Suppose that we do not knowwhether Tek will eat a
sandwich tomorrow. In addition, suppose the world is indeterministic and
so the present state of affairs along with the physical laws of the universe do
not determine whether Tek will or won't eat the sandwich. On our defini-
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tion, this sentence is capable of being true or false even if (1) we don't know
if it is true or false and (2) there are no present facts fixing its truth value.

In other words, to know that a sentence expresses a proposition, you only
need to know that it can take a truth value, not what that truth value is.

Seventh, propositions are typically expressed by sentences, but dependingPropositions expressed by
things other than sentences upon one's conception of a sentence, it is possible that propositions can be

expressed by other means. If a sentence is understood as something that can
only be written or spoken, then propositions can also be expressed through
sign language. One step further than this is that propositions can be ex-
pressed through gestures or other non-linguistic conventions. For example,
suppose that an artist has painted a landscape. They place the painting on
the wall and next to the painting they place a placard that has an image of a
hand with a finger pointing at the artist. Conventions for hanging art along
with the juxtaposition of the painting, the placard, and the artist express that
the artist is the creator of the painting.

Exercise 1.2

For the following sentences, state which express propositions and
which do not express not propositions.

1. God does not exist.
2. I know that God exists.
3. You are beautiful.
4. It is morally wrong to eat meat.
5. I bet you five dollars.

1.1.2 Some key ideas about arguments

There are a number of features of arguments. Let's consider a few of these
features.

First, an argument is a series of propositions where some of those proposi-Arguments have premises
and a conclusion tions are the argument's premises and one of those propositions is the ar-

gument's conclusion. The terms ``premises'' and ``conclusion'' refer to the
role certain propositions play in an argument. Intuitively, the ``premises'' or
the ``premise'' of an argument plays a supporting role in that they serve to
``support'' or act as ``evidence'' or reasons for a conclusion. The ``conclu-
sion'' plays the role of proposition that is supported.

10



Argument Propositions
Premises

Conclusion

From the fact that an argument requires premises and a conclusion, a second Not every set of
propositions is an
argument

key point follows. This second point is that not every set of propositions is an
argument. For example, consider the following collection of propositions:

• The sky is blue.
• The sky is not blue.
• The sky is green.

In this example, while there is a set of propositions since the propositions
do not take the role of premises or conclusions, there is no argument. It is a
mere list of propositions. In other words, a description of events, a work of
fiction, a list of items youwant from the grocery store, a diatribe of insults all
may contain propositions, but none are ``arguments'' since the propositions
do not take the role of premises or conclusions. Let's illustrate this second
point with another example. Consider the following passage that consists of
propositions but is not an argument

Yesterday, I saw a little bunny. He was so white and fuzzy and
cute. I tried to walk up to him and pet him, but he cowered in
fear. Yes, I had just eaten a delicious piece of rabbit meat not too
long ago, but the little bunny did not know that.

In the above example, there is a story about a bunny. The story consists
of a series of propositions. The propositions are even ordered where one
proposition follows from another. However, the order is a temporal order
(first this happened, then this, then this) and so none of the propositions
take on the role of premise or conclusion. As such, the above passage is not
an argument.

A third point to make concerning arguments is that a passage of text might Not everything in the
presentation of an
argument is part of an
argument

contain an argument but not everything in that passage need be either a
premise or a conclusion. To put this crudely, a passage of text, a speech, or
the transcription from a debate may contain arguments but not everything
within text, speech, or transcription is part of an argument. For example,
consider that in everyday life people ask rhetorical questions, utter exclam-
atory statements, or even issue commands in the course of putting forward
an argument. Such sentences, while present in the course of putting forward
an argument, are not part of the argument. Let's consider an example.

Does God exist? Now, listen closely! I first started thinking about
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whether God exists when I was young. Surely, God does not
exist. If God did exist, then there would be no suffering in the
world. But, as a matter of fact, there is suffering in the world.
Therefore, God does not exist.

In the above example, notice that there are several features of the presen-
tation of an argument that are not a part of the argument proper. There is
the initial question "Does God exist?", which does not express a proposition.
There is the imperative sentence "Now, listen closely!" which does not ex-
press a proposition. And, finally, there is a proposition that seemingly does
not seem to serve as either a premise or a conclusion: the proposition "I first
started thinking about whether God exists when I was young." In sum, not
everything in the presentation of an argument is part of an argument.

A fourth point concerning arguments is that an argument's premises andArgument indicators
conclusions are sometimes (but not always) indicated by expressions called
``argument indicators''. Argument indicators are various words or expres-
sions that indicate that a premise or conclusion is being expressed.

Indicators of Premises Indicators of Conclusions
because ... , for, since, for the
reason that ... , is supported
by ..., may (or can) be deduced
from, ... is a reason, ... sug-
gests

therefore, hence, in conclu-
sion, so, entails, implies that,
indicates, therefore, conse-
quently, we may (can) deduce
that, suggests ..., it follows
that ..,

Argument indicators are helpful not only for pointing out which proposi-
tions are premises and which are conclusions, but also help to indicate that
an argument is being expressed. For example, consider the following two
propositions:

The sky is blue. The sky is blue.

In this example, it does not appear there is an argument since neither propo-
sitions appears to take the role of premise or conclusion. However, contrast
this with the following example:

The sky is blue. Therefore, the sky is blue.

In this example, the word "therefore" prefixes the second "the sky is blue". In
making this addition, it is now clear (1) that the second instance of "the sky
is blue" is a conclusion and (2) that these two propositions together form an
argument.

A fifth point concerning arguments is the order in which the premises andThe order of presenting the
premises and the

conclusion does not matter 12



conclusion are presented typically does not play a role in determiningwhether
or not something is an argument. That is, an argument might be presented
in a passage of text (or in a speech) and the writer (speaker) starts their
argument by letting you know the point they are trying to prove (their con-
clusion). For example, Tekmaywish to argue that teaching religious texts in
schools funded by tax dollars ought to be illegal. Hemight say the following:

We ought not let religious texts into public schools. I believe this
for at least two reasons. First, there are various religions and so
selecting one would be prejudicial to one religion over another.
Second, schools are funded by taxpayers and taxpayers prefer
other subjects take priority over the study of religion (parents
want their children to learn math, science, and history).

Notice that the above passage begins with the conclusion and then proceeds
to give reasons for that conclusion. However, Tek could have easily began his
argument by stating his two premises and concludedwith his conclusion. In
sum,the order in which the premises and conclusion are presented does not
play a role in determining whether or not something is an argument.

A sixth point concerning argument involves a common practice for present- Argument Standard Form
ing arguments. It is common practice to take arguments and put them in
what is called "argument standard form". Argument standard form is a con-
ventional way of presenting arguments so that (1) the premises of the argu-
ment are clearly distinguished from the argument's conclusion and (2) each
premise is numbered. To illustrate, let's consider the following passage of
text:

Have you heard of this great argument? All women are mortal.
Liz is a woman. Therefore, Liz is mortal.

To put this argument in argument standard form, we identify the proposi-
tions of the argument. These are the following:

1. All women are mortal.
2. Liz is a woman.
3. Therefore, Liz is mortal.

The argument above is in argument standard form. Since the initial question
is not a proposition, we ignore it as it is not a part of the argument. Next, we
label and number the premises using "P" and label the conclusion with "C":

• P1: All women are mortal.
• P2: Liz is a woman.
• C: Therefore, Liz is mortal.
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Expressing arguments in argument standard form is helpful for several rea-
sons. First, it makes clear what features of a passage of text are part of the ar-
gument andwhat part are filler. Second, it clearly distinguishes the premises
from the conclusion. Third, it can be helpful for better identifying problems
with arguments. To illustrate this final point consider the following argu-
ment:

• P1: Tek is guilty of fraud.
• P2: Tek signed the document without permission.
• C: Tek is guilty of fraud.

Suppose you were trying to use the above argument to convince someone
that Tek is guilty of fraud. In examining the above argument, very few peo-
ple would be convinced that P1 provides an independent reason to accept C
as it is simply a restatement of the conclusion itself!

Exercise 1.3

Identify Arguments: For the following sets of sentences, state which
express arguments and which do not express not arguments. If a pas-
sage of text is an argument, try to put the argument in argument stan-
dard form.

1. If Jimmy goes to school, he will get a good grade. His mom
would be really happy if Jimmy gets a good grade. Therefore,
Jimmy should go to school.

2. I really like elephants. They have super big ears and a really long
nose. What a cool animal!

3. Going to the doctor is hard enough but the cost of health care
is making it even harder. People got by before all these medical
advances. I wish health insurance was more affordable.

4. You should read the review of the new restaurant that was in
the paper this morning. It had great information on the types of
food available. From the way it sounds, it could be a pretty neat
place. It also describes the environment pretty well. Definitely
check out the paper when you get a chance.

1.2 Evaluating Arguments

Recall that logic is a science that aims to separate good arguments from bad
arguments.

14



Logic
Good Arguments

Bad Arguments

In previous sections, we have clarified the definition of an argument and
various concepts upon which it depends. Now, it is worth considering what
makes an argument ``good'' or ``bad''. Saying an argument is good or bad
involves an evaluation of the quality of an argument. If an argument is good,
then it meets certain standards or criteria. If it is bad, then it fails to meet
those standards. Much of the business then of logic involves identifying and
clarifying these standards.

Let's begin by distinguishing two different types of criteria: subjective and
objective criteria.

Logic Evaluation
Objective Criteria

Subjective Criteria

When we evaluate an argument using subjective criteria we judge whether
the argument is good or bad by appealing to some standard that involves
the relation of the argument to some subject. For example, if Tek says an
argument is good because he likes it, Tek is evaluating the argument based
on how the argument makes him feel (or how he feels about the argument).
Here howTek feels is a subjective consideration used to evaluate the argument.
Another example is that if we expect arguments to be entertaining, then we
evaluate whether the argument produces the right type of response from
me or others. Similarly, if we expect an argument to be thought-provoking,
then we might evaluate the argument as good if it makes us consider things
differently. For example, if an argument against the reality of freewill caused
us to question whether we were free, we might evaluate the argument as
"good" because we are rethinking whether we are free.

In contrast to subjective criteria, when we use objective criteria to evaluate
the quality of an argument, we use judge whether the argument is good or
bad using features found in the argument itself. There are three objective
criteria used in evaluating arguments.

First, arguments are evaluated according towhether the propositions (premisesTruth of the propositions
and conclusion) that compose the argument are true. If the propositions that
compose the argument are true, then the argument is considered ``good''
in that particular sense. This type of evaluation of arguments is an evalua-
tion independent of the relation between the premises and the conclusion. In
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short, each proposition of the argument is evaluated independently for its
truth or falsity. For the most part, we won't consider what makes a proposi-
tion true or false.

Second, arguments are often evaluatedwith respect to whether the premisesRelevance
of the argument are relevantly related to their conclusion. Take the following
argument:

• P1: Tek's dog died.
• C: Therefore, Tek owes Liz five dollars.

Let's suppose that the death of Tek's dog is completely unrelated to Tek ow-
ing Liz five dollars. Let's also suppose P1 andCare true. Ifwe only evaluated
the quality of an argument based on whether it contained true propositions,
then the above argument would be a good argument. However, intuitively,
since the truth of P1 has no relation to the truth of C, we can rightly criticize
the argument as being bad.

Third, arguments are evaluated according to whether the conclusion ``fol-Conclusion follows from
the premises lows from'' the premises. For example, suppose Tek has a brown dog and

that dog is a collie. Now consider the following argument:

• P1: Tek's dog is brown.
• C: Therefore, Tek's dog is a collie.

Intuitively, while both P1 and C are true, the conclusion does not follow from
the premises. This is because just because Tek's dog is brown does not mean
that Tek's dog is automatically a collie. In contrast, consider the following
argument:

• P1: Tek's dog is a collie.
• C: Therefore, Tek has a dog.

In the above example, the conclusion follows from the premises. From the
proposition that Tek has a specific type of dog (a collie), it follows that Tek
has a dog. While these two examples are straightforward, we might wonder
about what exactly it means for a conclusion to "follow from" the premises.
One of the major tasks of logic is to clarify the indeterminate idea of a "con-
clusion following from its premises".

In this section, we considered two general ways of evaluating arguments.
First, we considered that arguments may be evaluated subjectively or objec-
tively. Second, we introduced three different ways that arguments might be
objectively evaluated. That is, three different objective standards that can be
employed when saying an argument is a "good argument" or a "bad argu-
ment". The three objective standards are (1) the truth of the propositions,
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(2) the relevance of the premises to the conclusion, and (3) the conclusion
following from the premises.

Argument

Objective Evaluation

Subjective Evaluation

C follows from P

P is relevant to C

The Ps are True

As a final point, it is worth noting that we have gained some sophistication
with respect to saying an argument is "good" or "bad". The three objective
criteria for evaluating argument now allow us to say the ways in which the
argument is good or the ways in which it is bad. For example, suppose an
argument is such that the conclusion follows from the premises. In this way,
the argumentmeets one of the objective standards for evaluating arguments.
On this standard, the argument is good. However, if that same argument
has false premises, then it fails to meet one of the objective standards for
evaluating arguments. On this standard, the argument is bad.

we might say that the argument is "good" in one way and "bad" in another
way. Or, suppose an argument has all true propositions and its conclusion
follows from the premises, but the conclusion is not relevantly related to the
conclusion. In such a case, we might say that the argument is "good" in two
ways and "bad" in one way.

1.2.1 Deductively Valid or Invalid

In the previous section, three objective standards were cited for evaluating
arguments. Let's clarify one of these standards further. When saying that a
conclusion "follows from" the premises, it is not entirely clear what is meant.
One way to clarify this idea is by saying that a conclusion ``follows from'' its
premises when the argument is truth-preserving. Intuitively, an argument is
"truth-preserving" if and only if it preserves the truth of its premises in its
conclusion. So, in the case of a truth-preserving argument, if the premises
are true, the conclusion is true. Let's clarify this idea further in two different
ways.

First, an argument can be truth-preserving in that it is impossible for the
premises to be true and the conclusion to be false. On this sense of truth-
preservation, if an argument is truth-preserving, it can never be the case
that the premises are true and the conclusion is false. So, necessarily, if the
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premises are (in fact) true, then the conclusion is true. When an argument is
truth-preserving in this sense, the argument is said to be deductively valid.
In contrast, if an argument fails to be truth-preserving in this sense (that is,
it fails to be deductively valid), then the argument is deductively invalid.

Second, an argument can be truth-preserving in that it is improbable for
the premises to be true and the conclusion to be false. On this sense of
truth-preservation, if an argument is truth-preserving, it is unlikely that the
premises of the argument are true and the conclusion false. So, it is probably
the case that if the premises are true, then the conclusion is true. When an
argument is truth-preserving in this sense, the argument is said to be induc-
tively strong. In contrast, if an argument fails to be truth-preserving in this
sense (that is, it fails to be inductively strong), then the argument is induc-
tively weak.

This text will focus on the former sense of truth preservation (deductive va-
lidity) and not the latter (inductive strength). As noted, arguments are ``de-
ductively valid'' or ``deductively invalid''. An argument is deductively valid
if and only if it is impossible for all of the premises of the argument to be
true and the conclusion of the argument to be false.

Definition 1.2.1: Deductive Validity

An argument is deductively valid if and only if it is impossible for all
of the premises to be true and the conclusion of the argument to be
false.

If an argument is not deductively valid, then it is deductively invalid. An
argument is deductively invalid when it is possible for the premises to be
true and the conclusion false.

Definition 1.2.2: Deductive Invalidity

An argument is deductively invalid (not valid) if and only if it is not
deductively valid.

Before clarifying these definitions further, let's consider some straightfor-
ward examples. First, consider the following argument:

• P1: All human beings are mortal.
• P2: Tek is a human being.
• C: Therefore, Tek is mortal.
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This argument is deductively valid since it is impossible for the premises (P1
and P2) to be true and the conclusion false. Since we have refined what it
means for a conclusion to "follow from" the premises in terms of deductive
validity, we can also say that since the argument is deductively valid, the
conclusion (C) follows from the premises (P1 and P2). Now let's consider
an example of a deductively invalid argument:

• P1: Tek is happy.
• P2: Sal is happy.
• C: Therefore, everyone is happy.

The above argument is deductively invalid. This is because it is not impossi-
ble for the premises to be true and the conclusion false. That is, it is possible
for the premises to be true and the conclusion false. To illustrate, it is possi-
ble for Tek and Sal to be happy but not everyone to be happy, e.g., suppose
Liz is not happy. Similarly, we can say that since the argument is deudctively
invalid, the conclusion does not follow from the premises.

Exercise 1.4

Consider whether the following arguments are deductively valid or
invalid.

1. Some people are friendly. Therefore, all people are friendly.
2. Some plants are not edible. This poison ivy is a plant. Therefore,

this poison ivy is edible.
3. All humans are dancers. All dancers are flexibile. Therefore, all

humans are flexible.
4. It is not the case that all criminals deserve punishment. Tek is a

criminal. Therefore, Tek deserves punishment.
5. Some basketball players are millionaires. Some millionaires

drive fancy cars. Therefore, some basketball players drive fancy
cars.

1.2.1.1 Further clarifying deductive valdility

While the property of deductive validity refines the intuitive idea that an ar-
gument's conclusion follows from its premises, it nevertheless lacks clarity
in some respects and some individuals find the idea of deductive validity
confusing. Let's focus our attention on the latter problem by noting some
features of deductively valid arguments and by considering several exam-
ples.
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First, deductive validity is a property of arguments rather than propositions,Deductive validity is a
property of arguments sentences, or points made in a discussion. In everyday speech, Tek may say

to Liz that some proposition or point she raised with respect to a topic is a
"valid point". In this case, Tek is using a different sentence of validity. That
is, Tek is saying that Liz's point is "a good point" or "a relevant point". Sim-
ilarly, Liz may tell Tek that a proposition in some argument he raises is a
"valid proposition". In this case, Liz does not mean "deductively valid" but
instead means "true" or "correct" or "good" proposition. As we have defined
the term, "deductive validity" refers to a property of arguments: it concerns
the relation between the premises and the conclusion. When an argument is
truth-preserving in the sense of it being impossible for all of the premises to
be true and the conclusion false, then the argument is deductively valid.

Second, except in one case, the actual truth and falsity of the propositionsValidity concerns whether
it is possible for the

premises to be true and the
conclusion false

that compose an argument are irrelevant to whether or not the argument
is valid. What matters instead is whether it is impossible or possible for the
premises to be true and the conclusion false. To illustrate that this is the
case, consider that an argument may be valid and its propositions may take
any of the following truth values:

1. false premises and a false conclusion
2. true premises and a true conclusion
3. false premises and a true conclusion
4. some true premises, some false premises, and a false conclusion
5. some true premises, some false premises, and a true conclusion

Let's consider some of these. First, an argument can be deductively validDeductively valid
argument composed of all

false propositions
when all of the propositions that compose the argument are false. That is,
just because an argument is deductively valid does notmean that its premises
are true. Consider the following argument:

• P1: All pigs can fly.
• P2: David is a biological pig.
• C: Therefore, David can fly.

In the above argument, P1 and P2 are false. Pigs cannot fly and David (this
is me) is not a biological pig. Nevertheless, the argument is valid. Recall
that validity concerns the relation between the premises and the conclusion
and whether or not it is possible for all of the premises to be true and the
conclusion is false. Consider what would be the case if the premises (P1 and
P2) were true. If the premises were true, then the conclusion would also
be true. That is, there is no possibility where the premises are true and the
conclusion is false, and so the argument is valid.
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Not only are there valid arguments with all false propositions but there are Deductively invalid
argument composed of all
true propositions

invalid arguments consisting of only true propositions. The point to keep in
mind is that just because an argument has all true premises does not mean
that the argument is valid. To illustrate, suppose it is a hot day. In fact, it is
100 degrees today. Now consider the following argument:

• P1: Red is a color.
• C: Therefore, it is a hundred degrees today.

In the argument above, P1 is true and C is true. However, the argument
is invalid. This is because it is possible for P1 to be true and C to be false.
That is, it is possible for "red is a color" to be true (because it is a color) and
"it is a hundred degrees today" to be false (it could have been a different
temperature while "red is a color" is true).

Next, let's consider a valid argument that has false premises but a true con-
clusion.

• P1: All cats have four legs.
• P2: Danny is my cat.
• C: Therefore, Danny has four legs.

In this example, P1 and P2 are false. Some cats do not have four legs, so P1
is false. In addition, my neighbor's cat (who is named "Danny") is not my
cat, so P2 is false. Finally, the conclusion is true: Danny has all four legs.
In determining whether this argument is valid or invalid, notice that it is
impossible for P1 and P2 to be true and C to be false. That is, it is impossible
for all cats to have four legs, for Danny to be my cat, and for Danny to not
have four legs. So, the above argument (that has two false premises and a
false conclusion) is valid.

Let's consider one more example. Let's consider an argument that has some
true premises, some false premises, and a true conclusion.

• P1: Tek is allergic to all cats.
• P2: Danny is my cat.
• C: Therefore, Tek is allergic to my cat.

First, let's suppose that Tek is allergic to every cat. Second, suppose that
"Danny is my cat" is false (Danny is my neighbor's cat). Finally, suppose that
it is true that Tek is allergic to my cat. In this case, P1 is true, P2 is false, and
C is true. In determining whether this argument is valid or invalid, notice
that it is impossible for P1 and P2 to be true and C to be false. It must be the
case that if Tek is allergic to all cats and Danny is my cat (contrary to what
is actually the case), then Tek is allergic to my cat. That is, it is impossible
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for P1 and P2 to be true and C to be false. Therefore, the above argument is
valid.

Exercise 1.5

1. Create a valid argument in standard form.
2. Create an invalid argument in standard form.
3. Create an argument that has all true premises and a true con-

clusion but is invalid.
4. Create an argument that has all false premises and a false con-

clusion but is valid.
5. Create an argument that has some true premises, some false

premises, and a false conclusion but is valid.
6. Suppose an argument has a conclusion that cannot be false. Is

the argument valid or invalid? Explain.
7. Suppose an argument has premises that cannot be false. Is the

argument valid or invalid? Explain.

1.2.2 Sound Arguments

Logic is concerned with determining which arguments are good and which
arguments are bad. We mentioned that there are three objective criteria for
making this separation. These criteria can be formulated in terms of three
questions:

1. Are the propositions in the argument true?
2. Are the premises relevant to the conclusion?
3. Does the conclusion follow from the premises?

In the previous section, we clarified what it means for a conclusion to fol-
low from the premises with the idea of validity. In addition, we noted that
some of an argument's propositions may be false but the argument may still
be valid. As such, this means that our answers to the first and third ques-
tions above may differ. That is, an argument may be "bad" in that it has false
premises but be "good" in that it is valid. But what about an argument that
is "good" in both ways, one where the premises of the argument are true and
the argument is valid? That is, what if the argument is considered "good" on
both ways of evaluating the argument?

An argument that is both deductively valid and has true premises is known
as a ``deductively sound'' (or simply "sound") argument. A sound argument
is an argumentwhere not only is it impossible for the premises to be true and
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the conclusion false, but it is also the case where the premises (and therefore
the conclusion) are, in fact, true.

Definition 1.2.3: Sound

An argument is sound if and only if all of the premises are (in fact)
true and it is deductively valid.

Suppose Tek and Liz are looking at a batch of circles. Let's refer to one of Sound argument
these circles as u:

u

Now suppose Tek puts forward the following argument:

• P1: No circles are squares.
• P2: u is a circle
• C: Therefore, this circle u is not a square.

Tek has expressed a sound argument in that P2 is true because we said that
u is the case, P1 is true in that it is true that no circles are squares, and the
argument is valid since it is impossible for P1 and P2 to be true and the con-
clusion false. Given the truth of P1 and P2, and the argument's validity, the
argument is sound.

Definition 1.2.4: Unsound

An argument is unsound if and only if the argument is either (1) de-
ductively invalid or (2) deductively valid yet has at least one false
premise, or both.

What is sometimes perplexing is that an argument can be deductively valid Unsound but valid
argumentyet unsound. Consider the following example:

• P1: Either Jennifer Lopez orMario Lopez is the president of the United
State of America (USA)

• P2: Mario Lopez is not the president of USA.
• C: Therefore, Jennifer Lopez is the president of USA.

Notice that premise (P1) is false. It is not the case that either Jennifer Lopez
or Mario Lopez is the president of the USA. Nevertheless, if the premises
(P1) and (P2) were true, would the conclusion also be true? The answer is
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a resounding Yes! It is impossible for (P1) and (P2) to be true while (C) is
false. That is, it is necessarily the case that if (P1) and (P2) are true, then (C)
is true. Thus, the argument is deductively valid yet unsound.

Exercise 1.6

1. What does it mean to say that an argument is sound?
2. Can an argument be sound if it is not valid?
3. Can an argument be sound if it has at least one false premise?
4. If the premises of an argument are true and the argument is de-

ductively valid, does this mean that the conclusion is also true?

1.2.3 Validity and irrelevance

It is tempting to say arguments are simply "good" or "bad" with no further
qualification. In previous subsections, we saw that there are three ways to
evaluate arguments: (1) the propositions that compose the argument are
true, (2) the argument is valid, and (3) the premises are relevantly related
to the conclusion. In a previous subsection, (1) and (2) were distinguished.
We saw that there are valid arguments composed of only false propositions.
And, there are invalid argument composed of only true propositions. In this
section, let's consider how (2) and (3) are distinct.

There are invalid arguments whose premises are relevant to their conclu-
sion. There are also valid arguments whose premises are irrelevant to their
conclusion.

Let's consider the simpler case of the two: an invalid argument where the
premises are relevant to the conclusion. Consider the following argument:

• P1: Tek is tall.
• P2: Tek plays basketball.
• C: Therefore, Tek is a professional basketball player.

Height and whether one plays basketball is relevant to whether one is a pro-
fessional basketball player. Nevertheless, the argument is invalid since it is
possible for the premises to be true and the conclusion false. Tek could be
tall, play basketball, but only play with his friends at the park, rather than in
a professional league.

Next, let's consider the more conceptually challenging case: there are valid
arguments whose premises are irrelevant to their conclusion. Consider the
following argument:
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• P1: Tek is tall.
• C: Therefore, all squares are rectangles.

First, in the absence of any additional information, it should be obvious that
P1 is irrelevant to C. Second, consider that C is not just true, but necessarily
true. Given that C is necessarily true, it is impossible for the premises to be
true and the conclusion false. The argument is valid! Note that it is impos-
sible for the premises to be true and the conclusion false because (since the
C is necessarily true) it is impossible for the conclusion to be false.

Let's consider one more interesting case of a valid argument whose premise
is irrelevant to the conclusion.

• P1: Tek is both the tallest person in the world and not the tallest person
in the world.

• C: Therefore, aliens exist.

First, P1 is intuitively irrelevant to C. Second, notice that P1 is necessarily
false: one cannot be both the tallest and not the tallest person. Third, given
that P1 is necessarily false, it is impossible for the premises of the argument to
be true and the conclusion false. The argument is therefore valid. Note that
it is impossible for the premises to be true and the conclusion false because
(since the P1 is necessarily false) it is impossible for the premise to be true.

Finally, are the arguments presented in this section "good" or "bad"? If we
associate relevance and validity with an argument being good and irrelevance
and invalidity with an argument being bad, then the correct answer to this
question is that the arguments have a mix of good and bad features. Argu-
ments that are invalid butwhose premises are relevant to their conclusion are
bad because their conclusions do not necessarily follow from their premises
but good because the premises are relevantly-related to their conclusions.
Arguments that are valid but whose premises are irrelevant to their conclu-
sion are good for related reasons.

1.3 Testing for Deductive Validity

In an earlier section, we defined what it means for a conclusion to follow
from a set of premises. One way we clarified this idea was in terms of truth-
preservation and this idea was clarified in terms of the idea of deductive
validity. However, note that it is one thing to be able to define a property
of something and another to be able to determine whether something has
that property. For example, a new pawn shop owner may know that "gold"
is defined as a yellow, malleable, and precious metal, having the chemical
symbol Au, and atomic number 79, but the pawn shop owner may not know
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whether a particular item is gold. Similarly, we can define what it means for
a number to be prime (a number is prime if and only if it is divisible by only
itself and 1), but fail to know how to determine whether a number is prime
(especially larger numbers).

With this in mind, while we have a definition of deductive validity, we may
not be able to determine for any given argument, whether or not it is valid.
Whatwewant then is notmerely to knowwhat itmeans for an argument to be
valid, but also to knowhow to determinewhether an argument is valid. In this
section, we will consider two different informal methods for determining
or "testing" whether an argument is deductively valid. The first method is
known as the logical intuition test and the second method is known as the
logical imagination test.

1.3.1 The logical intuition test

Perhaps the most commonmethod used to determine whether an argument
is deductively valid involves an appeal to a power of logical intuition. The
power of logical intuition (also referred to as "logical perception", "logical
sense", or even crudely as "one's gut feeling about an argument") is a sup-
posed power found in human beings that allows them to directly evaluate
arguments as being good or bad. For our purposes, we will call the evalua-
tion of an argument through an appeal to one's logical intuition, the "logical
intuition test for validity" (or "intuition test" for short).

How does this test work? To test whether an argument is deductively valid,
simply use your power of intuition to intellectually "see" whether the argu-
ment is valid or invalid. To use your power of intuition, read the argument
and then check whether you get a feeling that the argument is valid or in-
valid. If you get the feeling that the argument is valid, then it is valid. If
you get the feeling that it is invalid, then it is invalid. The method does not
require you to engage in conscious, deliberate thought nor does it require
you to engage in a step-by-step method. Instead, it assumes that you have
a power that allows you to directly know whether an argument is valid or
invalid. Another way of explaining this test is to consider the fact that peo-
ple often refer to having "gut feelings". You hear expressions like "I'm going
with my gut on this one" or "I'm going to trust my intuitions". The logical
intuition test works by simply asking you to trust your gut when evaluating
an argument.
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Definition 1.3.1: Logical Intuition Test

The intuition test works as follows: a subject looks at an argument and
then intuits (immediately judges) the argument to be valid or invalid.

There are several arguments that we have an intuitive power that directly
knows whether an argument is good or bad. Let's consider a relatively sim-
ple argument for its existence. Suppose Tek firmly believes that Liz should
be the next President. Now suppose Tek overhears someone put forward an
argument that concludes that Liz should be the next President. In general,
those in a similar situation to Tek will have typically have two responses.
First, they will quickly tell you whether the argument is good or bad. Sec-
ond, the person will also be confident that their evaluation of the argument
is correct.

Arg Person Valid
quickly

confidently

What could possibly explain the fact that people are capable of quickly de-
ciding the quality of an argument with such confidence? That is, what best
explains the speed and confidence with which individuals can judge the qual-
ity of an argument? It isn't the fact that they reason to these judgments since
reasoning often takes time and is sometimes accompanied by doubt con-
cerning whether one has reasoned correctly. A better explanation then is
that people have an intuitive power that allows them to immediately and
directly know whether an argument is valid or invalid by simply looking at
the argument. The speedwithwhich they judged the quality of the argument
suggests that they evaluated the argumentwithout any conscious thought or
self-controlled reasoning, while the confidence in their assessment suggests
that they judged using a method that is immune to error (a kind of direct
knowing). Since the existence of an intuitive powerwould best explain these
facts, it follows that wemust have a power that allows us to immediately and
directly know that an argument is valid or invalid. Let's put our argument
in standard form:

• P1: People are able to quickly and confidently judge whether an argu-
ment is valid or invalid.

• P2: The best explanation for the speed and confidencewithwhich peo-
ple judge the quality of an argument is that they have a power of logical
intuition.

• C: Therefore, people have a power of logical intuition.
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In sum, the argument above contends that if positing the existence of some-
thing best explains some experience or fact in the world, there is justification
for believing that the thing exists. In the case of the intuition test, the fact
that people are able to quickly and confidently judge the quality of an argu-
ment is best explained by the existence of a power of logical intuition. Thus,
there is justification for believing that such a power exists.

1.3.2 Problems with the intuition test

There are several problems with the logical intuition test. First, the intuitionProblem 1: Incorrect
Results. method produces verifiably incorrect results. Suppose an argument is pre-

sented about some political topic. Tek may say that Tek’s power of intuition
says this argument is valid while Liz may say that Liz’s power of intuition
says the argument is invalid. Since an argument can only be valid or invalid
(not neither and not both), one of these individuals is incorrect. The use of
the logical intuition test is thus problematic since the disagreement between
Tek and Liz is evidence that the test has, at least for one of them, produced an
incorrect result. Let's consider two illustrations. First, consider the following
question:

A bat and a ball cost $1.10. The bat costs one dollar more than
the ball. How much does the ball cost?

As has been reported by Kahneman[5], many individuals answer this ques-
tion by saying that the ball costs 10 cents. Presumably, the reasoning of these
individuals is as follows:

• P1: The bat and ball costs $1.10.
• P2: The bat costs one dollar more than the ball.
• P3: $1.10-$1.00 = $0.10
• C: Therefore, the ball costs $0.10

But this argument is invalid. It is possible for the premises of the argument
to be true and the conclusion false. In fact, the conclusion is false since ball
costs $0.05. Note that if the ball costs $0.10 and the bat is one dollar more
than the ball, then the bat is $1.10. This cannot be the case since it would
mean that the bat and the ball cost $1.20 rather than $1.10. In sum, if there
were a power of intuition, we would not expect so many people to judge the
above argument valid when it is invalid.

Let's consider a second illustration. Consider the following argument (one
that I have given to college students for over ten years):

• P1: Some basketball players are millionaires.

28



• P2: Some millionaires drive fancy cars.
• C: Therefore, some basketball players drive fancy cars.

After learning the concept of validity, I ask students to review the above ar-
gument and write down whether the above argument is deductively valid
(impossible for P1 and P2 to both be true and C to be false). Roughly 85% of
students judge the above argument to be valid, 10% think it is invalid, and
the remaining 5% are unsure. Since the argument is either valid or invalid
(not both and not neither), the fact that students disagree about the valid-
ity of the argument is evidence that the logical intuition test has produced
incorrect results.

Second, the intuition test appears to only be able to apply to a limited num- Problem 2: Limited scope.
ber of arguments. That is, it has limited applicability or scope. While in-
dividuals may use the logical intuition test when presented with simple ar-
guments on familiar topics (e.g., politics, family life, sports), their power
of intuition appears not to work on arguments involving complex, technical
subjects that they have limited prior knowledge. In other words, our logical
intuition seems to activate when individuals are presented with arguments
on familiar topics but not activate when considering unsolved problems in
mathematics (e.g. whether P = NP in computer science). The fact that the
logical intuition test only applies to arguments discussing familiar topics is
problematic since it has limited use.

Third, the intuition test appears to only be able to apply to arguments that are Problem 3: Large
arguments.relatively small in size. That is, it has limited applicability or scope. While

individuals may use the logical intuition test when presented with simple
arguments, their power of intuition appears not to work on arguments that
have many premises and many intermediate conclusions. In other words,
our logical intuition seems to activate when individuals are presented with
arguments that are short but not activate when considering arguments that
are long. The fact that the logical intuition test only applies to arguments of
a certain (small) size is problematic since it means the test only has limited
applicability.

Fourth, in the previous section, we considered an argument in favor of the Problem 4: No power of
intuition.power of intuition. This argument noted that positing the existence of a

power of intuition best explains the speed and confidence with which people
judge whether a conclusion follows from its premises. However, this argu-
ment would not be effective if there were a better explanation that does not
posit a power of intuition. And, there is a better explanation. Consider that
many of our beliefs are due to education, culture, repeated experience, and
evolution. If individuals are repeatedly educated that "democracy is the best
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form of government" or "capitalism is the best economic system", then many
(but not all) people take arguments that support these beliefs to be "good
arguments", while arguments that conflict with these beliefs are judged as
"bad arguments". Similarly, if you have repeated experience of burning your
hand on a hot stove, many individuals are likely to judge arguments that
support the conclusion that "touching a hot stove is painful" to be good, and
those that run contrary to this conclusion to be bad.

The above contends that the speed and confidence with which people judge
arguments is the result of education, repeated experience, habituation, and
evolution rather than a special, internal logical power of intuition. It is in-
stead the result of comparing the argument (or what the argument aims to
establish) with our preexisting stock of beliefs, recognizing that the argu-
ment and our stock of beliefs conflict, and thus rejecting the argument (or
its conclusion) outright. And so, while a supporter of a power of logical
intuition says that such a power allows humans to quickly and confidently
judge arguments as valid or invalid, if we can account for these results with-
out positing the existence of such a power, there is reason to think that no
such power exists.

This concludes our discussion of the logical intuition test. We now turn to
the second test: the imagination test.

1.3.3 The imagination test

In the previous section, several shortcomings were identified concerning the
logical intuition test. In this section, let's consider a second way of deter-
mining whether an argument is valid or invalid. This test is known as the
"human-imagination test" or the "imagination test" for short. Here is how
the imagination test works. Take an argument and try to imagine a scenario
where the premises are true and the conclusion is false. If you can, then the
argument is invalid. If you cannot, then the argument is valid.

Key to the imagination test is the capacity to imagine or picture or think of
various hypothetical or possible scenarios. For example, imagine an argu-
ment with two premises P1 and P2 and a conclusion C. To use the imagina-
tion test, we try to create a scenario where P1 and P2 are both true and C is
false. If we can imagine such a scenario, then the argument is invalid. If we
cannot imagine such a scenario, then the argument is valid.

The logic behind the imagination test and the concept of validity involves
connecting human imagination to logical possibility. If we are able to imagine
the premises being true and the conclusion being false, then it is possible for
the premises to be true and the conclusion false. This is because anything
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Is it possible for all of the premises to be true and the conclusion false?

Imagination Test: can you imag-
ine a scenario where all of the
premises are true and the conclu-
sion is false?

Yes No

Invalid Valid

that we can imagine is possible (even if it is not actual). And, if it is possible
for the premises to be true and the conclusion false, then the argument is
invalid. In contrast, if we are unable to imagine the premises being true and
the conclusion being false, then it is not possible for the premises to be true and
the conclusion false. The logic here is that anything that we cannot imagine
must not be possible (that is, it must be impossible). And if it is not possible
(impossible) for the premises to be true and the conclusion false, then the
argument is valid.

Now that we have a sense of how the test works in the abstract and the cen-
tral rationale underlying the test, let's illustrate this test with some examples.
First, let's consider an argumentwhere someone reasons that John plays bas-
ketball because John is tall.

• P1: John is tall.
• C: Therefore, John plays basketball.

In applying the imagination test, we try to imagine a scenario where P1 is
true and C is false. This is simple enough since we can imagine that John is
tall but does not play sports: a scenario that makes P1 true and C false. Since
we can imagine the premise being true and the conclusion false, the above
argument is invalid. Let's consider another example.

• P1: Liz is a great philosopher.
• P2: Liz is a great politician with plenty of experience.
• C: Therefore, Liz will be the next president of the United States of

America.
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In applying the imagination test, we try to imagine a scenario where P1 and
P2 are both true and C is false. We can imagine such a scenario since we can
imagine that Liz is a great philosopher and a great politician with plenty of
experience but does not become the next president of the United States of
America. For example, suppose she decides not to run for president and fo-
cuses on her philosophical career. Or, perhaps Liz does run for president but
does not win since the voters find another candidate more persuasive. Since
we can create a scenario where the premises are true and the conclusion is
false, the above argument is invalid.

Let's consider a third example.

• P1: Either Jennifer Lopez is a great tennis player or Mario Lopez is a
great tennis player.

• P2: Mario Lopez is not a great tennis player.
• C: Therefore, Jennifer Lopez is a great tennis player.

If an argument is valid or invalid, we need to know whether it is possible
for all of the premises to be true and the conclusion false. We determine this
using the imagination test by trying to imagine a scenario where all of the
premises are true and the conclusion false. In the above example, we can
imagine various scenarios where P1 and P2 would be true but there is no
such scenario where the conclusion is also false. That is, if P1 is true, then
either Jennifer Lopez or Mario Lopez (or both) are great tennis players. If
we take P2 also to be true, thenMario Lopez is not a great tennis player. But,
if Mario Lopez is not a great tennis player, then the only scenario where P1
is true is the one where Jennifer Lopez is great tennis player. But, imagining
the conclusion of the above argument to be false would require us to imag-
ine that Jennifer Lopez is not a great tennis player. In short, imagining the
premises to be true and the conclusion to be false requires us to imagine that
Jennifer Lopez is both a great tennis player and not a great tennis player.
But, this is impossible. Since we cannot imagine a scenario where all of the
premises are true and the conclusion false, the above argument is valid.

Exercise 1.7

Determine whether the following arguments are valid or invalid.
1. All pigs fly. Babe is a pig. Therefore, Babe flies.
2. Some people are happy. Other people are not happy. Therefore,

everyone is happy.
3. God exists or he doesn’t. Well, I see no good reason for thinking

God exists. Therefore, God doesn’t exist.
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4. Some gamblers are profitable. Some gamblers lose money.
Therefore, every gambler is either profitable or lose money.

5. Some smokers are not happy. All happy people are tennis play-
ers. Therefore, some smokers are tennis players.

1.3.4 Problems with the Imagination Test

In the previous section, the imagination test was described and illustrated
with several examples. In short, this test works by asking human beings to
consider an argument, try to imagine the premises true and the conclusion
false, and if they can imagine such a scenario, then the argument is invalid.
If they cannot imagine such a scenario, then the argument is valid. In this
section, several problems with this method are considered.

Arguments Human Imagination
Valid

Invalid

In applying the test to these examples, the test seems to produce the right
results. And so, we might draw the conclusion that this is all people need
to determine whether a conclusion follows from a set of premises. More
cautiously, wemight say that our results suggest that whenever we are given
short, uncontroversial, and clearly-expressed arguments, the ``imagination
test'' will correctly determine whether the argument is valid or invalid.

Unfortunately, the imagination test is problematic for several reasons. The
main problem is that the test equates what we can imagine with what is log-
ically possible. This assumption is problematic since there are possibilities
that users of the test will fail to imagine. This creates a scenario where indi-
viduals judge an argument to be valid (since they believe there is no possible
scenariowhere the premises are true and the conclusion is false)when in fact
the argument is invalid since there is a possible scenario where the premises
are true and the conclusion is false. In what follows, several problems with
the imagination test are considered.

1.3.4.1 Incorrect Results

One problem logical intuition test was that it produced incorrect results.
That is, the test produced resultswhere individuals disagreed aboutwhether
an argumentwas valid or invalid. Since arguments are either valid or invalid
(not both and not neither), the logical intuition test was clearly not working
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for at least some contingent of people. Similarly, the imagination test pro-
duces incorrect results. Recall an argument that we considered earlier:

• P1: Some basketball players are millionaires.
• P2: Some millionaires drive fancy cars.
• C: Therefore, some basketball players drive fancy cars.

After teaching students the concept of validity, the logical intuition test, and
the logical imagination test, I ask students to use the logical imagination test
to determine whether the above argument is valid or invalid. Roughly 50%
of students take the above argument to be valid, while the other half takes
it to be invalid. The fact that one of these groups is wrong suggests either
(1) students do not understand the concept of validity, or (2) students do
not understand how they are supposed to use the logical imagination test,
or (3) the test itself is defective insofar as even a correct understanding of the
test does not produce correct results. There is good reason to believe that (3)
is the case since students correctly apply the test in several other cases (like
those considered above).

1.3.4.2 Too Many Premises

As its name implies, the imagination test requires the use of the imagination:
the ability to construct various scenarios. However, consider that our power
of imagination is not perfect. For example, imagine a horse. When you imag-
ine a horse, you likely have a vague image in your mind. You can picture the
horse’s head and eyes and hair, but you do not picture everyminute detail of
the horse. For each hair on the horse, you likely don't have a picture in your
mind that contains information about the hue of each color. If the horse is
perspiring, it is unlikely that you are picturing each bead of sweat. The point
then is that your power of imagination is limited by how much information
you can imagine at a given time. What does this imply for arguments?

Let’s take an argument that involves three simple propositions. Let’s refer
to them as P1, P2, and C. If we were to apply the imagination test to this
argument, presumably the test would work correctly since the scenario we
are required to imagine is relatively simple.

P1

P2

P3

Human Imagination

Valid Arguments

Invalid Arguments

On the other hand, consider a large argument with not merely one or two
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propositions but a large number (Pn) of propositions (where n is greater
than 100). In such an argument, individuals might contend that they cannot
imagine a scenario where the premises are true and the conclusion is false.
But from the fact that we cannot imagine such a scenario does not mean that
the argument is invalid. Similar to the case involving the horse where every
detail of the horse cannot be imagined, we may also be unable to imagine all
of the premises being true because there are too many premises to imagine.

P1

P2

Pn

Human Imagination

?

?

In short, the imagination test for validity depends upon the limited powers
of human beings to imagine scenarios. While such a test might be useful for
simple arguments, this method fails when it asks its users to imagine large,
detailed arguments.

1.3.4.3 Bias

When a person uses the imagination test, they are asked to imagine a sce-
nario where the premises are true and the conclusion is false. However, hu-
man beings are not perfect users of the test. Even for a relatively simple
arguments, people sometimes contend that they cannot imagine a scenario
where the premises are true and the conclusion is false when such a scenario
exists. One explanation is that the person has a bias in favor of the conclu-
sion. This bias interferes with their capacity to imagine a scenario where the
premises are true and the conclusion is false.

A bias is a tendency toward or against something or someone. Many biases
have good outcomes. For example, a bias against smoking is good for your
health. Other biases are negative. For example, being biased against people
of a certain ethnicity is morally wrong. A cognitive bias is a specific type of
bias; it is a systematic error of thinking that is due to how the mindmanages
and processes information. In plainer terms, a cognitive bias is a mistaken
tendency toward (or against) thinking certain things.

Definition 1.3.2: cognitive bias

A systematic error of thinking that is due to how the mind manages
and processes information.
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There are many different cognitive biases. To illustrate just one of these, con-Forer effect
sider the cognitive bias known as the “Forer effect”. The Forer effect is a
cognitive bias where people tend to incorrectly overestimate the accuracy
of a personality description when (1) they are told that the description was
tailored specifically to them and (2) when it is given by a person who is be-
lieved to be an authority. For example, suppose I (the author) tell you (the
reader) that the following description is a personality sketch of you:

You can be extroverted in situations where you feel comfortable
(e.g., around close friends or family members), but are also in-
troverted (even shy)when you are in stressful situations. You are
naturally curious by things that interest you, but can be bored by
overly dry topics or those that don't seem to have much practical
value. You have a good sense of humor and this sense of humor
shineswhen you are around thosewithwhomyou are close. You
value these close relationships, the comfort and stability these
relationships bring you, and (while you do not always show it)
you genuinelly appreciate the fact that you can be your true self
around these people.

If you took the above description to be a personality sketch of you, then you
have fallen victim to the Forer effect. In a classic experiment, 39 students
were given a personality test that was said to evaluate their personality. Af-
ter completing a test, each student was then given a “personality sketch”
(similar to the sketch above) that they were told was tailored specifically to
them. The students were asked to rate the personality sketch in terms of how
accurately it described them. In general, students rated the accuracy of the
test as 4.05 on a scale of 0 (poor) to 5 (perfect). It was later revealed to the
students that all the personal sketches were identical.

Once students discovered that the personality descriptions were identical,
they realized the test was not as accurate as they thought. In short, students
who overestimated the accuracy of the personality sketchwere victims of the
Forer effect.

Thus far, we have defined "bias" and "cognitive bias" and then illustrated theCognitive bias and the
imagination test. idea of cognitive bias with an example (the Forer effect). However, what do

cognitive biases have to do with the imagination test? The imagination test
requires imagining scenarioswhere the premises are true and the conclusion
is false. If therewere a cognitive bias that that prevented us from considering
scenarios where the premises of an argument are true and the conclusion is
false, then we would mistakenly judge invalid arguments as valid.

Let's consider a hypothetical example of how this might occur. Suppose Tek
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reads an argument that is in perfect accord with his political beliefs. He may
say to himself,

"I have applied the imagination test to this argument. What I
have found is that I cannot imagine a scenariowhere the premises
of this argument are true and the conclusion is false. Therefore,
the argument is valid."

What is problematic about this example is if it is possible for the premises
of the argument to be true and the conclusion false, but Tek is simply not
imagining these scenarios. What if Tek (and many other people) have cog-
nitive biases that keeps him from thinking about the possibilities that would
make the premises true and hte conclusion false? If such a bias existed, then
it would be a serious problem for the imagination since it would mean that
there is a tendency for people to use the imagination test incorrectly. The
question then is the following:

Is there a bias that interferes with our capacity to imagine certain
scenarios?

While there does not appear to be direct empirical evidence evaluating the
relation of bias to the imagination test for validity, there is empirical evidence
that indicates certain biases interfere with our capacity to consider possibil-
ities that would confirm that an argument is invalid. Consider the following
definition of “confirmation bias”:

Definition 1.3.3: Confirmation Bias

Confirmation bias is the tendency to look for information that con-
firms our beliefs and avoid information that might disconfirm them.

Confirmation bias exists in human beings and evidence for its existence is Confirmation bias
found in many different experiments. An example of confirmation bias is
found in the beliefs you have about yourself, viz., beliefs you have about
what type of person you are. For example, Swann and Read[8, p. 352] have
noted that we tend to remember and seek out information that confirms the
beliefs we have about our self and avoid situations and information that
would undermine these beliefs. For example, if we believe ourselves to be
a dominant person, we tend to recall conversations where we spoke in an
authoritative manner and ignore occasions where we acted timidly. In addi-
tion, it is claimed that we will also seek out social interactions where we can
act in a dominant manner to further confirm our self-conception. In short,
confirmation bias clouds our ability to accurately assess our ownpersonality.
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Confirmation bias is not only present in those deeply held beliefs we haveDetecting extroverts
about ourselves but also when we are simply given a new hypothesis to try
out. To illustrate, suppose you are asked to determine if a person is an ex-
trovert by asking a random person a series of yes / no questions. In this
case, you do not know whether the person is, in fact, an extrovert. Trying to
discoverwhether they are an extrovert is simply aworking hypothesis. Stud-
ies show that when people are asked to test this hypothesis, people will ask
questions in a way that aims to confirm rather than disconfirm that the per-
son is an extrovert. In short, confirmation bias is present even when we are
simply given a working hypothesis (test to see if this person is an extrovert)
to try out.

Earlier, we saw that confirmation bias refers to the tendency to look for in-
formation that confirms our beliefs and avoid information that might dis-
confirm them. Confirmation bias thus has the potential to cause problems
for users of the imagination test since it implies that if an individual thinks
an argument is "good", then they tend to avoid considering scenarios that
would show that the argument is "bad". And, one way an argument may be
bad is if it is invalid. In other words, confirmation bias may interfere with
a person's imagination test by causing them to avoid thinking of scenarios
that would show the argument to be invalid.

One possible rebuttal is the following. Yes, people are subject to confirma-
tion bias, but the imagination test corrects this bias. For consider that the
imagination test actively tells us to engage in a type of deliberation about ar-
guments by trying to think of scenarios where the premises are true and the
conclusion is false. Perhaps then, the mere fact that we deliberate about ar-
gumentswhenusing the imagination test protects us from confirmation bias.
So the question then is the following: is confirmation bias is mitigated (less-
ened) by reflection or deliberation about a topic or argument? Surprisingly,
some research points to increased reflection (deliberation) about a topic pro-
moting rather than mitigating confirmation bias. One study[2] separated
college-age students into two groups:

• sleep-restricted
• well-rested

The study additionally sorted the groups based on their political preference
(liberal or conservative) and then asked them to select six arguments from
either conservative or liberal sources on the topic of gun-control as well as
rate arguments “for” and “against” gun-control. The subjects were also:

• asked to rate how much they deliberated on each argument and
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• took a short cognitive reflection test to measure the degree to which
they deliberated on the arguments.

This study found that:

deliberation promotes a stronger confirmation bias. Participants
who had thought more about gun control were found to have a
more precisely estimated confirmation bias regarding selective
information exposure and also a stronger magnitude of effect re-
garding perceived argument strength.[2]

In other words, subjects who thought more about gun control were more
likely to select sources that supported their beliefs and ignore sources that
challenged them. What this shows then is that the further deliberation or
reflection about a topic does not correct confirmation bias.

In sum, if human beings have confirmation bias and deliberation via the
imagination test does not remove this bias, then there is reason to think that
confirmation bias undermines our ability to successfully use the imagination
test for determining if an argument is deductively valid. More precisely, we
can make two claims about the relation of confirmation bias to the imagina-
tion test. First, if confirmation bias is extended to the imagination test, then
biased individualsmay tend to incorrectly evaluate arguments as being valid
since they will ignore possibilities that undermine the argument’s validity.
Second, there is no reason that the imagination test will correct this prob-
lem given that confirmation bias is shown to be made worse by extended
deliberation. In other words, biased individuals will take arguments that
support their view as valid, ignoring disconfirming possibilities, and the act
of further imagining possibilities will not correct this error.

Exercise 1.8

1. What are the problems associated with the logical intuition test
for deductive validity?

2. What are some problems associated with the human imagina-
tion test for validity? Can any of these problems be fixed or cor-
rected?

3. Create a scenario where a person uses the imagination test but
nevertheless judges an invalid argument to be deductively valid.
Explain why the person made this mistake.
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Part II

Propositional Logic
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2 PL Language

2.1 The language of propositional logic (PL)

In the previous chapter, some key concepts of logic were defined, e.g., argu-
ment, validity, and soundness. In addition, two differentmethods for testing
whether an argument is validwere introduced and shown to be problematic:
the intuition test and the imagination test. One way to potentially remedy
these problems is to construct a formal (symbolic) language --- "the language
of propositional logic" (PL) --- and then use this language to develop alter-
native methods for testing whether an argument is valid. The focus of this
chapter is on the construction of the formal language, while the focus of sub-
sequent chapters will be on how to use this language to test whether an ar-
gument is valid.

Our plan for introducing this language is as follows. First, we will intro-
duce the symbols of the language. Second, we will introduce the syntax
(grammar) of the language. Third, we will introduce the semantics of the
language. Fourth and finally, we will introduce a method for translating En-
glish sentences into the language.

In addition, a semantics for PL is given. The semantics for PL is not, strictly
speaking, part of the formal language. It is, instead, an interpretation of the
formal language. Roughly put, it is a specification of what the different sym-
bols and formulas of the language mean.

PL

Symbols Syntax Semantics

P,Q,→,∨, . . . Formation Rules Interpretations

Figure 2.1: A formal language consists of a set of symbols and a syntax. The
semantics of a formal language concerns the interpretation of the symbols
and/or well-formed formulas of that language.
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2.2 PL Symbols

Let's begin our introduction to the language of propositional logic (PL) by
stating the symbols (or characters) that compose the language. The symbols
of PL are divided into the following three main types:

1. an infinite number of "propositional letters": uppercase Roman (un-
bolded) letters with or without subscripted integers, e.g. A1, A2, A3,
B,C, . . . , Z.

2. five truth-functional operators: ∨,→,↔,¬,∧
3. a left and right parenthesis: "(" and ")"

Let's briefly discuss each one of these symbols. First, PL contains a set of
propositional letters. These are uppercase Roman letters. For example, A is
a propositional letter,B is a propositional letter, and Z is a propositional let-
ter. In contrast p is not a propositional letter because it is a lowercase letter.
Similarly, φ is not a propositional letter since it is not one of the 26 Roman
letters. In order to have an infinite number of propositional letters, we sub-
script the propositional letters with integers. For example, A1 is a proposi-
tional letter, A2 is a propositional letter, A3 is a propositional letter, and so
on. In contrast,Ax is not a propositional letter since it is not subscriptedwith
an integer.

The second type of PL symbol is a truth-functional operator. There are five
truth-functional operators: ¬,∧,∨,→,↔. If you are new to logic, then these
symmbols are likely unfamiliar and so it is unclear what to call them. Here
are the five operators along with their names:In some logic texts, a

tilde is used (the tilde is
the top half of an "n", for

"not")
1. ¬, "not" or "negation"
2. ∧, "wedge" or "and"
3. ∨, "vee" or "or"
4. →, "rightarrow"
5. ↔, "doublearrow" or "if and only if" or "iff"

The third main type of symbol is a left and right parenthesis: ( and ). These
symbols are used to indicate the scope of truth-functional operators (more
on this later). What is important to know now is that they are symbols of
PL.1

1At times, it may be convenient to use square brackets [ ] and curly braces { } instead, but
these will not be considered an official symbol in the language.
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Exercise 2.9

For each symbol below, indicate its type, viz., propositional letter, op-
erator, etc.

1. P
2. Q
3. ∧
4. ¬
5. (
6. ↔

2.3 PL Syntax

In the previous section, the symbols of PL were presented. Now that we
have the symbols, we want to know the right and wrong ways that these
symbols can be combined. The rules that specify the right and wrong ways
that the PL symbols can be combined is its syntax (or grammar). The syn-
tax of PL consists of a set of rules known as "formation rules". When the
symbols of PL are combined together according to the formation rules, the
resulting combination of symbols is called a well-formed formula (abbrevi-
ated as "wff", pronounced "woof"). The syntax defines which

combinations of PL
characters are legal
combinations.

Definition 2.3.1: Well-formed Formula in PL

A well-formed formula (or wff) φ is any formula that is capable of
being generated by some combination of the seven formation rules in
Definition 2.3.2.

Key to the definition of a wff are the formation rules. These formation rules
define what is and is not a wff in PL. More compactly: if φ1 and

ψ are wffs, then so are
¬(φ), (φ ∧ ψ), (φ ∨
ψ), (φ→ ψ), (φ↔ ψ)

Definition 2.3.2: Formation rules of PL

Let φ and ψ are variables for well-formed formulas in PL:
1. Every propositional letter of PL (e.g. A,B,C) is a wff.
2. If φ is a wff, then ¬(φ) is a wff.
3. If φ and ψ are wffs, then (φ ∧ ψ) is a wff.
4. If φ and ψ are wffs, then (φ ∨ ψ) is a wff.
5. If φ and ψ are wffs, then (φ→ ψ) is a wff.
6. If φ and ψ are wffs, then (φ↔ ψ) is a wff.
7. Nothing else is a wff except what can be formed by repeated
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applications of 1–6.

Let's explain each of these seven formation rules. First, rule (1) states that
every propositional letter of PL is a wff. This means that by each proposi-
tional letter, all on its own, is a wff. For example, P is a wff, Q is a wff, R is a
wff, and so on. Rule (2) states that if φ is a wff, then so is ¬(φ). In this rule,
φ stands for any combination of PL symbols that has the status of being a
wff. So, for example, since P is a wff by rule (1), then so is ¬(P ). Similarly,
since Q is a wff by rule (2), then so is ¬(Q). Rule (2) is not saying that only
singly negated propositional letters are wffs. Rather, it is saying that for any
combination of symbols φ, if φ is a wff, then taking that combination of sym-
bols, putting parentheses around it, and the negation to the left of the entire
combination of symbols is a wff.Since P is a wff, so is

¬(P ). And since ¬(P ) is
a wff, so is ¬(¬(P )).

Since ¬(¬(P )) is a wff,
. . ., well, you see where

this is going.

Notice that rules (3)-(6) all begin the same way: "if φ and ψ are wffs, then
…". These four rules allow for combining (or "connecting") twowffs together
with the connectives: ∧,∨,→,↔. Rule (3) states that if φ and ψ are wffs,
then the ∧ can be placed between both of these wffs and parentheses put
around the entire combination and the result is a wff. In short, if φ, ψ are
both wffs, then so is (φ ∧ ψ). So, for example, since P is a wff and ¬(Q) is a
wff, (P ∧ ¬(Q)) is a wff.

Rules (4)-(6) follow the same format as rule (3), they serve to connect two
wffs φ and ψ but with different operators. Rule (4) contends that if φ and ψ
are wffs, then so is (φ∨ψ). Notice that φ and ψ are connected using∨ instead
of ∧. Similarly, in rule (5) φ and ψ are connected using →; thus (φ→ ψ) is a
wff if φ and ψ are wffs. Finally, in rule (6) φ and ψ are connected using ↔.
That is, (φ↔ ψ) is a wff if φ and ψ are wffs.Here are some PL wffs:

P , (A→ ¬(B)),
¬((P ∨ ¬(Q))),

¬(¬((P ∧ ¬(Q))))

Here are combinations
of PL symbols that are

not wffs: P¬, PQ,
∨¬(Q), ¬¬P ∧ ¬Q ∨ S

The final rule is rule (7). This rule states that the only combinations of sym-
bols that are wffs are those that can be constructed using rules (1)-(6). In
other words, if a combination of symbols cannot be constructed using rules
(1)-(6), then it is not a wff. For example, P¬ is not a wff since it cannot be
constructed using rules (1)-(6): there is no rule that allows you to place a
negation to the right of a wff. Similarly, PQ is not a wff since it cannot be
constructed using rules (1)-(6), as there is no rule that allows for placing
two propositional letters immediately next to each other.

Now that we have defined a well-formed formula and explained the basics
behind formation rules, let's consider some examples of how formation rules
can be used to construct wffs. Let's start by trying to show that (¬(P ) → R)
is a wff:
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1. Every propositional letter is a wff, so P and R are wffs (rule 1).
2. If P is a wff, then ¬(P ) is a wff. (line 1 + rule 2)
3. If ¬(P ) and R are wffs, then (¬(P ) → R) is a wff. (lines 1,2 + rule 5)
4. (¬(P ) → R) is a wff. (lines 1-3)

Notice how the wff (¬(P ) → R) was constructed using the formation rules.
The formulawas constructed or "built up" from the propositional letters (line
1) and repeated use of the rules that allow for adding operators (see line 2)
or connecting wffs with connectives (see line 3).

Let's consider one more example. Here we will show that (P → (P ∨Q)) is
a wff.

1. Every propositional letter is a wff, so P and Q are wffs (rule 1).
2. Since P and Q are wfs, then (P ∨Q) is a wff (line 1 + rule 4).
3. Since P and (P ∨Q) are wffs, then (P → (P ∨Q)) is a wff (lines 1,2 +

rule 5).
4. (P → (P ∨Q)) is a wff (lines 1-3).

Again, the wff is constructed first by starting with the propositional letters
(line 1) and then adding operators (or connectives) to formulas that are al-
ready established as wffs (see lines 2 and 3).

Exercise 2.10

Use the formation rules to show that the following formulas are wffs.
1. ¬(A)
2. ¬(¬(B))
3. (A ∧ ¬(B))
4. (A→ ¬(B))
5. ((A ∨B) ∧ (B → C))

2.3.1 Variables

In presenting the language of propositional logic, it is helpful to use variables
for propositional letters or wffs. Generally, the Greek letters φ ("phi") and ψ
("psi") are used to stand for a PL wff. In other words, φ can be P ,Q, (P ∧Q),
(¬(P ) → Q) and so on.

Sometimes it is convenient to use variables and operators together. For ex-
ample, if we let φ stand for any wff and ¬ stand for the negation operator,
then ¬(φ) is a placeholder for any wff that can be constructed by placing a
negation operator to the left of a wff φ.
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Let's consider some illustrations. Consider ¬(φ). Since φ is a placeholder for
any PL wff, we can substitute φ with any PL wff of our choosing. Here are
just a few:

1. ¬(P )
2. ¬(Q)
3. ¬((P ∧Q))
4. ¬((¬(P ) → Q))

Using variables allows us to talk about formulas more generally. For exam-
ple, suppose we are talking about this wff: P ∧ Q. This wff has a P on the
left side,Q on the right side, and ∧ in the middle. But now suppose we don't
want to talk about P ∧Q in particular, but any PLwffwhere there is a PL wff
on the left side, a PL wff on the right side, and ∧ in the middle. The use of
variables allows for this! Rather than talking about P ∧Q, we can talk about
φ ∧ ψ, where φ and ψ are any PL wff. Again, (φ ∧ ψ) is any wff that has this
structure or form, including but not limited to any of the following: (P ∧Q),
(P ∧R), (Q ∧R), (¬(P ) ∧Q), (¬(P ) ∧ ¬(Q)), (¬(P ) ∧ (Q→ R)).

2.3.2 Three types of wffs

It is worthwhile to classify there different general types of well-formed for-
mulas:

1. atomic wffs
2. complex wffs
3. literal wffs

Definition 2.3.3: atomic wff

A PL-well-formed formula an atomic wff φ in PL iff it consists of only
a single propositional letter (with or without positive integer sub-
scripts).

In short, an atomic wff is a wff that consists only of a single propositional
letter and nothing else. For example, P is an atomic wff, so isQ, and so is Z1.
In contrast, (P ∧Q) is not an atomic wff since it consists of two propositional
letters and an operator (connective). Similarly, ¬(P ) is not an atomic wff
since it consists of a propositional letter and a negation operator.
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Definition 2.3.4: complex wff

A PL-well-formed formula is a complex wff φ in PL iff φ is a wff with
at least one propositional letter and at least one truth-functional op-
erator.

A complex wff is sometimes
called a "compound wff" or
"compound sentence", a
"molecular wff" or a
"composite sentence".

In short, a complexwff is awff that consists of at least one propositional letter
and at least one of the five truth-functional operators: ¬,∧,∨,→,↔. For
example, (P∧Q) is a complexwff since it consists of two propositional letters
and a truth-functional operator. Similarly, ¬(P ) is a complex wff since it
consists of a propositional letter and a truth-functional operator. In contrast,
P is not a complex wff since it consists of only a propositional letter and no
truth-functional operators. In addition, the negation operator ¬ is not a wff
since (1) it is not a wff and (2) it does not contain at least one propositional
letter.

Definition 2.3.5: literal wff

A PL-well-formed formula φ is a literal wff in PL iff it consists of an
atomic wff ψ or a singly negated atomic wff ¬(ψ).

A literal wff is a wff that consists of either an atomic wff or a negated atomic
wff. For example, P is a literal wff since it is an atomic wff. Similarly, ¬(P )
is a literal wff since it is a negated atomic wff. In contrast, (P ∧ Q) is not a
literal wff since it is neither an atomicwffnor a negated atomicwff. Similarly,
¬(¬(P )) is not a literal wff since it is also neither an atomic wff nor a singly
negated atomic wff.

As a final note, it is important to note that while a literal wff may be atomic A literal wff has one foot in
each camp: some are
atomic, some are complex.

(when it is a single letter) or complex (when it is a singly negated atomic
wff). For instance, ¬(P ) is a literal wff that is complex but not atomic. In
addition, P is a literal wff that is also an atomic wff.

Exercise 2.11

Identify whether the following wff is an atomic, complex, and/or lit-
eral wff

1. P
2. Q
3. (P ∧Q)
4. ¬(P )
5. ¬(Q)
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6. (¬(P ) ∧ ¬(Q))

2.3.3 Parts and subformulas

Increasingly complex wffs are constructed from the PL formation rules. It
will be convenient to develop some terminology for talking about some of
the wffs created in the process of creating a wff φ.

Definition 2.3.6: Proper part of a wff

Let φ and ψ be any PL-wffs. A wff φ is a proper part of another wff
ψ if and only if φ is a wff that is constructed by the formation rules in
the process of constructing ψ but not ψ itself.

To illustrate, P and Q are proper parts of (P → Q) since both wffs are con-
structed using the formation rules in constructing (P → Q).

A proper part of a wff ψ are all the subformulas constructed in the process
of constructing ψ excluding ψ. A subformula (or part) of ψ are all the proper
parts of ψ and ψ.

Definition 2.3.7: Subformula (part)

A subformula (or part) φ of ψ is any wff occurring as a proper part of
ψ, including ψ itself.

So, while P and Q are the proper parts of (P → Q), the subformulas of
(P → Q) are the following: P,Q, (P → Q).

Let's look at a few additional examples. Consider the wff ¬(P ). The subfor-
mulas of ¬P are all of the wffs created by the formation rules in the process
of showing that ¬(P ) is a wff, including ¬(P ) itself. This means that P and
¬(P ) are subformulas of ¬(P ). Some additional examples:

• P , Q, (P ∨Q) are subformulas of (P ∨Q)
• P,¬(P ), Q, (¬(P ) ∨Q)) are subformulas of (¬(P ) ∨Q)
• P,Q, (P → Q),¬((P → Q)) are subformulas of ¬((P → Q))

If you are ever unsure of whether a wff is a subformula of another wff, you
can construct the wff using the formation rules. For example, suppose we
were unsure whether P is a subformula of ¬((P → Q)). To determine this,
we would construct ¬((P → Q)) using the formation rules:

1. P and Q are wffs (rule 1)

50



2. If P and Q are wffs, then (P → Q) is a wff (line 1 + rule 5)
3. If (P → Q) is a wff, then ¬((P → Q)) is a wff (line 2 + rule 2).
4. Therefore, ¬((P → Q)) is a wff (lines 1-3).

Since P is used in the construction of ¬((P → Q)), P is a subformula of
¬((P → Q)).

Exercise 2.12

Determine the proper parts and subformulas of the following wffs:
1. (P → Q)
2. (P ∧ ¬(Q))
3. ¬((P ∧Q))
4. (P ∨ (P ∧Q))
5. ¬((¬(P ) ↔ ¬(Q)))

2.3.4 Occurrences

Some wffs have multiple instances (or occurrences) of the same operator.
For example, (¬(¬(P ) → Q)) contains two occurrences of the¬ operator. For
convenience, we refer to each of the different instantiations of an operator as
an "occurrence" of that operator.

Definition 2.3.8: occurrence

An occurrence of an operator is an instance (a physical embodiment
in space and time) of an operator type.

To further illustrate, consider how many occurrences there are of ∧ in the
following wff: ((P ∧Q)∧ (R∧S)). While there is only one ∧ operator, there
are three occurrences of ∧ in that formula.

Exercise 2.13

1. How many occurrences of ¬ are in the following wff: ¬(P )
2. How many occurrences of ¬ are in the following wff: ¬((P ∧

¬(Q)))
3. Howmany occurrences of ∧ are in the following wff: ((P ∧Q)∨
R)

4. Howmany occurrences of ∧ are in the following wff: ((P ∧Q)∧
R)
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5. How many occurrences of ∧ are in the following wff: ((P →
Q) ∧R)

2.3.5 Scope of an operator

With our understanding of the notion of a subformula and the occurrence of
an operator, we can now define the notion of the "scope" of an operator. The
truth-functional operators of PL are said to have "scope".Informally, the scope of an

operator is the part of the
wff that the operator is

"attached" to. It is "how
much" of the wff the

operator "operates" on.

Definition 2.3.9: scope of PL operator

The scope of an occurrence of an operator in a wff φ is the smallest
subformula of φ that contains that occurrence of that operator.

Let's consider a few examples. Take the single occurrence of¬ in¬(P ). Next,
let's identify the subformulas of ¬(P ). These are the following:

1. P
2. ¬(P )

To determine the scope of ¬, we need to identify the "smallest subformula"
of¬(P ) that contains ¬. Since only¬(P ) contains¬, the smallest subformula
that contains ¬ is ¬(P ). And so, the scope of ¬ in ¬(P ) is ¬(P ). That is, the
scope is the entire wff.1

Next, consider the wff (P ∨ ¬(Q)). For this wff, we can ask about the scope
of two different operators: the ∨ and the ¬. Let's consider the scope of each.
To do this, let's identify all of the subformulas of this wff:

1. P
2. Q
3. ¬(Q)
4. (P ∨ ¬(Q))

To identify the scope of ∨, identify the smallest subformula that contains ∨.
This is the entire wff. Next, consider the smallest subformula that contains
¬. Notice that two wffs contain ¬: ¬(Q) and (P ∨ ¬(Q)). However, since
¬(Q) is smaller than (P ∨ ¬(Q)), the scope of ¬ is ¬(Q).

Another way to identify the scope of an occurrence of an operator is to con-
struct the wff using the formation rules. The scope of an operator corre-
sponds to the wff that is constructed when the operator is first introduced
into the construction. Let's illustrate this idea with an example. Consider
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(¬(P ) → Q). If we were to construct this wff using the formation rules, the
wffs we would construct the wffs as follows:

1. P
2. Q
3. Since P is a wff, then ¬(P ) is a wff.
4. Since ¬(P ) and Q are wffs, (¬(P ) → Q) is a wff.

The scope of ¬ corresponds to the wff constructed when the ¬ is first intro-
duced in the construction. Notice that this occurs at step (3) in the above
construction. Hence the scope of ¬ is ¬(P ). Similarly, since → is first intro-
duced at step (4), the scope of → corresponds to the wff constructed at step
(4).

Finally, consider ¬((P → Q)). If we were to construct this wff using the
formation rules, the wffs we would create are P,Q, (P → Q),¬((P → Q)).
In this case, the smallest subformula containing → is (P → Q) and so the
scope of → is (P → Q). However, the smallest subformula containing ¬ is
¬((P → Q)), so the scope of ¬ is the entire wff ¬((P → Q)).

Exercise 2.14

Identify the scope of each occurrence of the operators in the following
wffs:

1. (P ∧Q)
2. (P → Q)
3. ¬(¬(P ))
4. (P ∧ (Q↔ R))
5. ¬((P ∧ ¬(Q)))

2.3.6 Main Operator

Every complex wff will have one and only one main operator. The main
operator of a complex wff is the operator the greatest or most scope.

Definition 2.3.10: main operator

The main operator of a PL wff φ is the truth-functional operator
whose scope is φ.

Let's consider a few examples. Let's start with ¬(P ). In this example, the
scope of ¬ is ¬(P ). Since ¬ is the operator whose scope is ¬(P ), it is the
main operator. Since every complex wff has exactly one main operator and
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¬(P ) only has one operator, ¬ is the main operator by default. This is also
true of wffs like (P ∧Q), (P ∨Q), (P → Q), and (P ↔ Q). Themain operator
of each of these wffs is the only operator in the wff.The main operator of a wff

is the operator that is
"doing the most work" or

has the "most scope".
But let's consider a wff where there are at least two operators. Take the wff
(¬(P ) ∨Q). In this wff, there are two operators: ¬ and ∨. To determine the
main operator of this wff, we want to identify the operator whose scope is
the entire wff (¬(P ) ∨Q). Let's consider the scope of each of the operators.
The scope of ¬ is ¬(P ) and the scope of ∨ is (¬(P ) ∨ Q). Since the scope of
∨ is the entire wff, it is the main operator.

The formation rules can be used to determine the main operator of a wff. To
see this clearly, first notice that other than Rule 1, all of the formation rules
are associated with a truth-functional operator, e.g. Rule 6 with '↔'. Second,
the main operator of a wff is the truth-functional operator associated with
the last formation rule applied to create the wff. For example, consider the
use of the formation rules to show that ¬(P → ¬(R)) is a wff:

1. Every propositional letter is a wff, so P and R are wffs (rule 1).
2. If R is a wff, then ¬(R) is a wff (line 1 + rule 2).
3. If P and ¬(R) are wffs, then (P → ¬(R)) is a wff (lines 1,2 + rule 5).
4. If (P → ¬(R)) is a wff, then ¬((P → ¬(R))) is a wff (line 3 + rule 2).

Notice that the last formation rule applied is Rule 2 (associated with '¬ ').
The '¬ ' applied to 'P → ¬(R)' is the main operator.

Exercise 2.15

Identify the main operator of the following wffs:
1. ¬(P )
2. ¬(¬((P ∧ ¬(R))))
3. (P ∨ (Q ∧R))
4. (M ∧ ¬(Q))
5. (¬(¬(M)) ∨R)
6. ¬((P ∨Q))
7. ((P ∨Q) ∨ (R ∨ S))
8. ((P ∧Q) ∨ (A→ S))
9. (P → (Q→ R))

10. ((P → Q) → R)
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2.3.7 Conventions concerning parentheses

In order to make wffs more readable, three conventions are invoked. Here is
the first convention:

Definition 2.3.11: Parentheses convention 1

Parentheses may be omitted when applying the final formation rule
for a wff φ if that rule introduces a connective (∧,∨,→,↔). In other
words, after a wff has been constructed, if the first and last symbol of
a wff are parentheses, then those outer parentheses may be omitted.

Let's consider some examples. Consider the construction of (P ∧Q).

1. P , Q is a wff.
2. (P ∧Q) is a wff.

Notice that in the construction of (P ∧Q), the final formation rule introduces
the connective ∧. Our convention says that we may drop the parentheses.
Therefore, (P ∧Q) is simplified to P ∧Q.

Let's consider the other way of thinking about this convention: if a wff is en-
closed by outer parentheses, then those parentheses are not required. Con-
sider the following examples:

1. (P ∧Q)
2. (P ∨Q)
3. (P → Q)
4. (P ↔ Q)

In each of the abovewffs, thewff is surrounded by a pair of parentheses. The
first simplification convention allows for omitting these parentheses and so
each of the above wffs may be rewritten as follows:

1. P ∧Q
2. P ∨Q
3. P → Q
4. P ↔ Q

It is important to note that the above convention applies only to the wff after
it has been constructed. It does not apply to subformulas in the process of
constructing a wff. For example, consider the construction of ((P ∧Q)∨R):

1. P,Q,R are wffs.
2. (P ∧Q) is a wff.
3. ((P ∧Q) ∨R) is a wff.
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Now suppose we were to incorrectly use our convention on the wffs con-
structed at lines (2) and (3). This result in the following:

1. P,Q,R are wffs.
2. P ∧Q is a wff.
3. P ∧Q ∨R is a wff.

This is not permitted given our convention as it results in a wff where the
scope of the operators and the main operator of the wff are no longer clear.

Here is a second convention for simplification.

Definition 2.3.12: Parentheses convention 2

Whenever the negation formation rule is applied, if the subformula
used in its application is either a propositional letter or a negated wff,
parentheses may be omitted.

Let's consider some examples. Consider ¬(P ). This wff is constructed as
follows:

1. P is a wff.
2. If P is a wff, then ¬(P ) is a wff.

Notice that at line (2), the negation formation rule is applied. The subfor-
mula used to construct ¬(P ) at line (2) is a propositional letter. Our conven-
tion thus says that we may omit parentheses. Therefore, rather than writing
¬(P ), we may write ¬P .

Consider ¬(¬(P )). This wff is constructed as follows:

1. P is a wff.
2. If P is a wff, then ¬(P ) is a wff.
3. If ¬(P ) is a wff, then ¬(¬(P )) is a wff.

At line (2), we may simplify ¬(P ) as ¬P just as we did in the previous ex-
ample. With this simplification in mind, let's reconstruct the wff (notice line
(2) below):

1. P is a wff.
2. If P is a wff, then ¬P is a wff.
3. If ¬P is a wff, then ¬(¬P ) is a wff.

At line (3), notice that a negated subformula ¬P is used to construct ¬(¬P ).
Our convention says that if the negation formation rule is used on a negated
wff, then parentheses may be omitted. Therefore, we do not need to add the
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parentheses that come with using that formation rule. And so, ¬(¬P ) may
be simplified to ¬¬P .

Let's consider twomore examples. Consider the difference between between
the following two wffs:

1. ¬((P ∧Q))
2. (¬(P ) ∧Q)

At this point, ¬((P ∧ Q)) cannot be simplified any further. Parentheses do
not entirely surround the wff and so we cannot use the first convention and
we cannot use our second convention since ¬((P ∧ Q)) is not constructed
using a propositional letter or negated propositional wff.

We can, however, simplify (¬(P )∧Q). Consider the construction of this wff:

1. P , Q are wffs.
2. If P is a wff, then ¬(P ) is a wff.
3. If ¬(P ) and Q are wffs, then (¬(P ) ∧Q) is a wff.

Notice at line (2), the negation formation rule is applied to a propositional
letter. Using our second convention, we may simplify it as ``If P is a wff,
then ¬P is a wff.'' And, so (¬(P ) ∧Q) may be simplified to (¬P ∧Q). And,
using our first convention, this wff may simplified even further to ¬P ∧Q.

Let's conclude by adding a third convention.

Definition 2.3.13: Parentheses convention 3

When applying the negation formation rule to a wff that is sur-
rounded by a pair of parenthesis, it is not necessary to add an ad-
ditional pair of parentheses. In other words, if both sides of pairs of
parentheses do not contain any symbols between them, a single pair
of parentheses may be omitted.

Consider the construction of ¬((P ∧Q)):

1. P,Q are wffs.
2. (P ∧Q) is a wff.
3. If (P ∧Q) is a wff, then ¬((P ∧Q)) is a wff.

Notice that when the negation formation rule is used to create ¬((P ∧ Q)),
it uses (P ∧Q), a wff surrounded by parentheses. Our convention says that
it is not necessary to add an additional set of parentheses. Thus, ¬((P ∧ Q))
may be simplified to ¬(P ∧Q).
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Let's consider the other way of thinking about this convention. Consider the
parentheses in¬((P ∧Q)). Notice that the first left parenthesis is followed by
a second left parenthesis. And, notice that when we find the corresponding
right version each of these parentheses, the right parenthesis is followed by
another right parenthesis (with no symbols in between them). Essentially,
we have a wff P ∧Q doubly surrounded by parentheses. Our third conven-
tion says we may drop one of these pairs.

Finally, why would we ever want to simplify a wff? There are two reasons.
The first is readability. When a wff has many parentheses, it can sometimes
be more difficult to read than its simplified counterpart. Consider a pair of
wffs, the second ofwhich is the result of applying our conventions to the first
wff:

1. ¬((¬(P ) → ¬(Q)))
2. ¬(¬P → ¬Q)

For many people, wff (2) is easier to read than wff (1). The second reason is
it is efficiency. In contrast towff (2)with its twoparentheses, wff (1) contains
a whopping eight parentheses. It is thus less time-consuming to write wff
(2) than wff (1).

Exercise 2.16

Make use of the above three conventions to simplify the following
wffs:

1. (P → Q)
2. ¬(Q)
3. ¬(¬(P ))
4. (P → (Q→ ¬(R)))
5. ¬(¬((P → Q)))

2.3.8 Literal Negation

The literal negation of a wff φ is created either by applying or removing one
instance of the formation rule for negation to φ. That is, two wffs φ and ψ
are literal wffs of each other if and only if either one can be formed from the
other by the negation formation rule (rule 2).

So, for example, supposewe have thewff P . The literal negation of P is¬(P )
since ¬(P ) would be the result of applying the formation rule for negation
to P . Similarly, suppose we have the wff ¬(P ). The literal negation of ¬(P )
is either (1) P since P would be the result of removing the negation from
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¬(P ) or (2) ¬(¬(P )) as this would be the result of applying the formation
rule for negation to ¬(P ). The literal negation is not

simply adding or removing
a negation to a wff. Say
you have (P ∧ ¬(Q)). The
literal negation of this wff
is not (P ∧Q); rather, it is
¬((P ∧ ¬(Q)))

Let's look at a few more examples. Consider (P → R). The literal negation
of this wff is ¬((P → R)) since this would be the result of applying the
formation rule for negation to (P → R). Now consider thewff¬((¬(P )∧R)).
The literal negation of this wff is either (1) (¬(P )∧R) since this would be the
result of removing the negation from ¬((¬(P )∧R)) or (2) ¬(¬((¬(P )∧R)))
since this would be the result of applying the formation rule for negation to
¬((¬(P ) ∧R)).

Exercise 2.17

Determine the literal negation of the following formulas:
1. A
2. ¬(A)
3. ¬(¬(A))
4. (A→ B)
5. (¬(A) → ¬(B))
6. ¬(¬((P ) → ¬(R)))

2.3.9 Types of wffs: Some terminology

With the notion of the main operator and the literal negation of a wff de-
veloped, let's develop some terminology for talking about different types of
wffs. Earlier, we distinguished between atomic wffs and complex wffs, the
latter being wffs that are composed of at least one propositional letter and at
least one truth-functional operator. Next, let's further distinguish between
different types of complex wffs. Given that every complex has exactly one
main operator, we can distinguish between different types of complex wffs
based on the main operator.

First, there are wffs whose main operator is the negation. These wffs are Negations: ¬(φ)
called "negated wffs" or "negations". Negations are thus complex wffs of the
form: ¬(φ).

¬ (ψ)

negation symbol

Second, there are wffs whose main operator is the ∧. These wffs are called Conjunctions: (φ ∧ ψ)
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conjunctions. Conjunctions then are complex wffs of the form (φ ∧ ψ). The
subformulas on the left and right sides of the ∧ are called "conjuncts".

φ ∧ ψ

left conjunct right conjunct

Third, there are complex wffs whose main operator is the ∨. These wffs areDisjunctions: (φ ∨ ψ)
called disjunctions. Disjunctions then are complex wffs of the form: (φ∨ψ).
The subformulas on the left and right sides of the ∨ are called "disjuncts".

φ ∨ ψ

left disjunct right disjunct

Fourth, there are complex wffs whose main operator is the →. These wffsConditionals: (φ→ ψ)

are called conditionals. Conditionals are complex wffs of the form: (φ→ ψ).
The subformula to the left of the → is called the "antecedent" of the condi-
tional and the subformula to the right of the → is called the "consequent" of
the conditional.

φ → ψ

antecedent consequent

Fifth andfinally, there are complexwffswhosemain operator is the↔. TheseBiconditionals: (φ↔ ψ)

wffs are called biconditionals. Biconditionals then are complex wffs of the
form: (φ → ψ). Typically, the subformula to the left of the double arrow is
called the "leftside of the biconditional" and the subformula to the right of
the double arrow is called the "rightside of the biconditional".

φ ↔ ψ

left side right side

With terms for each of the five types of complex wffs, we can now classify
wffs based on their main operator. For example, ¬(P ) is a negation, (P ∧Q)
is a conjunction, (P ∨ Q) is a disjunction, (P → Q) is a conditional, and
(P ↔ Q) is a biconditional. In addition, ¬(P ) is a negation.
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In addition to the five main types of complex wffs, by applying the negation Negated wffs of each type
formation rule to each of these basic types, a negated version of each of the
five types of complex wffs is obtained.

Wff Name of wff

¬(φ ∧ ψ) negated conjunction
¬(φ ∨ ψ) negated disjunction
¬(φ→ ψ) negated conditional
¬(φ↔ ψ) negated biconditional
¬¬(φ) double negations

Let's briefly consider some examples. (P ∧Q) is a conjunction. The negation
of this wff is ¬((P ∧Q)), a negated conjunction. Similarly, ¬(P ) is a negation.
The negation of thiswff is¬(¬(P )), a negated negation (or double negation).

Finally, consider P ∧ ¬(S ∨ Q). Notice that the main operator is ∧ and so
this is a conjunction. The left conjunct is a single letter, an atomic wff. The
right conjunct is ¬(S ∨Q), a negated disjunction. And so P ∧ ¬(S ∨Q) is a
conjunction whose left conjunct is an atomic wff and whose right conjunct
is a negated disjunction.

Exercise 2.18

Identify the type of wff for each of the following wffs:
1. A
2. ¬(A)
3. (A ∧B)
4. (A ∨B)
5. (A→ B)
6. (A↔ B)
7. ¬¬A
8. ¬(A ∧B)
9. ¬(A ∨B)

10. (A ∧B) ∨ C

2.4 PL Semantics

PL is a set of symbols and a set of syntax (formation) rules for putting those
symbols together. As such, the symbols and the wffs that are the result of
applying the formation rules are meaningless. PL gets its meaning by being
"interpreted". This section explains what an interpretation is and formulates
a set of rules that allow for the assignment of truth values to wffs given an
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interpretation. However, before the notion of an interpretation is introduced,
we need to introduce the notion of a function.

2.4.1 Functions

What is a function? A function is a specific kind of relationship between
two groups of things. The first group of things, known as the "domain", is
composed of objects known as the function's "inputs" or "arguments". The
second group of things, known as the "range", is composed of objects known
as the function's "outputs" or "values". The relation between the inputs and
the outputs is such that each input is related to one and only one output.

Definition 2.4.1: function

A function is a relation between two sets of things (the inputs and the
outputs) such that each input is related to one and only one (exactly
one) output.

To gain a better understanding of the definition of a function, let's consider
an example. Consider two sets. In the first set, wehave four letters: A,B,C,D.
In the second set, we have three numbers: 1, 2, 3.

• Set 1: A,B,C,D
• Set 2: 1, 2, 3

The items in the set are called its "elements" or "members". And so, the ele-
ments of set 1 are A,B,C,D. And, the elements of set 2 are 1, 2, 3.

To create a function, we need to relate (or "map") each element of one set to
exactly one element of the other set. Let's do that as follows:

1. Map A to 1
2. Map B to 1
3. Map C to 2
4. Map D to 3

Let's express this mapping more visually with the following diagram:

The above expresses a function. It is expresses a relation between two sets
of things (the two sets) such that each element of one set is related to one
and only one (exactly one) output in the second set. Notice that each letter
is related to exactly one number. No letter is unrelated and no letter is in
relation to two numbers, e.g., "A" is not in relation to numbers 1 and 2.

Since we are mapping elements from set 1 to elements in set 2, the elements
in set 1 are called the function's "inputs" (or arguments) while set 1 itself is
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A

B

C

D

1

2

3

Figure 2.2: Each letter from the set containingA,B,C,D is related to exactly
one output 1, 2, 3.

called the "domain". Elements in set 2 are called the function's "outputs" (or
values) and set 2 is called the "range".

• Domain: A,B,C,D (elements are "inputs")
• Range: 1, 2, 3 (elements are "outputs")

Let's consider another example. In this example, we will consider a function
that involves two sets: a set consisting of two emotional states (happy, sad)
and a set consisting of three activities (dancing, reading, eating).

happy

sad

dancing

reading

eating

Figure 2.3: Each input emotional state (happy, sad) is related to exactly one
activity (dancing, reading, eating).

The above does express a function since each element from the set of emo-
tional states (the domain) is mapped to exactly one element from the set of
activities (the range).
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Let's consider a variation on the above example, where we let the set of activ-
ities serve as the domain and the set of emotional states serve as the range.

happy

sad

dancing

reading

eating

Figure 2.4: Each input activity is not related to exactly one emotional state.

The above does not express a function since each element from the set of
activities (the domain) is not mapped to exactly one element from the set
of emotional states (the range). The activity of eating is not mapped to any
value in the range.

In our previous examples, the inputs of our functions were relatively simple.
Let's consider functions that havemultiple inputs. For example, suppose you
are thinking about what to wear. You are thinking about what shirt to wear
and what pants to wear. Your wardrobe is limited to two colors: red and
blue. Depending on the combination of colors, your outfit may produce one
of two emotions: happy or sad. Next, let's define the following function:

Definition 2.4.2: Color-Emotion Function

If the color-value input of both of the colored items is blue, then the
output is happy. If the color-value input of either of the colored items
is red, then the output is sad.

Input (color) Input (color) Output (emotion)
blue blue ⇒ happy
blue red ⇒ sad
red blue ⇒ sad
red red ⇒ sad

In the above example, the range consists of a set of input colors, and the
domain consists of a set of output emotions. The color-emotion function
says that if the color-value input of both items is blue, then youwill be happy.
Alternatively, if we decide to wear a pair of blue pants and a red shirt, the
color emotion function says that the individual will be sad.
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Let's consider one final illustration alongwith a conventionalway of express-
ing functions. Suppose we are considering the following two sets:

• Set 1 (Domain): 1, 2, 3
• Set 2 (Range): 1, 2, 3, 4

Suppose our function takes each element from the domain and adds 1 to it.
It is common to express the result of "applying" a function to a specific input
as follows:

f(input)=output

And so, we can express the function by specifying how it maps each input
to every output as follows:

• f(1) = 2
• f(2) = 3
• f(3) = 4

This method is often prefered since it is produces a compact presentation of
the function.

2.4.2 The interpretation function

Now that we have the notion of a function in hand, we will consider two
functions that pertain to the semantics of PL. Recall that the formal language
of PL consists of a set of meaningless symbols and rules for putting these
symbols together in the right way. Two functions supplymeaning to PL: one
takes propositional letters as input and assigns truth values to these propo-
sitional letters, the other assigns a truth value (T or F) to a wff depending
on the truth values of propositional letters and the operators that compose
that wff.

Definition 2.4.3: Interpretation of PL

An interpretation ofPL is a function that takes propositional letters of
PL as input and assigns them a single truth value (T or F) as output.

An interpretation is
sometimes said to be a
"mapping" from
propositional letters to
truth values and that the
interpretation "gives
meaning" to the
propositional letters.

In other words, an interpretation assigns propositional letters meaning by
assigning them one and only one truth value (T or F).

A few points about the interpretation function. First, to symbolize the inter-
pretation function of some proposition P , wewrite I (P ) = T or I (Q) = F ,
which reads "P is true under interpretation I " or "Q is false under interpre-
tation I ".
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A

B

C

T

F

Figure 2.5: The interpretation function takes all the letters of the language of
propositional logic (or those under consideration) and assigns them exactly
one truth value: T or F.

Second, a single propositional letter can be interpreted in two different ways.
Under one interpretation, it can be assigned a value of "T" while under a
different interpretation it can be assigned a value of "F". In other words, if
P is a propositional letter, P can be interpreted as true, i.e., I1(P ) = T or P
can be interpreted as false, i.e., I2(P ) = F .

Third, an interpretation is an assignment of a truth value to every proposi-
tional letter in PL. While PL has an infinite number of propositional let-
ters, in practice interpretations are specified by assigning truth values to
the propositional letters that are under analysis, e.g. I (P ) = T,I (Q) =
T,I (R) = T,I (Z) = T

Fourth, for n distinct propositional letters, there are 2n interpretations. Thus
for 1 propositional letter, 21 = 2; for 2 propositional letters, 22 = 4, and so
on.

2.4.3 The valuation function

A second collection of functions is used to determine the truth values of all
of the wffs of PL. This collection of functions are known as "valuations".

Recall that it is the business of the interpretation function to assign truth
values to propositional letters. And, the interpretation function is a function
since exactly one truth value (T, F) is assigned to each and every proposi-
tional letter. While the interpretation function determines the truth values
of propositional letters, the valuation function determines the truth values
of wffs.

How does the valuation function do this? The valuation function assigns
truth values to wffs in a very specific way. It does this by taking the truth
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values of either the propositional letters or the subformulas that compose
the wff as input and assigning exactly one truth value (T or F) to the wff as
output. The valuation function is a function since it relates any given truth
value input to exactly one truth value (T, F) output. While the output of the
input and output of the valuation function are truth values, the output truth
value is taken to be the value (or "meaning") of the wff itself.

The valuation function is a truth function. A truth function is a function from
truth values (as input) to exactly one truth value (as output). The valu-
ation function is a truth function since given any truth value input, it will
always output exactly one truth value. The valuation function also entirely
determines the truth value output of a wff by taking the truth values of the
propositional letters / subformulas that compose it as input. In other words,
the valuation function does not take anything other than the truth values of
the propositional letters / subformulas that compose it as input. A language
is said to be a truth-functional language when the truth value of a wff is en-
tirely determined by the truth values of the wffs that compose it. Thus, PL is
a truth-functional language.

Practically, the real question then is the following: how does the valuation
function assign truth values to wffs? While we can specify the truth val-
ues of propositional letters using the interpretation function, e.g., I (P ) =
T,I (Q) = F, . . ., howdowedetermine the truth values ofwffs likeP,¬(P ), (P∧
Q), and so on? To answer this question, let's start by considering the subtle
distinction between propositional letters and atomic wffs.

A propositional letter is a symbol of PL. For example, P,Q,R are proposi-
tional letters. These symbols get assigned a truth value by the interpretation
function. An atomic wff is a wff that is defined by the formation rules. For
example, P,Q,R are also atomic wffs. As wffs, it is the responsibility of the
valuation function to determine their truth value. With this in mind, let's
specify a function that takes the truth value of the propositional letter and
uses it to assign a truth value to the atomic wff. This is relatively straightfor-
ward. We can state the following:

v(φ) = I (R), where φ is R (let R be a variable for any proposi-
tional letter).

In other words, this says that the truth value of the wff φ is identical to the
truth value of R when φ is R. If P is an atomic wff, then its truth value is
determined by the interpretation of P (where P is a propositional letter). If
Q is an atomic wff, then its truth value is determined by I (Q), and so on.
More generally, if φ is an atomic wff, then the truth value of φ is the same as
the truth value of its corresponding propositional letters.
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What we have now is a specification of how the valuation function assigns
truth values to atomicwffs using the interpretation function. Butwhat about
complex wffs? Consider the complex wff (P ∧ Q). How does the valuation
function assign it a truth value? What we need is a specification of a function
that takes the truth values of P and Q as input, takes into account the fact
that the main operator of P ∧Q is the ∧, and then outputs a truth value that
we take to be the truth value of (P ∧Q).

Let's consider how we can do this using truth values.

1. if φ and ψ are both T, then the conjunction (φ ∧ ψ) is T.More compactly:
v(φ ∧ ψ) = T iff v(φ) = T
and v(ψ) = T , otherwise

v(φ ∧ ψ) = F .

2. If φ is T and ψ is F, then the conjunction (φ ∧ ψ) is F.
3. If φ is F and ψ is T, then the conjunction (φ ∧ ψ) is F.
4. If φ and ψ are both F, then the conjunction (φ ∧ ψ) is F.

Notice a few things about the specification of the valuation function for con-
junctions. First, he valuation function v for conjunction takes the truth val-
ues of φ and ψ as input and then, given that φ and ψ are connected by ∧,
it specifies the truth value of the conjunction (φ ∧ ψ) itself. Second, notice
that it always outputs a single truth value as output (this output value is as-
signed to the conjunction (φ∧ψ)). It is never the case that, for a given input,
a different output is given. Third, notice that the output of the function is
determined entirely by the truth values of φ and ψ. It is not determined by
anything other than the truth values of the wffs that compose the conjunc-
tion.

Now thatwehave a basic understanding of how the valuation functionworks
for atomic wffs and conjunctions, let's consider how it works for every com-
plex wff.

Definition 2.4.4: Valuation

For any interpretation I , a valuation (v or V) in PL is a function that
assigns exactly one truth value (T or F) to eachwff inPL in such away
that (let φ and ψ be variables for anywff in PL,R be any propositional
letter in PL, and "iff" be an abbreviation for "if and only if"):
1. v(φ) = I (R), where φ is R.
2. v(¬(φ)) = T iff v(φ) = F , otherwise v¬(φ) = F
3. v(φ ∧ ψ) = T iff v(φ) = T and v(ψ) = T , otherwise v(φ ∧ ψ) = F
4. v(φ ∨ ψ) = T iff v(φ) = T or v(ψ) = T , otherwise v(φ ∨ ψ) = F
5. v(φ→ ψ) = T iff v(φ) = F or v(ψ) = T , otherwise v(φ→ ψ) = F
6. v(φ ↔ ψ) = T iff v(φ) = T and v(ψ) = T , or v(φ) = F and
v(ψ) = F , otherwise v(φ↔ ψ) = F
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Let's briefly discuss the parts of this definition not covered earlier. First,
(2) specifies how the valuation function works for negated wffs. It assigns
negated wffs ¬(φ) a value of T if and only if the truth value assigned to φ
is F. Otherwise, ¬(φ) is F. So, for example, if v(P ) = F , then v(¬(P )) = T .
Alternatively, if v(P ) = T , then v(¬(P )) = F .

Next, consider (4). This specifies how the valuation function works for dis-
junctions. It assigns disjunctions φ ∨ ψ a value of T if and only if the truth
value assigned to φ is T or the truth value assigned to ψ is T (or both φ and ψ
are T). Otherwise, φ∨ψ is F. So, for example, if v(P ) = T and v(Q) = F , then
v(P ∨Q) = T . Alternatively, if v(P ) = F and v(Q) = F , then v(P ∨Q) = F .

Next, consider (5). This specifies how the valuation function works for con-
ditionals. It assigns conditionals φ → ψ a value of T if and only if the truth
value assigned to φ is F or the truth value assigned to ψ is T (or both φ is
F and ψ is T). Otherwise, φ → ψ is F. So, for example, if v(P ) = F and
v(Q) = T , then v(P → Q) = T . Alternatively, if v(P ) = F and v(Q) = F ,
then v(P → Q) = T .

Finally, consider (6). This specifies how the valuation function works for
biconditionals. It assigns biconditionals φ ↔ ψ a value of T if and only if
the truth value assigned to φ is T and the truth value assigned to ψ is T,
or the truth value assigned to φ is F and the truth value assigned to ψ is F.
Otherwise, φ ↔ ψ is F. So, for example, if v(P ) = T and v(Q) = T , then
v(P ↔ Q) = T . Alternatively, if v(P ) = F and v(Q) = F , then v(P ↔ Q) =
T .

The semantics of PL provides "meaning" to the symbols and wffs of PL.
It does this by specifying two functions: the interpretation function and
the valuation function. The interpretation function assigns truth values to
propositional letters. The valuation function assigns truth values to wffs.
We saw that the valuation function assigns truth values to wffs in a specific
way. Namely, it assigns truth values to wffs by taking the truth values of the
propositional letter (or subformulas) and the operators that compose the
wff as input and then assigning exactly one truth value (T or F) to the wff
as output. The fact that the valuation function determines the truth value of
a wff entirely by the truth values of the propositional letters (or subformu-
las) and the operators that compose it is what makes PL a truth-functional
language.

Interpretation in PL

T or F to PL Letters

Valuation in PL

T or F to PL wffs
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Exercise 2.19

Determine the truth value of the following wffs under the following
interpretation I of the propositional letters: I (A) = T,I (B) = F .

1. A
2. B
3. ¬(A)
4. ¬(B)
5. (A ∧B)
6. (A ∨B)
7. (A→ B)
8. (A↔ B)

2.4.4 Truth Table Presentation of Valuation Function

Our presentation of the meaning of the symbols and wffs in PL involved
specifying two functions: the interpretation and the valuation function. A
second, and equivalent, method for presenting the meaning of the symbols
andwffs inPLmakes use of "truth tables". A truth table is simply a graphical
display of the interpretation and valuation functions.

First, consider that any propositional letter P can be interpreted in twoways.
On one interpretation P can be assigned a value of T , while on another in-
terpretation, it can be assigned a value of F . We can display these two inter-
pretations of P as follows:

P

I1 T
I2 F

A truth table involving more than one propositional letter (e.g. P and Q)
would take into account all of the different ways that P and Q can be inter-
preted.

P Q

I1 T T
I2 T F
I3 F T
I4 F F

Since the table can be used to express every interpretation of the proposi-
tional letters, this fact can be used to also illustrate output of the valuation
function under each interpretation. The simplest case involves atomic propo-
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sitions. In this case, an atomic wff φ is true if and only if the interpretation of
the propositional letter that composes that wff is true (otherwise it is false).
Since an atomic wff is nothing more than a propositional letter. The valua-
tion of φ is identical to the interpretation of φ.

P P

I1 T T
I2 F F

Next, let's show how to represent the valuation function for negated wffs. v(¬(φ))
The valuation function states that that v(¬(φ)) = T if and only if v(φ) = F ,
otherwise v(¬(φ)) = F . Using a table, we can represent this as follows:

P ¬(P )
T F
F T

Next, let's consider conjunctions. In the case of conjunctions φ ∧ ψ, the wff v(φ ∧ ψ)
φ ∧ ψ is true if and only if φ is true and ψ is true. The wff is false in all other
cases. To illustrate, consider the wff P ∧R

P R P ∧R
T T T
T F F
F T F
F F F

Next, disjunctions. The disjunction φ∨ψ is true if and only if either φ is true v(φ ∨ ψ)
or ψ is true (or both are true). The wff φ ∨ ψ is false in all other cases. To
illustrate, consider the wff P ∨R.

P R P ∨R
T T T
T F T
F T T
F F F

In the case of conditionals, a conditional φ→ ψ is true if and only if φ is false v(φ→ ψ)
or ψ is true (or both). The wff φ→ ψ is false in all other cases. To illustrate,
consider the wff P → R

P R P → R

T T T
T F F
F T T
F F T
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Finally, let's consider biconditionals. A biconditional φ ↔ ψ is true if andv(φ↔ ψ)
only if φ and ψ have the same truth value. The wff φ↔ ψ is false in all other
cases. To illustrate, consider the wff P ↔ R

P R P ↔ R

T T T
T F F
F T F
F F T

Exercise 2.20

For each of the followingwffs, determine if they are true or false given
the interpretation provided.

1. ¬(P ) if I (P ) = F
2. P → Q if I (P ) = F,I (Q) = F
3. P ∧Q if I (P ) = T,I (Q) = T
4. P ∨Q if I (P ) = F,I (Q) = T
5. P ↔ Q if I (P ) = T,I (Q) = T

Exercise 2.21

Create your own truth-functional operator. Make a symbol and define
it by creating your own valuation function.

2.5 PL Translation

One of the primary goals of logic is to provide a formal language for the
evaluation of arguments. Central to this goal is the ability to translate from
a natural language (English) into a formal language. We can think of a trans-
lation as a function that takes a sentence of a natural language (English) and
assigns it a wff of a formal language. Translations can be good or bad. One
component of a good translation is that the wff assigned to the English sen-
tence is true if and only if the English sentence is true.

In this section, we will consider how to translate English sentences into PL.

2.5.1 Atomic wffs

An atomic wff is a wff consisting of a single propositional letter. An atomic
wff is either T (true) or F (false). In English, a sentence expresses a proposi-
tion if and only if it is capable of being T or F. Although later we will see that
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we will not always want to do this, we can translate every English sentence
that expresses a proposition into an atomic PL wff.

Let's consider some examples. Take the sentence "John is kind". This sen-
tence expresses a proposition. It is true if John is kind and it is false if it is
not true (false) John is kind. Consider an atomic wff J . This wff behaves
similarly. The wff J is true if and only if the interpretation of J is true. In
addition, the wff J is false if and only if the interpretation of J is false.

Or take the sentence "Liz is happy". The proposition this sentence expresses
is either true or false. The same is true for L in PL. We can translate thus
translate "Liz is happy" as L (as an atomic wff) and state that whenever "Liz
is happy" is true, L is true and whenever "Liz is happy" is false, then L is
false.

Two additional points. First, the choice of which propositional letter to use
to translate an English sentence is arbitrary. In our earlier example, "John
is Kind" was translated as J , but the letters A,B,C,A1, and so forth would
serve just as well. Nevertheless, it is generally suggested that when selecting
a letter to translate an English sentence, one choose either the first or the
most perspicuous letter in the English sentence. For example, J was used to
translate "John is kind" rather than Z34 because it is the only capital letter in
the sentence and it is also the first letter. Similarly, suppose one wished to
translate "The man wore a hat". One could translate this sentence asH orM
as these are the most perspicuous letters in the sentence and this selection
would distinguish it from other sentences that begin with the word "The".

Second, while every proposition can be translated as an atomic wff, the gen-
eral goal of translation is to represent as much of the logical structure of the
proposition as possible in the language of PL. Aswewill see, thiswill require
the use of more complex wffs than atomic wffs.

2.5.2 Negated wffs ¬(φ)
Recall from the definition of the valuation function that ¬(φ) = T if and only
if v(φ) = F , otherwise ¬(φ) = F .

Is there anything in English where if we have a false sentence S and add a
word or phrase, S is now false? Or, if S with that word or phrase is true if
and only if S is false? Yes! Consider the sentence "It is not the case that Tek is
kind." If "Tek is kind" is true, then "It is not the case that Tek is kind" is false.
And, if "Tek is kind" is false, then "It is not the case that Tek is kind" is true.
"Tek is kind" is T It is not the case that "Tek is kind" is F.
"Tek is kind" is F It is not the case that "Tek is kind" is T.
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From the above, we might conclude that sentences of the form "it is not the
case that P " or, more simply, "not-P " are true just in the case that P is false;
otherwise, P is true. And so, the proposal then is to translate sentences of
the form "not-P" (and various equivalent sentences, e.g., "It is not the case
that P", "It is false that P", etc.) as negated wffs ¬(φ) in PL.

Let's consider some additional examples. Suppose Liz sees that Tek has been
behaving very badly. She remarks "It is not the case that John will go to
heaven." If "John will go to heaven" is translated asH , then "It is not the case
that John will go to heaven" can be translated as ¬H . Similarly, suppose Tek
is sick. Liz is worried about him and says "It is false that Tek is young." If
"Tek is young" is translated as Y , then "It is false that Tek is young" can be
translated as ¬Y .

The cases examined thus far were of the form "not-P". In these cases, some
form of "not" is prefixed to the sentence. Anotherway to deny a sentence is to
apply it to the main verb of the sentence. For example, suppose Tek is beingYou can even add the

negation to the end of the
sentence. "That shirt looks

nice, NOT!"

cruel to others. Liz sees this and says "Tek is not kind." This sentence does
not have the form "not-K" but (1) it is taken as another way of expressing "it
is not the case that Tek is kind" and (2) the sentence is is true just in the case
that "Tek is kind" is false. As such, it can be translated as ¬K.

2.5.3 Conjunctions(φ ∧ ψ)
Recall from the definition of the valuation function that a conjunction (φ∧ψ)
is true if and only if φ and ψ are both true. It is false just in the case that one
or more of the wffs φ or ψ is false.

Just as we did with negation, we can ask is there something similar in En-
glish? That is, is there aword or phrasewe can add in between two sentences
S1 and S2 to form a complex sentence Sc such that the complex sentence Sc
is true iff both S1 and S2 are true. Yes!

In English, by adding "and" between two sentences, e.g., "S1and S2", the re-
sulting complex sentence is true iff both S1 is true and S2 are true. The pro-
posal then is that we can thus translate propositions of the form "S1and S2"
using (φ ∧ ψ).

Let's consider an example. Consider the following sentence:

"Tek has money in his pockets and Tek is at the store".

This sentence is complex. It is composed of two simpler sentences:

1. Tek has money in his pockets.
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2. Tek is at the store.

These sentences are combined together (or connected) with the word "and".
Notice that the complex sentence is true iff both of the simpler sentences are
true. We can thus say that the truth value of the complex sentence is a func-
tion of the truth values of the simpler sentences: if you have two sentences
(inputs) that are T, then the complex sentence (output) is T. Otherwise, the
output is F. To put it in table form:

S1 S2 S1 and S2
T T T
T F F
F T F
F F F

But notice that this is the same function as the function expressed by the PL
wff φ ∧ ψ: the wff φ ∧ ψ is T iff φ and ψ are both true.

The proposal then is that we can translate sentences of the form S1 and S2 as
PL conjunctions, and vice versa. And so, "Tek has money in his pockets and
Tek is at the store" might be translated asM ∧ S whereM is a translation of
"Tek has money in his pockets" and S is a translation of stands for "Tek is at
the store".

The order of the conjuncts does not matter. For example, J∧H andH∧J are
true if and only if J and H are both true, and false otherwise. Similarly, in
English, "John is kind and Johnwill go to heaven" and "Johnwill go to heaven
and John is kind" are true and false under the same conditions. Namely, they
are true just in the case that "John is kind" is true and "Johnwill go to heaven"
is true.

Some English sentences only approximate the form of "P and Q" and so it
isn't immediately clear whether or not we can translate them as P ∧ Q. For
example, consider the sentence "Tek ate a sandwich and an apple." Simply
splitting this sentence at the "and" gives us (1) Tek ate a sandwich and (2)
an apple. As (2) does not express a proposition, it cannot be translated into
PL. However, this sentence, and many others, are simply abbreviated forms
of a "P and Q" proposition. That is, "Tek ate a sandwich and an apple" is
a shorthand way of saying "Tek ate a sandwich and Tek ate an apple." This
sentence can be translated as S ∧Awhere S stands for "Tek ate a sandwich"
and A stands for "Tek ate an apple."

Some English sentences do not have the form "P and Q" but their truth value
is determined in the same way as a conjunction. For example, consider the
sentence "Liz loves reading, but Tek loves dancing." This sentence is not of
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the form "P and Q" but it is true just in case Liz loves reading and Tek loves
dancing. As such, this sentence can be translated as R ∧D where R stands
for "Liz loves reading" andD stands for "Tek loves dancing." This is not to say
that there is no difference between "and" and "but" since the latter is often
used to communicate to individuals that some contrast exists between the
two propositions. However, in the case of "Liz loves reading, but Tek loves
dancing" the contrast is not relevant to the truth value of the sentence.

Another example of a sentence that can be translated into a conjunction but
is not of the form "P and Q" is "P although Q". For example, suppose Tek is
sick. Liz is worried about him and says "Tek is sick, although he is young."
This sentence is not of the form "P and Q" but it is true if and only if both
"Tek is sick" and "Tek is young" are true. It can therefore be translated as
S ∧ Y . Similar to "P but Q", "P although Q" is often used to communicate
to individuals something more than the truth value of the sentence. For
example, the use of "although" is used to communicate that Liz expects Tek
to make a recovery from his sickness.

2.5.4 Disjunctions(φ ∨ ψ)
A disjunction (φ ∨ ψ) is true if and only if just φ is true, or just ψ is true, or
both φ and ψ are true. It is false just in the single case that φ and ψ are both
false. Recall the table that expresses this truth function for the disjunction:

φ ψ φ ∨ ψ
T T T
T F T
F T T
F F F

Just as we did for conjunctions, we can ask whether there is anything in En-
glish that behaves similarly. That is, can we take two sentences S1 and S2,
combine them together with a word or expression to form a complex sen-
tence, and the truth value of that complex sentence expresses the same func-
tion as the function for PL disjunctions?

In English, certain sentences of the form "S or P" are true if and only if S
is true, P is true, or both S and P are true. It is thus proposed that we can
translate certain propositions of the form "S or P" using (φ ∨ ψ).

Let's consider some examples. Suppose Tek has been exercising regularly.
Some days he runs, some days he lifts weights, and other days he runs and
lifts weights. He utters to himself "I will run or lift weights today." Now
consider whether this sentence is true under the following four scenarios:
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1. Tek runs and lifts weights.
2. Tek runs but does not lift.
3. Tek does not run, but he does lift.
4. Tek does not run and does not lift.

Many people would say that Tek's sentence is true in cases (1)-(3) and false
only in case (4). The proposal then is that since Tek's sentence expresses
the same function as the disjunction, we can translate it into the disjunction
R ∨ Lm where R stands for "Tek runs" and L stands for "Tek lifts weights."

Here is another example. Suppose you are working at a company and the
CEO of the company says that employees of the company have either a Mas-
ter's degree or a Doctoral degree. Now consider the following scenarios:

1. You have a master's and a doctoral degree.
2. You have a master's degree but not a doctoral degree.
3. You do not have a master's degree but you do have a doctoral degree.
4. You do not havemaster's degree and youdo not have a doctoral degree.

The CEO's sentence is true in (1)-(3) but not in scenario (4). So, the OR-
sentence "Employees of the company have either a Master's degree OR a
Doctoral degree" is true in scenarios (1)-(3) but not in (4). The proposal
then is that since this sentence expresses the same function as the disjunc-
tion, we can translate it into the disjunctionM ∨D.

At first glance then, it appears that every sentence of the form "P or Q" can be Exclusive "or"
translated into PL asφ∨ψ. This is not the case. First, suppose Tekwalks into a
café and asks the cashier what he can purchase with two dollars. The cashier
tells him "you can have coffee or bottled water." In this case, the cashier is
not saying that Tek can have both coffee and water for two dollars. Rather,
the cashier is saying that Tek can have coffee, or he can have water, but he
cannot have both coffee and water. In this case, the cashier's is using "or"
in the exclusive sense. If we let "C" stand for "Tek can have coffee" and "W"
for "Tek can have water", then we can express what the cashier is saying as
follows "C or W, but not both C and W". To put this in a truth table, we can
express the cashier's use of "or" as follows:

C W C or W, but not both C and W
T T F
T F T
F T T
F F F

Notice that the truth table for the cashier's use of "or" is different from the
truth table for the inclusive use of "or". In the inclusive case, the sentence is
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true in all cases except where both C and W are false. In the exclusive case,
the sentence is true only in the two cases where (1) C is true but not W and
(2) W is true but not C. These are rows 2 and 3. In the other two cases, the
sentence is false.

In short, the use of "or" in English is ambiguous. Sometimes it is used with
the exclusive sense while other times it is used in an inclusive way. When
"P or Q" is uttered and "or" is used in the inclusive sense, then the sentence
is false in just one case: where both P and Q are false. Such a sentence can
be translated as P ∨ Q since P ∨ Q is false just in the case where v(P ) = F
and v(Q) = F . In contrast, when "P or Q" is uttered and "or" is used in the
exclusive sense, then the sentence is false in two cases: (1) where both P and
Q are true and (2) where both P and Q are false.

Three final points. First, given that exclusive-or expresses a different truth
function than the inclusive-or, translating every sentence of the form "P or Q"
as P ∨Q. This is because some "P or Q" sentences express "P exclusive-or Q".
How then should "P orQ" be translated into PL? There are two options. Since
the discussion of both of these options requires some further understanding
of logic, we will postpone this discussion to subsubsection 2.5.7.7.

Second, there is the issue of what to do in the meantime. Let's adopt the
preliminary rule of translating every English sentence of the form "P or Q"
as P ∨Q (even though this is incorrect).

Third, there is the question of how to translate sentences that chain uses of
"or" together. For example, "I will eat apples or grapes or bananas". We will
address this issue in subsubsection 2.5.7.2.

2.5.5 Conditionals(φ→ ψ)

Recall that φ → ψ is true if and only if v(φ) = F or v(ψ) = T . This means
that it is false only in one case: the case where v(φ) = T and v(ψ) = F . Let's
express this valuation in terms of its truth table:

φ ψ φ→ ψ

T T T
T F F
F T T
F F T

To find a suitable translation for conditionals, we need to find a class of En-
glish sentences that are false just in that one case. There are several candi-
dates, but the most popular are sentences of the form "if P, then Q". That is,
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propositions of the form "if P, then Q" can be translated into PL as P → Q,
and vice versa. "The ability to think

conditional thoughts is a
basic part of our mental
equipment.…There's not
much point in recognizing
that there's a predator in
your path unless you also
realise that if you don't
change direction pretty
quickly you will be eaten."
- Dorothy Edgington.

Let's consider an example. Suppose Tek says "If I buy a ticket, then I will win
the lotto." In making this claim, he is not saying "he has bought a ticket", nor
is he claiming "he will win the lotto". Tek uses the "if P, then Q" sentence to
state something about the relation between these twopropositions. In saying
that "If I buy a ticket, then I will win the lotto", Tek is saying that the scenario
where he buys a ticket and where he does not win the lotto is ruled out. In
other words, Tek is simply saying it is false that he both buys a ticket and does
not win the lotto. Let's express this in terms of a table:

B W If B, then W
T T T
T F F
F T T
F F T

Notice row (2) expresses the scenario that Tek says is false: the case where
Tek buys a ticket and does not win the lotto. But now notice that the above
table is the same as the table for the PL conditional. As such, it is proposed
that we translate sentences of the form φ→ ψ as "if P, then Q" and vice versa.

It is not necessary to use the "if P, then Q" construction to express a condi-
tional. For example, suppose Tek is sick. Liz is worried about him and says
"If Tek is sick, he will not be at the party." This sentence is not of the form "if
P, then Q" but is rather of the form "if P, Q". This shows that the "then" is not
necessary to express the conditional. Some examples include:

1. Q if P
2. P only if Q (see subsubsection 2.5.7.9)
3. In order for P, it is necessary that Q
4. It is sufficient for P, in order for Q
5. P is a sufficient condition for Q
6. Q is a necessary condition for P

Finally, there are at least two problems with translating φ → ψ as "if P, then
Q". The first problem relates to when φ and ψ are unrelated to each other
(that is, there is no relevant relation between φ and ψ). The second problem
concerns conditionalswhere the antecedent is known to be false (counterfac-
tual conditionals). We return to both of these problems in subsection 2.5.8.
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2.5.6 Biconditionals (φ↔ ψ)

Finally, recall that biconditionals φ↔ ψ are true if and only if v(φ) = v(ψ). In
other words, a biconditional is true whenever φ and ψ have the same truth
value. Propositions of the form "P if and only if Q" (which is abbreviated
way of saying "if P, then Q; and, if Q, then P") are true whenever P and Q
have the same truth value, and so we translate sentences of the form "P if
and only if Q" as φ↔ ψ.

P Q P ↔ Q P if and only if Q
T T T T
T F F F
F T F F
F F T T

For example, consider the sentence "Liz brought her umbrella if and only if
it is raining." Based on the above, this translation has the form of "U if and
only if R" and the proposal is to translate this type of sentence as U ↔ R.
Now let's consider the various scenarios and see whether they match the
valuation function for the biconditional:

1. Liz brought her umbrella and it is raining. The sentence is true.
2. Liz brought her umbrella and it is not raining. The sentence is false

since "U if and only if R" is false when U is true and R is false. This is
because "if U, then R" is false.

3. Liz did not bring her umbrella and it is raining. The sentence is false
since "U if and only if R" is false when U is false and R is true. This is
because "if R, then U" is false.

4. Liz did not bring her umbrella and it is not raining. The sentence is
true since "U if and only if R" is true when U is false and R is false. This
is because "if R, then U" is true if "R" is false and "if U, then R" are true
if "U" is false.If it seems strange that

v(φ↔ ψ) = T when
v(φ) = F, v(ψ) = F , this

is likely because people find
it strange that

(φ→ ψ) = T when
v(φ) = F .

Another example. Suppose Tek wants to go to a party, but he will only go if
Liz is there. Tek is also Liz's best friend and so Liz will only go to the party
if Tek is there. Tek says "I will go to the party if and only if Liz goes." What
he means is that "if Liz goes to the party, then he will go" and "if he goes to
the party, then Liz will go." Given the proposal to translate sentences of the
form "P if and only if Q" as biconditionals, Tek's sentence is translated into
PL as P ↔ L, where P stands for "Tek goes to the party" and L stands for
"Liz goes to the party."
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Exercise 2.22

Translate the following propositions into PL
1. John is a zombie.
2. John is a zombie and Mary is happy.
3. The basis of alchemy is deconstruction and reconstruction.
4. If John is a zombie, then Mary is happy.
5. If John is not a zombie, then Mary is not happy.
6. Either John is a zombie or Mary is happy.
7. John is a zombie if and only if Mary is happy.
8. If John is a zombie andMary is happy, then either John is a zom-

bie or Mary is not happy.
9. It is not the case that John is not a zombie.

2.5.7 Complex Translations

In this section, more complex sentences in English are translated into PL.We
restrict this discussion to sentences of the following form:

English Translation
P and Q and R (P ∧Q) ∧R or P ∧ (Q ∧R)
P or Q or R (P ∨Q) ∨R or P ∨ (Q ∨R)
neither P nor Q ¬P ∧ ¬Q
not both P and Q ¬(P ∧Q)
not P and Q Ambiguous: either ¬P ∧Q or ¬(P ∧Q)
P XOR Q P ⊕Q
P and Q or R (P ∧Q) ∨R or P ∧ (Q ∨R)
P or Q, but not both (P ∨Q) ∧ ¬(P ∧Q)
P only if Q P → Q
P even if Q P
P unless Q Inclusive: P ∨Q, ¬Q→ P

Exclusive: P ⊕Q

2.5.7.1 P and Q and R

In an earlier section, we noted that propositions of the form "P and Q" are
straightforwardly translated into PL as P ∧ Q. This was because the truth
of "P and Q" depends on the truth of both P and Q in such a way that "P and
Q" is true if and only if "P" is true and "Q" is true (it being false in all other
cases). This is the same behavior we find in conjunctions of the form P ∧Q.
This wff is true just in the case that v(P ) = T and v(Q) = T , and false in

81



all other cases. Speakers however chain together sentences with the use of
"and" or some equivalent. That is, there are sentences of the form "P and Q
and R" or the more abbreviated "P, Q, and R".

When speakers chain together propositions using "and", these sentences are
true just in the case that each proposition connected by "and" is true. That
is, "P and Q and R" is true just in the case that "P" is true, "Q" is true, and
"R" is true. This is the same behavior we find in conjunctions of the form
(P ∧ Q) ∧ R. This wff is true just in the case that v(P ) = T , v(Q) = T ,
and v(R) = T , and false in all other cases. We thus can translate chains of
propositions connected by "and" as conjunctions of conjunctions.

A few examples. Suppose Tek utters "Liz is happy and Renna is happy and
I am happy." This sentence is true just in the case that "Liz is happy" is true,
"Renna is happy" is true, and "Tek is happy" is true. In PL, this sentence can
be translated as (L∧R)∧T . In order for L∧R to be true, L andRmust both
be true. In order for (L ∧ R) ∧ T to be true, L ∧ R must be true and T must
be true. In sum, (L ∧ R) ∧ T is true just in the case that L is true, R is true,
and T is true. Thus, a good translation of "Liz is happy and Renna is happy
and I am happy" is (L ∧R) ∧ T .

One more example. Suppose Liz is very hungry after her morning run. She
says "I am going to have eggs and toast and orange juice for breakfast." This
sentence can be interpreted as a chain of sentences all connected by the use
of "and". That is, the sentence is an abbreviated version of the sentence "Liz
is going to have eggs for breakfast and Liz is going to have toast for breakfast
and Liz is going to have orange juice for breakfast." Based on our proposal
for translating chains of sentences connected by "and", the sentence should
be translated as (E ∧ T ) ∧ O. Notice that the placement of the parentheses
does not impact the accuracy of the translation. That is, (E ∧ T ) ∧ O and
E ∧ (T ∧O) are both true just in the single case that E is true, T is true, and
O is true.

2.5.7.2 P or Q or R

We have considered how to translate sentences of the form "P and Q and R".
What about sentences of the form "P or Q or R"? Translation can be done
in exactly the same way, replacing each instance of "or" with the ∨. Let's
consider a few examples.

Suppose Tek plans to exercise today. He is in great shape and so is consid-
ering what activities will be a part of his workout for the day. Tek says "I
will lift or bike or stretch." We interpret what he says as "Tek will lift or Tek
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will bike or Tek will stretch." Since we know that Tek is in great shape, it is
very well likely that Tek will do all of these actions. Therefore, we take Tek
to be using "or" inclusively. Tek's utterance is true provided he does at least
one of the actions (if he does more, then the sentence is still true). In PL, we
translate Tek's utterance as (L ∨B) ∨ S or L ∨ (B ∨ S) as these wffs are true
provided at at least one of the following is true: L is true, B is true, S is true.

Exercise 2.23

1. John is tired and John is happy and John is angry.
2. The rumors are true or he is able to transmute human souls or

he is not being honest.
3. The basis of alchemy is understanding, deconstruction, and re-

construction.

2.5.7.3 Neither P nor Q

Propositions of the form "neither P nor Q" are true just in the case that P ¬P ∧ ¬Q
is false and Q is false. In other words, "neither P nor Q" is another way of
saying "not-P and not-Q". In translating this sentence into PL, the goal is
to select a PL-wff that is true just in the case that "neither P nor Q" is true.
The most straightforward translation then of "neither P nor Q" is ¬P ∧ ¬Q
as this wff is true just in the case that P is false and Q is false. Another way
of translating "neither P nor Q" is as ¬(P ∨Q). Both translations are equally
good because both propositions are true just in the case where P is false and
Q is false.
P Q ¬ P ∧ ¬ Q ¬ ( P ∨ Q )

T T F T F F T F T T T
T F F T F T F F T T F
F T T F F F T F F T T
F F T F T T F T F F F

To illustrate, let's consider two examples. Suppose Liz is worried about Tek.
She confides in her friend that she isn't sure what is going on with him,
telling her friend that "Tek is neither happy nor angry." What Liz is asserting
is that it is not the case that Tek is happy and it is not the case that Tek is
angry. We can translate this into PL as either ¬H ∧ ¬A or ¬(H ∨ A). Both
translations are equally good because both are true just in the case thatH is
false and A is false.

Let's consider a second example. Suppose Tek has been working for a com-
pany for several years now. In the previous year, hewas denied a raise due to
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"budget issues". This year he has broached the issue of a raise or a promotion
once again. Nevertheless, he is pessimistic about the outcome. In talking to
a friend, Tek says the following "I will neither get a promotion nor a raise."
What Tek is asserting is that it is not the case that he will get a raise and it is
not the case that he will get a promotion. We can translate this into PL as either
¬R∧¬P or ¬(R∨P ). Both translations are equally good because since both
are true just in the case that R is false and P is false.

2.5.7.4 not both P and Q

Sentences of the form "not both P and Q" are denials of the sentence "P and
Q". That is, "not both P and Q" says that "P and Q" is false. If that is the case,
then whenever "P and Q" is false, then "not both P and Q" is true, and vice
versa. Let's express this in a truth table:

P Q P and Q
T T T
T F F
F T F
F F F

P Q not both P and Q
T T F
T F T
F T T
F F T

We now have a sense of when "not both P and Q" is true. How should these
sentences be translated into PL? Some new students to logic are tempted
to translate "not both P and Q" as either ¬P ∧ ¬Q or as ¬P ∧ Q. Both of
these translations are incorrect. First, as we saw in a previous section, ¬P ∧
¬Q is true in just a single scenario: the scenario where P is false and Q are
false. However, in the truth table for "not both P and Q", notice that this
sentence is true in three different scenarios (rows). In addition, as we saw in
the previous section, ¬P ∧ ¬Q best captures sentences of the form "neither
P nor Q"."not both P and Q" is not

the same as "neither P nor
Q", the former is the denial
of the conjunction "P and

Q", the latter is a
conjunction of the denials

of P and Q.

Second, ¬P ∧ Q is also incorrect since this sentence is false when P is false
and Q is true. But, again, if we examine row 3 of the truth table for "not both
P and Q", we see that this sentence is true when P is false and Q is true.

So, what is the correct translation of "not both P and Q"? The correct trans-
lation is ¬(P ∧ Q). Sentences of the form "not both P and Q" are negations
not merely of one of the conjuncts of the conjunction but of the entire con-
junction. The negation is placed in front of the entire conjunction to express
that the entire conjunction is false."Not both P and Q" ⇒

¬(P ∧Q)
Let's consider some examples. Suppose there are two soccer matches you
wish to attend. Unfortunately for you, thematches are at the exact same time.
You say to yourself, "it is not both the case that I can attend the Liverpool
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match and the Wrexham match." Faced with this decision, you could opt
to not attend either match. Alternatively, you could attend the Liverpool
match. And, you could attend the Wrexham match. But, if your sentence is
true, then it is not the case that you can attend them both. To represent this
fact, the conjunction is negated. And so, "not both L and W" is translated as
¬(L ∧W ).

Suppose Tek's daughter Renna wants dessert. Tek tells her "it is not the case
that you can have both cake and ice cream." What Tek says is false in exactly
one case. This is the casewhere Renna can have both cake and ice cream. The
case where she has both cake and ice cream is C ∧ I . Thus, Tek's statement is
false when C ∧ I is true. To express the case when his statement is true, we
only need to negate the entire wff. In other words, and so "you cannot have
both cake and ice cream" is best translated as ¬(C ∧ I).

2.5.7.5 not P and Q

Consider sentences of the form "not P and Q". At first glance, we might be
tempted to take sentences of this form as a version of "not both P and Q",
where the "both" is excluded to for the purpose of brevity. On this reading,
sentences of this form should be translated as ¬(P ∧ Q). For example, sup-
pose Tek and Renna are planning her birthday. Hemight say to his daughter
that "It is not the case that she can have cake and ice cream." Renna would be
correct to interpret Tek as saying "It is not the case that I can have both cake
and ice cream." In this case, Tek's utterance is best translated as ¬(C ∧ I).

On the other hand, sentences of the form "not P and Q" might be inter-
preted as not denying the entire conjunction, but only the first conjunct of
the conjunction. For example, suppose Tek's home has a gable vent that birds
have been using to enter his attic. Tek must acquire supplies to fix the vent.
There are two locations: FixItCity and HammerTown. After a quick internet
search, Tek says "It is not the case that FixItCity is open, but HammerTown is
open." This sentence has the form "not-F and H", but Tek means to deny that
FixItCity is open and assert that HammerTown is open. In this case, Tek's
utterance is best translated as ¬F ∧H .

The general point then is that sentences of the form "not P andQ" are ambigu-
ous. They can be interpreted as denying the entire conjunction or as denying
the first conjunct and asserting the second conjunct. In the first case, the sen-
tence is best translated as ¬(P ∧Q). In the second case, the sentence is best
translated as ¬P ∧ Q. Nevertheless, there are some clues for deciding be-
tween the two translations. First, if the sentence is of the form "not P and Q"
and the speaker is denying the entire conjunction, then the speaker is likely
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to use the word "both" in the sentence. For example, "It is not the case that
you can have both cake and ice cream." Second, if the sentence is of the form
"not P and Q" and the speaker is denying the first conjunct and asserting the
second conjunct, then the speaker may use the word "but" or "while" rather
than "and" in the sentence. For example, "It is not the case that FixItCity is
open, but HammerTown is open." Third, if the sentence is of the form "not P
andQ" and the speaker is denying the first conjunct and asserting the second
conjunct, then the speaker may attach the negation to the main verb of the
first sentence rather than prefix the entire "and" sentence with a negation.
For example, "FixItCity is not open, but HammerTown is open."

2.5.7.6 P XOR Q

Recall our earlier proposal that sentences of the form "P or Q" should be
translated into PL as P ∨ Q. One problem with this approach is that it as-
sumes that the inclusive-or is being used in "P or Q". We saw that sometimes
when language users utter "P or Q", the exclusive-or is being used. To make
it clear that wemean to use the exclusive-or rather than the inclusive-or, let's
use "XOR" to indicate exclusive-or and just use "or" to express the inclusive-
or.

In contrast to "P or Q", the truth table for "P XOR Q" is as follows:

P Q P XOR Q
T T F
T F T
F T T
F F F

How do we express sentences of the form "P XOR Q" in PL? There are two
options. The first option is to introduce a new operator (connective) into PL.
Let⊕ be a truth-functional operator in PL such that if φ and ψ are wffs, then
φ ⊕ ψ is a wff. Next, let's state the valuation function for wffs of the form
φ⊕ ψ with the following truth table:

φ ψ φ⊕ ψ

T T F
T F T
F T T
F F F

Notice that the truth table for ⊕ is the same as the truth table for the XOR.
The proposal then is that we should translate "P XORQ" sentences as P ⊕Q.
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Let's consider a few examples. Suppose Tek says to Liz "you can have cake
XOR ice cream." Let C stand for "you can have cake" and I stand for "you
can have ice cream". Then Tek's statement can be translated as C ⊕ I . Here
is another example. Suppose Liz says to Tek, "either you pay me the money
you owe me or I will sue you." Since it is clear that exclusive-or here is being
used, we might let P stand for "you pay me the money you owe me" and S
stand for "I will sue you". Then Liz's statement can be translated as P ⊕ S.

There is a second way of translating "P XOR Q" into PL that does not require
the introduction of a new operator. Let's consider this in the next section.

2.5.7.7 P or Q, but not both

In an earlier section of this chapter, two different senses of "or" were dis-
tinguished. The first sense was the inclusive sense of "or". With respect to
the inclusive sense of "or" sentences of the form "P or Q" are translated as
P ∨Q. The second sense was the exclusive sense of "or". In the previous sec-
tion, we noted that one way to translate sentences that use exclusive-or (P
XOR Q sentences) was to introduce a new operator: ⊕. So, "P XOR Q" ("or"
used exclusively) may be translated as P ⊕Q. However, in that section, we
mentioned that it was possible to translate "P or Q" ("or" used exclusively)
without introducing a new operator. To see how this can be done, consider
the truth table for "P XOR Q":
P Q P XOR Q
T T F
T F T
F T T
F F F

What we need is an English expression that is true just when P is the case
(row 2), or Q is the case (row 3), but not when P and Q are the case (row 1).
This can be expressed as follows: "P is the case, or Q is the case, but it is not
both the case that P and Q" or "P or Q, but not both P and Q" or "P or Q, and
not both P and Q."

How do we translate "P or Q, and not both P and Q" into PL? Let's break this
our translation into three stages:

1. translate "P or Q"
2. translate "not both P and Q"
3. take both translations and combine them together into a conjunction.

First, we can translate "P or Q" asP ∨Q. Second, in a previous sectionwe saw
that sentences of the form "not both P and Q" can be translated as ¬(P ∧Q).
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Third, since these two sentences are combined with the word "but" / "and",
we can combine them together with the ∧. Thus, we can translate "P or Q,
but not both P and Q" as (P ∨Q) ∧ ¬(P ∧Q).

Let's consider some examples. First, suppose Tek says to Liz "you can have
cake or ice cream, but not both." Tek's statement can be translated as (C ∨
I) ∧ ¬(C ∧ I). Next, consider Liz's utterance to Tek: "either you pay me the
money you owe me or I will sue you" This sentence is translated as follows:
(P ∨ S) ∧ ¬(P ∧ S).

There is one remaining matter to deal with. Consider that when language
users utter sentences of the form "P or Q", the sentence sometimes expresses
"P inclusive-or Q" and sometimes expresses "P exclusive-or Q". How can
we decide whether or a sentences expresses "or" in an inclusive or exclusive
way? This is a question with no foolproof solution, but let's consider four
different strategies for determining whether or not a sentence is using "or"
in an inclusive or exclusive way.

First, in some cases, speakers will clearly communicate that they intend the
exclusive sense of "or" by adding the "but not both" construction at the end
of their sentence. When the "but not both" construction is expressed, then
the speaker is explicit that mean to use the exclusive sense of "or".

Second, in other cases, facts about the meaning of words will make it clear
that the exclusive sense is intended. For example, suppose two sports fans
are arguing whether Messi or Ronaldo is the best soccer player. One of them
says "Messi or Ronaldo is the best soccer player." Both fans are likely to inter-
pret the meaning of "best" as implying a single player who is better than all
others. They do not take the meaning of the word "best" to imply that there
can bemore than one best soccer player. Given this fact about their language
use, it is clear that the speaker intends the exclusive sense of "or" since it is
not possible for both Messi and Ronaldo to be the best soccer player. Simi-
larly, there is a tendency to use "or" in threats or ultimatums, e.g., "you can
either confess or I'm calling the police."

Third, some (but not all) speakers intend to use the "or" in an exclusive way
when they preface the "P or Q" construction with the word "either". For ex-
ample, suppose it is Renna's birthday and Tek is offering her dessert. Com-
pare the two different sentences Tek might utter:

1. You can have cake or ice cream.
2. You can have either cake or ice cream.

In cases (1) and (2), the "or" is ambiguous, but the speaker is more likely to
intend the exclusive sense of "or" in (2).
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Fourth, and finally, in some cases, contextual factors and background in-
formation about speakers will help you decide whether "or" is being used
inclusively or exclusively. For example, suppose Tek's daughter Renna has
been misbehaving. After dinner (one which Renna ignored most of her veg-
etables), Renna asks for dessert. Renna knows that Tek is not a strict parent,
but he is also not a pushover. Tek looks at her, upset with her and himself,
and says in a stern tone "Renna, you can have cake or ice cream" (raising
his voice on the word "or"). Renna knows that Tek is not the type of par-
ent to give her both cake and ice cream. She also knows that Tek is not the
type of parent to give her neither cake nor ice cream. Given the context and
Renna's knowledge about Tek as a person (background information), Renna
interprets Tek's utterance as using "or" in an exclusive way.

Exercise 2.24

Consider the following examples of English sentences that involve the
use of "or". Try to determine if they make use of the inclusive or ex-
clusive sense of "or".

1. Jane does not know how to read or write.
2. Suppose Tek is finishing his degree in English at university. His

tuition is expensive and is paid for by his parents. His parents
are not happy with his grades and so they tell him "you can ei-
ther get better grades or you can pay for your own tuition."

3. You are being arrested. The police officer tells you "we can do
this the easy way or the hard way."

4. You are in a heated argument with your friend. Your friend ut-
ters "you can either apologize or we are no longer friends."

5. You are at an ice cream shop and looking over your options. You
say to yourself "I can either have chocolate or vanilla or mint
chocolate chip or strawberry or cookies and cream or rocky road
or butter pecan or pistachio ormocha almond fudge or chocolate
chip cookie dough."

6. You are expressing a preference for one thing over a group of
others. You say "I like drawing better than painting or sculpting
or photography or writing."

Exercise 2.25

Translate the following sentences into PL. Use the following key: R =
"Renna is happy", H = "Renna is hungry", T = "Tek is happy", and L
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= "Liz is happy"
1. Renna is happy and Tek is happy and Liz is happy.
2. Renna is happy or Tek is happy or Liz is happy.
3. Neither Renna nor Tek is happy.
4. Renna is not both happy and hungry.
5. Tek is happy or Liz is happy, but not both.

Exercise 2.26

Translate the following sentences intoPL. Create your own translation
key for each sentence.

1. Playing golf is a bourgeoisie sport and a waste of time and not a
good use of land.

2. I don't like running or biking or swimming.
3. The government is neither awise protector nor a benevolent par-

ent.
4. Playing golf is neither beneficial for one's health nor does it pro-

mote sportsmanship.
5. It is neither just nor practical to ignore the needs of the poor.
6. We can either raise taxes or cut spending, but not both.

2.5.7.8 P and Q or R, P or Q and R

In addition to sentences that contain chains iterations of "and" or chains of
"or", there are some sentences that employ both "and" and "or". Consider for
example, the following sentences:

1. John is tall or Liz is sad and Frank is happy.
2. Mike is happy and tall or angry.

At first glance, we can translate them using ∨ for "or" and ∧ for "and". This
results in the following:

1. J ∨ L ∧ F
2. H ∧ T ∨A

Theproblemwith these sentences is that the scope of the operators is unclear.
We can add parentheses in two ways:

1. (J ∨ L) ∧ F or J ∨ (L ∧ F )
2. (H ∧ T ) ∨A or H ∧ (T ∨A)
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Now the problem is that the two different translations do not "mean" the
same thing. For example, if (J∨L)∧F is true, thenF is true. But, if J∨(L∧F )
is true, then F need not be true since the wff could be true in virtue of the
left disjunct J being true. What the above shows then is that sentences of
the form "P and Q or R" and "P or Q and R" are ambiguous. They literally
express two distinct propositions that do not have the same meaning.

Let's consider a more complex but also more realistic example. Suppose Tek
wakes up early and goes to a restaurant for breakfast. As he enters the restau-
rant, he sees a sign that reads Daily Special: pancakes or bacon and eggs.
Tek is quite confused since the sign can be read in several different ways.
First, Tek must decide whether the "or" in the sign is to be interpreted in-
clusively or exclusively. If the "or" is to be interpreted inclusively, then the
Daily Special is quite generous since Tek could order everything: pancakes
and bacon and eggs. However, if the "or" is to be interpreted exclusively,
then Tek's options are more limited. Let's suppose that "or" is to be read ex-
clusively. Let's update the daily special sign using "XOR" to indicate that the
"or" should be read exclusively:

Daily Special: pancakes XOR bacon and eggs

Tek's recognition that theDaily Special sign can be read in two differentways
based on the ambiguous use of "or" does not end Tek's confusion. Here is a
second problem. Tek does not know the scope of XOR. That is, Tek still does
not know which one of the following two options is the Daily Special:

1. pancakes XOR (bacon and eggs).
2. (pancakes XOR bacon) and eggs. Assuming the price is the

same, interpretation (2) is
a much better option for the
consumer since it allows
the consumer to order both
pancakes and eggs.

To illustrate both of these readings of the Daily Special, consider the follow-
ing scenario where reading (1) is intended. Suppose Tek asks about the
Daily Special. The waiter says the following: "Our pancakes are gourmet
pancakes. They are the best in the world. So, if you order these pancakes,
you will not receive bacon or eggs. However, if you want pancakes, you
can order the bacon and eggs. In this scenario, the waiter clarifies the Daily
Special to make it clear that the choice is between (a) just pancakes and (b)
bacon and eggs.

In contrast, suppose reading (2) is intended. The waiter might clarify the
Daily Special as follows: "The Daily Special comes with eggs, but you can
choose between pancakes or bacon (you cannot have both)." In this scenario,
the waiter clarifies the Daily Special to make it clear that the Daily Special
comes with eggs and the choice is between (a) pancakes and (b) bacon.
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Now that we have sorted through the two layers of confusion, how do we
translate (1) and (2) intoPL? First, let's translate "and" in the typicalway and
"or" using⊕ to express exclusive "or". The result is the following: P ⊕B∧E.
All that is left is to settle the scope of the operators as it is reflected in the
two readings of the sentence:

P or B and E

P ⊕ (B ∧ E)

(P ⊕ B) ∧ E

On interpretation (1), the proper translation isP⊕(B∧E). On interpretation
(2), the proper translation is (P ⊕B) ∧ E.

2.5.7.9 P only if Q

Propsositions of the form "P only if Q" are typically translated as P → Q or
as ¬Q→ ¬P . To see why this is the case, let's consider a few examples:

1. The match will light only if there is oxygen in the room.
2. The car will start only if there is gas in it.
3. I will pass this class only if I attend every class.

In case (1), what is being said is not that "if there is oxygen in the room, then
the match will light". It is not saying that oxygen is sufficient (or enough)
to make the match light. Rather, it is saying that "if the match lights, then
there is oxygen in the room." In other words, it is saying that thematch being
lit guarantees that there is oxygen in the room. Given this way of thinking
about (1), the correct translation of (1) is as follows: M → O.

Another way of putting (1) is to say that oxygen being in the room is a (nec-
essary) condition for thematch to light. On this account, oxygen is a require-
ment for the match lighting so without the oxygen, the match will not light.
To be more explicit, (1) says that "if it is not the case that there is oxygen in
the room, then the match will not light." In thinking about (1) in this way, it
seems natural to translate (1) as ¬O → ¬M .

With the proposal that propositions of the form "P only if Q" are translated
as eitherP → Q or as¬Q→ ¬P , let's consider the remaining examples listed
above. Proposition (2) is nearly identical to prpoosition (1). It says that "if
the car starts, then there is gas in it." Gas being in the car is a (necessary)
condition for the car to start but it being in the car does not guarantee the car

92



will start. In other words, it may be true that the car has gas but false that
the car starts since the car's starting depends upon several other conditions,
e.g., the ignition works. So, just like in the case of (1), sentence (2) should
be translated as the conditional C → G or as ¬G→ ¬C.

Finally, let's consider sentence (3). For the purpose of illustration, let's as-
sume that the class the student is taking has a strict attendance policy: miss-
ing one class means automatic failure. When the student says "I will pass
the class only if I attend every class", they are not saying that attending every
class will guarantee that they receive a passing grade. That is, (3) should not
be translated as "if I attend every class, then I will pass this class": A → P .
Rather, what is instead is that attending every class is a (necessary) con-
dition for passing: perhaps many more things are required, e.g., getting a
passing grade on every exam, doing the homework, etc. With that in mind,
(3) is more naturally understood as saying "if I will pass the class, then I will
attend every class."

One question that might be asked is whether there is any difference between
the two translations of "P only if Q". To test this, we check to see whether
P → Q and ¬Q→ ¬P are true and false under every interpretation:

P Q P → Q ¬ Q → ¬ P

T T T T T F T T F T
T F T F F T F F F T
F T F T T F T T T F
F F F T F T F T T F

Notice above that whenever P → Q is true (or false), so is ¬Q → ¬P . So,
since the truth values of the wffs match under every interpretation, the two
ways of translating "P only if Q" are equally good.

2.5.7.10 P even if Q

Propositions of the form "P even if Q" express the fact that P is the case and
the truth value of Q has no bearing on the truth value of P . That is, if Q is
true, then P is true, and if Q is false, then P is true. There are several ways
of translating sentences of this form into PL.

The first, and simplest, is to translate take "P even if Q" as saying "P regard-
less of Q". On this approreading the sentence is "P is the case regardless of
whether Q is true or false." With that in mind, we can translate "P even if Q"
sentences as simply saying "P is the case".

A second option is to take "P even if Q" as shorthand for the much longer
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utterance "if Q then P and if not-Q then P". On this reading, we translate
both conditionals and then combine them with ∧. That is, we translate "P
even if Q" as (Q→ P )∧ (¬Q→ P ). Both translations are equally good since
whenever P is true, then (Q → P ) ∧ (¬Q → P ) is true and whenever Q is
false, then (Q→ P ) ∧ (¬Q→ P ) is false.

A few examples. First, suppose Tek says "Lizwill go to the party even ifMary
goes". Liz is saying that regardless of whether Mary goes or not, Liz will be
at the party. We thus can translate this sentence as emphatically saying L.
On the other approach, we can read the sentence as shorthand for saying the
much longer "if Mary goes to the party, then Liz will go to the party and if
Mary does not go to the party, then Liz will go to the party." On this reading,
we can translate the sentence as (M → L) ∧ (¬M → L).

Second, suppose Renna is speculating on stock prices. She believes that stock
XYZwill go up even if the economy falters. She tells her clients that "the price
of stock XYZ will go up in price even if the economy falters." As mentioned
before, Rennamay be interpreted as saying "the stock XYZwill go up regard-
less of whether the economy falters or not". On this reading, her utterance
can be translated as simply saying "the price of stock XYZ will go up." On
the other reading, her utterance expresses the longer "if the economy falters,
then the price of stock XYZ will go up and if the economy does not falter,
then the price of stock XYZ will go up." On this reading, her utterance can
be translated as (E → S) ∧ (¬E → S).

2.5.7.11 P unless Q

One of the more perplexing group of sentences to translate into PL are sen-
tences of the form "P unless Q". Very much like how "or" is ambiguous be-
tween an inclusive and exclusive reading, sentences of the form "P unless Q"
are ambiguous between an inclusive and exclusive reading. Let's consider
some examples.

Suppose Tek says "I will wear shorts unless it is cold." It is clear that Tek is
not saying he will wear shorts no matter what. He is not simply saying "I
will wear shorts." Rather, whether Tek wears shorts or not depends upon
whether it is cold. Tek is saying that "he will shorts if it is not cold." That is,
"if it is not cold, then he will wear shorts." It thus appears we can translate
sentences of the form "W unless C" as a conditional: ¬C →W .

Let's consider the truth table for ¬C →W :
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C W ¬ C → W
T T F T T T
T F F T T F
F T T F T T
F F T F F F

We will discuss how to create truth tables like the above in a later chapter.
For now, note the truth value of the wff for each interpretation is under the
main operator (the→). Also notice that this truth function is the same as the
one for disjunction: the wff is only false when C andW are false. Therefore,
not only can we express "W unless C" sentences as ¬C → W but also as
W ∨ C.

One more illustration. Consider the following sentence:

You will die unless you take the medication.

This sentence does not say youwill live if you take the medication. It instead
says that your only possibility for further life requires taking themedication.
That is, if you don't take the medication, then surely you will die. Given our
proposal, the sentence should be translated as ¬M → D.

Thus far, we have seen that one way of translating sentences of the form "P
unless Q" is as a conditional ¬P → Q or as disjunctionW ∨C. Consider the
sentence "I will invest in the company unless the company is in debt." One
way to interpret this sentence is as saying "The situation where I invest in the
company are precisely those where the company is not in debt." Let's fill out
the truth table for this sentence, starting with the middle rows:

Invest Debt I invest unless there is debt.
T T
T F T
F T T
F F

Rows (2) and (3) seem straightforward. (2) reflects the scenario where the
company is not in debt and Tek invests. (3) reflects the scenario where the
company is in debt and Tek does not invest. Row (4) is surely false. Tek said
he would invest if the company does not have debt. Row (4) is a scenario
where it is false that the company has debt, but Tek did not invest. This
leaves us with row (1):
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Invest Debt I invest unless there is debt.
T T ?
T F T
F T T
F F F

Row (1) is a scenario where Tek invests and the company is in debt. But, we
took Tek as saying that he invests in just those scenarios where the company
is not in debt. And now we have a scenario where the company is in debt,
but Tek is investing anyway. Therefore, row (1) is false.

Invest Debt I invest unless there is debt.
T T F
T F T
F T T
F F F

Now notice that the above truth function is the same as the truth function
for exclusive-or (XOR). Given this observation, wemight adopt the proposal
that sentences of the form "P unless Q" ought to be translated as P ⊕Q.

Let's consider one final example. Consider again the sentence "I amwearing
shorts unless it is cold." Earlier we interpreted this as saying "if it is not cold,
then I am wearing shorts." We could, however, interpret this sentence in a
stronger way. Namely, it says "the situations where I am wearing shorts are
just those where it is not cold." To put this in another way, not only does it
say "if it is not cold, then I am wearing shorts" (¬C → S) but it also says "if
I am wearing shorts, then it is not cold" (S → ¬C). Consider the truth table
of these two sentences:

Shorts Cold ¬C → S S → ¬C
T T T F
T F T T
F T T T
F F F T

Finally, notice that if you were to take the conjunction of the two wffs, the
truth function would be the same as that of XOR:

Shorts Cold (¬C → S) ∧ (S → ¬C)
T T T F F
T F T T T
F T T T T
F F F T T
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To summarize, we have seen that there are two equally good translations of
sentences of the form ``P unless Q.'' On the first translation, "P unless Q" is
translated as ¬Q→ P (or as P ∨Q). On the second translation, "P unless Q"
is translated as P ⊕Q.

Exercise 2.27

Translate into PL. Note that since the sentence is ambiguous, there
will be two translations for each sentence.

1. I will meet you for coffee unless there is an emergency.
2. I will love you forever unless you cheat on me.
3. I will pick up some milk unless the store is closed.
4. My money will lose its value unless my money is a deflationary

cryptocurrency.
5. God exists unless he doesn't.

Exercise 2.28

Translate into PL
1. John is happy, Mary is tired, and Frank is surprised.
2. John is happy or Mary is not tired or Frank is not surprised.
3. Neither John is happy nor Mary is tired.
4. Either John is happy or Mary is tired, but not both.
5. John knows how to dance only if pigs know how to fly.
6. I will be at the party even if the party is canceled.
7. Suppose we are Tek's friend. We want him to come to our birth-

day party. Unfortunately, while Tek wants to go to a party, he
will not come without Liz. He tells us the following "I will go
to the party only if Liz goes." Suppose Tek clarifies himself by
saying "if he is at our party, then Mary is at the party." What are
the two equally good ways of translating Tek's utterance "P only
if L".

8. Suppose it is raining and Tek says "It rains only if I have my um-
brella". What conclusion can you draw about whether Tek has
his umbrella if Tek's sentence is true.

2.5.8 Problems with Conditionals

In a previous section, it was remarked that translating every "if P then Q" as
φ → ψ feels wrong, especially when P is false. Let's try to make this feeling
more precise. In the following subsections, we consider two different prob-
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lems with translating "if P then Q" sentences as PL conditionals. The first
stems from the fact that conditionals can be true even when the antecedent
and consequent have no relevant relation to each other. This is especially a
concern when "if P, then Q" is true in virtue of the antecedent of the condi-
tional is false. Let's call this problem theRelevance Problem. The second prob-
lem is that not every sentence of the form "if P, then Q" should be translated
as φ→ ψ. For some "if P, then Q" sentences, we already know the antecedent
of the conditional is false, but, contrary to the truth table for φ→ ψ says, we
think it is worth debating whether "if P, then Q" is true or false. Let's call this
problem the Universality Problem.

2.5.9 The first problem: Relevance

In this section, we consider the first problem with translating sentences of
the form "if P, then Q" as φ→ ψ. The problem is that if sentences of the form
"if P, then Q" are translated as φ → ψ, then we seemingly accept that "if P,
then Q" is true even when there is no relevant relation between P and Q. To
see this more clearly, consider the truth table for φ→ ψ

φ ψ φ→ ψ

T T T
T F F
F T T
F F T

Take a look at rows (1) and (3). Notice that (1) the conditional is T in these
rows and (2) ψ is T in these rows. Further notice that in row (1) φ is T and
in row (3) φ is F. What this shows is that if the consequent of the conditional
(ψ) is T, then truth value of the antecedent (φ) is irrelevant to whether the
conditional is T. That is, if ψ is T, then we do not need to know the truth
value of the antecedent of the conditional since the truth of ψ is sufficient for
determining that the conditional is true.

Similarly, take a look at rows (3) and (4). Notice that (1) the conditional is
T in these rows and (2) φ is F in these rows. Further notice that in row (3)
ψ is T and in row (3) ψ is F. What this shows is that if the antecedent of the
conditional (φ) is F, then truth value of the consequent (ψ) is irrelevant to
whether the conditional is T. Again, if φ is F, then we do not need to know
the truth value of the consequent of the conditional since the falsity of φ is
sufficient for determining that the conditional is true.

What the above features implies is that there are true conditionals (truth
wffs of the form φ → ψ) even when φ and ψ are not relevantly related to
each other. This runs contrary to how many people think about "if P then
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Q" sentences. They at least feel that in order for a sentence like "if P, then Q"
to be true, P and Q have to have "something to do" with each other. That is,
there needs to be some relevant relation between the "P" and "Q" in order for
"if P then Q" to be true.

Let's summarize this problem in the form of an argument:

• P1: If v(ψ) = T , then v(φ → ψ) = T independent of the truth value of
φ

• P2: If v(φ) = F , then v(φ → ψ) = T independent of the truth value of
ψ

• IC: Since the truth value of one of the two sides of φ → ψ is, in some
cases, sufficient to determine the truth value of the wff, the truth value
of the other is, in those cases, irrelevant to the truth value of the entire
wff.

• P3: The truth value of P and Q are both relevant to determining the
truth value of "if P then Q" propositions (everyday conditionals).

• C: Therefore, "if P thenQ"propositions (everyday conditionals) should
not be translated as φ→ ψ (PL conditionals).

Let's illustrate this problem with some English sentences. Suppose that we
donot knowwhetherGod exists or not. Tek thenutters the sentence "If rain is
made of spaghetti sauce, thenGod exists." Since rain is notmade of spaghetti
sauce, the antecedent (as a matter of fact) is false. If the antecedent is false,
then the conditional is true. This strikes many as strange. Even further, not
only is "If rain is made of spaghetti sauce, then God exists" true, but "If rain
is made of spaghetti sauce, then God does not exist" is also true.

Let's consider a variation on this example from [6, p. 14]. Suppose you and
I make a bet about whether Tek can square the circle in under five minutes.
You say he can. I say he can't. Now suppose Tek tries to square the circle.
His time is up. Who is the winner? Since you claimed Tek could and I said
he could not square the cirle, we agree on the following:

1. "If Tek has squared the circle, then you win the bet" is true.
2. "If Tek has squared the circle, then I win the bet" is false.

Now we examine Tek's attempt to square the circle and see he has failed. It
is false that "Tek has squared the circle." Like good logicians, we translate
all "if P, then Q" sentences as φ → ψ and use the truth function for φ → ψ
to determine the truth or falsity of the conditional. But notice that since the
antecedent of both conditionals is F ("Tek has squared the circle" is F), the
conditional itself is true. So, we have the following:

1. "If Tek has squared the circle, then you win the bet" is true.

99



2. "If Tek has squared the circle, then I win the bet" is also true.

Since this is the wrong result, we have a reason to think that not all sentences
of the form "if P, then Q" should be translated as φ → ψ. That is, at least for
some conditionals, it seems wrong to say the conditional is true when the
antecedent of the conditional is false.

A second illustration of the lack of relevance between the antecedent and
the consequent of the conditional is illustrated by conditionals whose conse-
quents are true. As noted, when the consequent of the conditional is true, the
conditional is true, regardless of the truth value of the antecedent. To illus-
trate, let's assume that we do not know whether the Bigfoot exists. That is,
the truth value of "Bigfoot exists" is unknown. We do, however, know that
dandelions exist on earth. Now consider the following conditional: "If Big-
foot exists, then there are dandelions on earth." Since there are dandelions
on earth, the consequent is true, and so the conditional, irrespective of the
truth of the antecedent, is true.

This result strikes many as counterintuitive because in order for the condi-
tional to be true, the truth of the consequent (the existence of dandelions)
should be relevantly related to the truth of the antecedent (the existence of Big-
foot). However, even if the antecedent were true, it would not imply the truth of
the consequent. That is, supposing that Bigfoot did exist (which is contrary
to fact), there is nothing about the truth of this proposition that would entail
the existence of dandelions.

2.5.9.1 The second problem: Universality

A second problem with translating all sentences of the form "if P, then Q"
as φ → ψ is that it is unclear that every sentence of that form should be
translated as φ → ψ. One such example are counterfactual conditionals. A
counterfactual conditional is a conditional where the antecedent is contrary
to fact, e.g., a conditional that we know the antecedent is false. For example,
compare the following two conditionals (from Ernest Adams):

1. If Oswald did not shoot Kennedy, then someone else did.
2. If Oswald hadn't shot Kennedy, then someone else would have.

Sentence (1) does not make any claim about whether Oswald did or did not
shoot Kennedy. That is, it does not convey information that the antecedent of
the conditional is true or false. It leaves openwhether Oswald shot Kennedy.
Conditionals of this type are called indicative conditionals or sometimes con-
ditionals in the realis mood as they concern statements about what is really the
case (actuality).
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In contrast, in sentence (2) the antecedent expresses something contrary to
fact. It does not leave open whether Oswald shot Kennedy. Instead, it ex-
presses that Oswald did shoot Kennedy. In other words, the antecedent as-
sumes that Oswald did shoot Kennedy, but considers the contrary-to-fact
scenario where Oswald did not shoot Kennedy. Because sentence (2) as-
sumes a contrary-to-fact scenario, it is called a counterfactual conditional or
sometimes conditionals in the irrealis mood as they concern statements about
what is not the case (non-actuality).

So what if the antecedent is assumed false in the counterfactual conditional?
Why would this be a problem for translating counterfactual conditionals of
the form "if P, then Q" as φ→ ψ?

It appears so. Consider that the truth value of φ → ψ is determined by the
truth values of φ and ψ alone. It is not determined by anything else. But now
consider the following pair of counterfactual sentences:

1. If Oswald hadn't shot Kennedy, then someone else would have.
2. If Oswald hadn't shot Kennedy, then Oswald would have become the

next president.

Notice that in both cases the antecedent of the conditional is F. And so, if
every "if P, then Q" sentence is to be translated as φ→ ψ, then (1) and (2) are
both T. But, intuitively, this is wrong: sentence (1) is T and sentence (2) is F.
The thought then is that there must be something other than the truth values
of the conditional that is responsible for determiningwhether counterfactual
conditionals are T or F.

2.5.9.2 A Defense of the Conditional

Part of understanding the meaning of a proposition is knowing the circum-
stances under which the proposition is true. With respect to wffs of the form
φ → ψ, the circumstances under which this wff is true are expressed by the
valuation function. It was suggested that the circumstances underwhich En-
glish propositions of the form "if P, then Q" are also expressed by that same
valuation function.

P Q P → Q

T T T
T F F
F T T
F F T

P Q if P, then Q
T T T
T F F
F T T
F F T

However, it is sometimes thought that while rows 1 and 2 of the truth table
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capture the circumstances under which "if P, then Q" is true and false respec-
tively, there is a problem with rows 3 and 4. The intuition is that while "if P,
then Q" sentences are not false at rows 3 and 4, it feels wrong to say they are
true.

Let's try to address this concern by considering several arguments that sen-
tences of the form "if P, then Q" are true when the antecedent is false.

First, surely every sentence of the form "if P, then P" is true. This appliesArgument 1
regardless of whether the constituent sentences are T or F. The sentence "if
snow is white, then snow is white" is true and so is "if snow is green, then
snow is green". Let's apply this insight to the truth table. Consider an un-
completed truth table for P → P . Since all propositions are true or false, P

is true or false. If P is true, then P → P is true:
P if P, then P
T T
F ?

The above corresponds to the first row of the truth table for φ→ ψ, the row
where both the antecedent and the consequent of the conditional are T. But,
now suppose P is false. Again, since every "if P, then P" sentence is true, we
have the following:

P if P, then P
T T
F T

The above corresponds to the fourth row of the truth table for φ → ψ, the
row where both the antecedent and the consequent are F. the row where

A similar argument can be provided for row 3. Consider (P ∧R) → P . This
wff is surely true since it is a version of the P → P wff we just considered. It
says "if P and R are the case, then P is the case". Let's focus on the antecedent
of this conditional and suppose that v(P ∧ R) = F because v(P ) = T and
v(R) = F . We know that when one of the conjuncts of a conjunction is false,
the conjunction is false. Since the conjunction is false, the antecedent of the
conditional is false. In other words, we have a wff F → P , where F is the
truth value of the antecedent. Let's focus on the consequent. We stated that
v(P ) = T . Since P is true, the consequent of the conditional is true. In other
words, we have a wff F → T , where F is the truth value of the antecedent
and T is the truth value of the consequent. In short, we have a conditional
whose truth value assignment corresponds to the controversial third row of
the truth table. Consider a less formal example. Suppose "P" stands for "Paul
is angry" and "R" for "Robert is sad", then (P∧R) → P is translated as "If Paul
is angry and Robert is sad, then Paul is angry". This proposition is true for
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the same reason that "if Paul is angry, then Paul is angry" is true. Therefore,
we have a reason to accept that the third row of the truth table is true.

Let's consider a second argument for why rows (3) and (4) should be true. Argument 2
Intuitively, sentences of the form "if P, then Q" express propositions. That is,
they are either true or false. While it is uncontroversial that rows (1) and
(2) are true and false respectively, it is controversial whether "if P, then Q"
should be true at rows (3) and (4). However, it is more controversial to say
that they are false. If Tek says that "if it rains, I will bring my raincoat" but
it does not rain, we certainly do not take Tek to have said something false,
regardless of whether he brought his raincoat (row 3) or did not bring his
raincoat (row 4). In short, if every proposition is either true or false, and "if
P, then Q" sentences express propositions, and "if P, then Q" sentences are
not false when P is false, then they must be true.

A third argument goes as follows. First, it might start by saying that it is Argument 3
difficult to determine whether sentences of "if P, then Q" are true or false on
rows (3) and (4). Nevertheless, provided there is no reason to think that they
are false, we should accept that they are true. Second, it might invite us to
consider that the primary goal of logic is to identify "good arguments" from
"bad arguments". One feature of a good argument is that the conclusion
follows from its premises. That is, which arguments are valid. Surely one
argument that is valid has the following form:

• P1: If P, then Q.
• P2: P
• C: Therefore Q.

Now if evaluating "if P, then Q" sentences as true when P is false led to the
consequence that this argument is invalid, this would be a disastrous conse-
quence that would go directly against the central aim of logic.

But, suppose the truth value of the wffs are determined in accordance with
the third line of the conditional. That is, v(P ) = F and v(Q) = T and so
v(P → Q) = T . Even if this is the case, then it will never be the case that
v(P → Q) = T and v(P ) = T and v(Q) = F . To see this more clearly, let's
replace the propositional letters with truth values (notice that it is not the
case that all of the premises are true and the conclusion is false):

• P1: If F, then T. True
• P2: F. False
• C: Therefore T. True

Thus, treating "if P, then Q" statements as true when P is false and Q is true
will never yield invalid arguments. Thus, while we might not have a com-
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pelling reason to treat "if P, thenQ" sentences as though theywere truewhen
P is false, we don't have a compelling reason not to treat them as true either
as they do not lead to invalid arguments.

A fourth argument involves a consideration ofmathematical claims andwhatArgument 4
are called "generalized conditionals". Consider the claim that "if a number
is larger than 5, then it is larger than 3".. This sentence can be translated intoThis example comes from

volume 1 of [4, p. 34] the more perspicuous universal sentence "for every number x, if x > 5, then
x > 3". This sentence has the effect of asserting not one, but an unlimited
number of conditionals. Some of these include:

1. If 17 is larger than 5, then 17 is larger than 3.
2. If 6 is larger than 5, then 6 is larger than 3.
3. If 4 is larger than 5, then 4 is larger than 3.
4. If 2 is larger than 5, then 2 is larger than 3.

Since "for every number x, if x > 5, then x > 3" is true, then each of these
conditionals is true. But notice that in the case of sentence (3), the antecedent
is false, but the consequent is true. This corresponds to row (3) of the table.
In the case of sentence (4), both the antecedent and consequent are false.
This corresponds to row (4) of the table. Thus, we have a reason to accept
that "if P, then Q" sentences are true at rows (3) and (4)."The worst defects of the

truth-functional
conditional don't show up

in mathematics." -
Dorothy Edgington[3]

In the fifth and final argument, we will consider an argument designed to

Argument 5

make you feel that translating sentences of the form "if P, then Q" as P → Q
is correct. This argument starts by asking you to interpret sentences of the
form "if P, then Q" as a type of promise. Namely, "if P, then Q" sentences
promise that youwill not find P and not-Q together. For example, we should
interpret Tek saying "if you let me borrow five dollars, I will pay you six
dollars tomorrow" as him promising to pay you back on the condition you
let him borrow five dollars.

Next, let's state that conditionals are T when the promises they make are
unbroken. That is, true conditionals are unbroken promises. Let's also state
that conditionals are F when the promises they make are broken. That is,
false conditionals are broken promises.This is an approach

articulated by [7].
To illustrate the connection between promises and conditionals, let's begin
by supposing that God exists, awakens you from your slumber one evening,
and tells you the following:

If you are kind, you will go to heaven.

For convenience, let's abbreviate "you are kind" as K and "you will go to
heaven" as H . What is God telling you? God is saying that it will not be
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the case that you are kind and fail to go to heaven. This can be rephrased
as a promise. God is saying "I promise that if you are kind, you will go
to heaven." Now if we understand true conditionals as unbroken promises
and false conditionals as broken promises, then we can consider the circum-
stances under which the conditional is true and false. Let's consider each of
these circumstances in turn.

First, suppose that all of your life, you are very kind. You help your neigh-
bors, you give to the poor, and you smile at everyone you see. That is, it is
true that you are kind. Now, when you die, you go to heaven. That is, it is
true that you go to heaven. We said that a false conditional is like a broken
promise and a true conditional is like an unbroken promise. So, has God
broken his promise? No, God kept his promise. Therefore, the conditional
is true under this interpretation.

K H if K, then H
T T T
T F
F T
F F

Next, suppose that all of your life, you are very kind. You help your neigh-
bors, give to the poor, and smile at everyone you see. That is, it is true that
you are kind. But, when you die, you do not go to heaven. Instead, you are
thrust into the hottest fires in hell. That is, it is false that God sends you to
heaven. Has God kept his promise? No, in uttering the conditional, God
claimed that the scenario where you are both kind and not on your way to
heaven would not come about. But, that scenario did come about since you
were kind and you are now burning in the fires of hell. We said that a false
conditional is like a broken promise and a true conditional is like an unbro-
ken promise. Therefore, the conditional is false.

K H if K, then H
T T T
T F F
F T
F F

At this point, none of this should be surprising since rows 1 and 2 are uncon-
troversial. So, now let's consider a third scenario. Suppose that you are not
kind. You make life harder for your neighbors, you steal from the poor, and
you scowl at everyone you see. But, when you die, God sees what a pitiful
wretch you are and decides to send you to heaven anyway. HasGod, in send-
ing you to heaven, broken God's promise? No. In uttering the conditional,
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Godwas affirming that a certain scenario would not come about, namely the
scenario where you are both kind and not in heaven. That scenario did not
come about since youwere not kind. We said that a false conditional is like a
broken promise and a true conditional is like an unbroken promise. There-
fore, if a false conditional is like a broken promise and a true conditional is
like an unbroken promise, and God has not broken his promise, then the "if
K, then H" sentence is true.God did not assert that he

would send you to heaven if
and only if you were kind. K H if K, then H

T T T
T F F
F T T
F F

Finally, suppose that you are not kind. Again, you are a cruel person, dia-
bolical to the core. And, when you die, God sees what a pitiful wretch you
are and decides not to send you to heaven. Instead, God throws you into the
darkest corners of hell. Has God, in sending you to hell, broken his promise?
The answer is no. In uttering the conditional, God claimed that the scenario
where you are both kind and not on your way to heaven would not come
about. That scenario did not come about since you were not kind. We said
that a false conditional is like a broken promise and a true conditional is
like an unbroken promise. Therefore, if a false conditional is like a broken
promise and a true conditional is like an unbroken promise, and God has
not broken his promise, then the "if K, then H" sentence is true.

K H if K, then H
T T T
T F F
F T T
F F T

And so, if we treat true conditionals as unbroken promises and false condi-
tionals as broken promises, then we have a reason to accept that the third
and fourth rows of the truth table are true.

Exercise 2.29

1. List all of the symbols of PL
2. How many propositional letters are there in PL?
3. Is the following a wff in PL: (¬(P ) → ¬(Q))?
4. Use the PL formation rules to prove that (¬(P ) ∨ ¬(Q)) is a wff in

PL.
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5. What is the difference between an atomic wff and a complex wff?
6. What is the scope of the leftmost occurrence of ¬ in (¬(P )∨¬(Q))?
7. What are all of the subformulas of (¬(P ) ∨ ¬(Q))?
8. What is the main operator of a wff?
9. What is the main operator of (¬(P ) ∨ ¬(Q))?

10. What is the literal negation of (¬(P ) ∨ ¬(Q))?
11. How would you represent the following wff using the conventions

for making wffs more readable: (((¬P ) ∨Q) ∧R)
12. What is a function?
13. Can the input (item in a domain) of a function be related to more

than one output (item in the range)? Why or why not?
14. What would be wrong with saying that there is a function that re-

lates letters A, B, C (the inputs) to numbers 1, 2, 3 (the outputs)
whereby A is related to 2, B is related to 1, and C is related to 2?

15. What is an interpretation in PL?
16. Can a single propositional letterP be assigned a truth value of both

T and F under a single interpretation?
17. If a single propositional letter P receives an interpretation, is there

anything wrong in saying that P is neither true nor false?
18. What is a valuation in PL?
19. What is the difference between a valuation and an interpretation?
20. Using the valuation function, what is the truth value for P → Q if

v(P ) = T and v(Q) = F ?
21. How would you translate the following English sentences in PL:

a) It is not the case that John is happy.
b) If John is happy, then Mary is happy.
c) John is happy and Mary is happy.
d) John is happy or Mary is smart.
e) John is happy if and only if Mary is happy.
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3 PL Truth Tables

3.1 What is a truth table?

In the first chapter, it was noted that there are two informal tests for de-
termining whether or not arguments are valid or invalid: the intuition and
imagination tests. With respect to the imagination test, it was said that an
argument is identified as deductively valid if and only if it was impossible to
imagine a scenario where all of the premises were true and conclusion false.
If it is possible to imagine such a scenario, then the argument is invalid. It
was also noted that the ``imagination test'' has numerous problems: the use
of the imagination test will occassionally produce the wrong results, some
arguments are so large that it can be difficult to imagine the argument in its
totality, and biases often obstruct an individual's openness to consider sce-
narios that wouldmake the premises true and the conclusion false. What we
would like then is a test that yields the same result every time, that does not
rely upon the limited imaginative powers of human beings, and that works
independently of human bias.

In this chapter, an alternative method for determining the validity of an ar-
gument is proposed. This alternative method is the method of truth tables.
Let's begin by defining a truth table.

Definition 3.1.1: Truth table

A truth table for PL is a table that provides a graphical way of repre-
senting a valuation of a wff or set of interpretations.

In the previous chapter, we saw truth tables when we represented the def-
inition of the valuation function for the various types of complex wffs. For
example, the valuation function for conjunction was represented as follows:

φ ψ φ ∧ ψ φ ∨ ψ φ→ ψ φ↔ ψ

T T T T T T
T F F T F F
F T F T T F
F F F F T T

Truth Table 3.1: Truth Table: Conjunction, Disjunction, Conditional, and Bi-
conditional
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A truth table can be used to determine whether sets of wffs have certain
properties. The manner in which they can do this is ``mechanical'', namely
they can be used, in a finite number of steps, to determine whether some set
of wffs has some property (e.g. validity).

3.2 Determining the truth of a wff

To understand how to use the method of truth tables, we first need to know
how to determine the truth value of any complex wff. To do this, consider
that a complex wff is composed of subformulas and some of these subfor-
mulas are propositional letters. Here then is our method:

1. Use the interpretation of propositional letters to assign truth values to
the propositional letters in the wff

2. In the order in which the wff β is constructed, assign truth values to
β's subformulas φ1, φ2, ... using (1) the truth values of the subformulas
ψ1, ψ2, ... that construct φ1, φ2, ... and (2) the valuation function that
corresponds to the operator introduced in the construction of φ1, φ2, ....

Both of the steps of this method are a mouthful. If you don't understand
them at first, do not worry, we will break each step down and consider sev-
eral examples of how the steps work.

Let's start with the wff P ∧ Q where I (P ) = T and I (Q) = F . Step 1
tells us to assign truth values to the propositional letters in our wff P ∧ Q
using our interpretation. Essentially, we are using the valuation function on
the propositional letters using the interpretation as input. To illustrate, let's
write out ourwff andwrite the truth values of the propositional letters under
the propositional letters in the wff. That is, since I (P ) = T and I (Q) = F ,
write T under P and F under Q.

P ∧ Q

T F

That concludes step 1 of our method. Next, let's perform step 2. We will
attack this step in two stages:

1. Construct the wff using the formation rules
2. In the order in which the wff is constructed, assign truth values to sub-

formulas of the wff using (1) the truth values already assigned to sub-
formulas and (2) the valuation function.

First, construct P ∧Q using the formation rules:

1. P , Q are wffs (since all propositional letters are wffs)
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2. Since P and Q are wffs, (P ∧ Q) is a wff (since any two wffs φ, ψ can
be combined to create a wff (φ ∧ ψ))

Next, we will assign truth values to subformulas in the same order in which
we constructed the wff. Our wff was constructed in two steps. The first step
of our construction stated that the propositional letters P and Q are wffs:

1. P , Q are wffs. (Truth values already assigned!).

The second step of the construction created the conjunction P ∧ Q. So we
will use the truth values of P and Q (which have already been determined)
and the valuation function for the conjunction to assign a truth value to the
subformula P ∧Q.

2. Since P and Q are wffs, (P ∧ Q) is a wff. (If v(P ) = T and v(Q) = F ,
then v(P ∧Q) = F ).

Let's break this step down. To determine the truth value of P ∧Qwe needed
two things. First, we needed the truth value of P andQ. Second, we needed
the valuation function for conjunction where the leftside of the conjunction
is true and the rightside of the conjunction is false. Let's look at the truth
values for the operators.

φ ψ φ ∧ ψ
T T T
T F F ⇐
F T F
F F F

We can again represent howwe have gone about determining the truth value
of P ∧ Q using a table. Let's write the truth value assigned to P ∧ Q under
the operator for conjunction. Writing it under the conjunction will indicate
that the subformula P ∧Q has that truth value.

P ∧ Q

T F F

Before considering more complex examples, let's return to our two-step pro-
cess of determining the truth value of complex wffs. First, we take an in-
terpretation and use that interpretation to determine the truth value of the
propositional letters in the wff. Second, we then determine the truth values
of the subformulas of that wff in the same order in which that wff was con-
structed. To determine the truth values of those subformulas, we use the
valuation function that corresponds to the operator in that subformula and
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the truth values that are assigned to the subformulas that create the subfor-
mula whose truth value we are trying to determine.

Let's consider another example. In this example, our focus will be more on
using the method rather than understanding the definition of the method.
To start, consider a simple example of how to determine P → ¬R under a
single interpretation of P and R: I (P ) = T and I (R) = F . First, we write
out the formula or set of formulas you want to test (see Truth Table 3.2).

P → ¬ R

Truth Table 3.2: Truth Value for P → ¬R

Next, wewrite the truth values belowpropositional letters. SinceI (P ) = T ,
write T under P and since I (R) = F , write F under R.

P → ¬ R

T F

Next, we want to assign truth values to the subformulas. The question then
is whether we determine the truth value of ¬R or P ∧ ¬R first. To decide,
you should again consider how the wff is constructed:

1. P,R are wffs.
2. Since R is a wff, then ¬R is a wff.
3. Since P,¬R are wffs, then P ∧ ¬R is a wff.

Now that we see that ¬R is constructed before P ∧¬R, the truth value of ¬R
should be determined before P ∧ ¬R. Our next step then is to use the truth
value assigned to R and use this truth value along with the valuation func-
tion for negation to determine the truth value of ¬R (see Truth Table 3.3).

P → ¬ R

T T F

Truth Table 3.3: Truth Value for P → ¬R

The last step is to determine the truth value of the largest subformula in
the wff. More frankly, which truth values should we use to determine what
truth value we write under the right arrow? Should we use the truth values
written under P and R or the truth values written under P and ¬R? To
determine this, we should again consider how the wff is constructed. When
P → ¬R is constructed, it is constructed using P and ¬R. The truth values
assigned to these subformulas then are the ones that should be run through
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the conditional valuation function. Since v(P ) = T and v(¬R) = T , we
should write T under the rightarrow:

P → ¬ R

T T T F

Truth Table 3.4: Truth Value for P → ¬R

Exercise 3.30

Let v(P ) = T , v(R) = F and v(S) = T
1. ¬P → R
2. ¬(P ∨R)
3. ¬(¬P ↔ ¬S)
4. P ∧ ¬R
5. (P ∨R) ↔ ¬S
6. P ∨ ¬R
7. ¬(P ∨R) ↔ (¬P ∧ ¬R)
8. ¬(P → S) → R
9. ¬S ∨ S

10. (P → R) → ¬W

3.3 The Truth-Table Method

In the above examples, the truth value of complex wffs are determined un-
der one interpretation of the propositional letters. The truth-table method,
however, ismore general than this as it allows for determining the truth value
of wffs under all admissible interpretations of the propositional letters. For
example, consider the following wff: ¬P ∨ ¬R.

First, write out each distinct propositional letters in the wff in a separate
column and the formula or formulas you want to test to the right of those
letters. Since the wff we wish to create a table for is ¬P ∨ ¬R, we write P
and R (the distinct propositional letters) and then ¬P ∨ ¬R:

P R ¬ P ∨ ¬ R

Second, consider the different possible interpretations for the propositional
letters in a wff. Since there are two distinct propositional letters (P and R),
we will need to consider four different interpretations. The truth values cor-
responding to these letters are written under the propositional letters in the
leftmost columns of the table.
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P R ¬ P ∨ ¬ R

T T
T F
F T
F F

Third, for each row, write the truth values under the corresponding letter
in the row. In our example, P is T in row 1. Therefore, you should write T
under every P in row 1. In row 2, P is also T. Therefore, you should again
write T under every P in row 2. In row 3, P is F. Therefore, you should write
F under every P in row 3. Finally, P is F in row 4. Therefore, you should
write F under every P in row 4. This same process should be performed for
every propositional letter in the wff.

P R ¬ P ∨ ¬ R

T T T T
T F T F
F T F T
F F F F

Truth Table 3.5: Truth Table for ¬P ∨ ¬R

Fourth, for each row, determine the truth value of the subformulas in that
row. Earlier in this chapter, we saw how to do this for a complex wff under
one interpretation. Now we are going to do it for multiple interpretations
(multiple rows). Let's consider this for one row in our example. Take row 1.
At row 1, we have the truth values of P and R in the table. The next step is
to determine the truth value of either ¬P or ¬R since these are the next two
subformulas that we would construct in order to construct the wff ¬P ∧¬R.
Notice that P is T at row 1. We would thus use that truth value along with
the valuation function for negation to determine the truth value of ¬P . This
would be F. We would then write F under ¬P . The same step should be
performed for ¬R at row 1. This should be done for each row in the table.

P R ¬ P ∨ ¬ R

T T F T F T
T F F T T F
F T T F F T
F F T F T F

Now that we have determined the truth value for ¬P and ¬R, use the truth
values assigned to these subformulas to determine the truth value of¬P∧¬R
for each row in the table. Let's consider row 1. Notice that the truth value
of ¬P is F and the truth value of ¬R is F. Using these truth values and the
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valuation function for disjunction (∨), we determine that the truth value of
¬P ∧ ¬R at row 1 is F. Therefore, write F under the disjunction operator in
row 1. This same procedure should be performed for each row in the truth
table.
P R ¬ P ∨ ¬ R

T T F T F F T
T F F T T T F
F T T F T F T
F F T F T T F

Our truth table is complete. Our table shows the truth value of ¬P ∨ ¬R
under all of the different ways that P and R can be interpreted in PL.

Exercise 3.31

Create a truth table for the following wffs.
1. P → ¬R
2. ¬P ∨ ¬Q
3. ¬(P ∧ ¬Q)
4. (P ↔ Q) ∧ (P → ¬Q)
5. P → (¬P ∧ ¬Q)
6. (P ↔ Q) ∧ (P ↔ ¬Q)
7. ¬¬P ∧ (P ↔ ¬Q)
8. (P → Q) → (P ∨ ¬Q)

3.3.1 Truth tables with n-letters

In the previous section, amethod for constructing truth tableswas presented.
In that section, several examples of wffs with two distinct propositional let-
ters were provided. But how does one create a table where there are three,
four, or more distinct propositional letters, e.g., P,Q,R.

First, setup the table like you would for a table involving two propositional
letters: write the wff and the number of distinct propositional letters to the
left of the wff. To illustrate, consider the wff (P ∧Q) ∧R.

P Q R (P ∧ Q) ∧ R

Next, we need to consider the interpretations of the distinct propositional
letters. The number of possible interpretations is 2n where n is the number
of distinct propositional letters. And so we'll need 8 interpretations or 8 new
rows in the truth table.

• 21 = 2
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• 22 = 2× 2 = 4
• 23 = 2× 2× 2 = 8

In order to ensure we do not duplicate any rows in writing all 8 interpreta-
tions, let's consider two different methods for specifying the 8 new rows of
the table. First, determine the value of r

2 , where where r is the total number
of interpretations. In our case, 8

2 = 4. Next, write 4 Ts followed by 4 Fs. In
simpler terms, make first half of the rows T followed by the second half of
the rows F.

P Q R (P ∧ Q) ∧ R

T
T
T
T
F
F
F
F

Next, in the second row, take our previous value and divide it by 2 again.
That is, 8

2 = 4, and 4
2 = 2. Next, write 2 Ts followed by 2 Fs, repeating this

pattern until we fill up the entire column.

P Q R (P ∧ Q) ∧ R

T T
T T
T F
T F
F T
F T
F F
F F

Repeat this process until all of the interpretations are displayed in the truth
table. This method will ensure that every interpretation is provided and
none of the interpretations are repeated.
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P Q R (P ∧ Q) ∧ R

T T T
T T F
T F T
T F F
F T T
F T F
F F T
F F F

Once the interpretations are in the table, then the truth table can be com-
pleted in the normal way.

P Q R (P ∧ Q) ∧ R

T T T T T T T T
T T F T T T F F
T F T T F F F T
T F F T F F F F
F T T F F T F T
F T F F F T F F
F F T F F F F T
F F F F F F F F

Finally, an alternative way of ensuring that every interpretation is presented
in the table is the following. Again, start by writing the wff and each distinct
propositional letter to the left of that wff:

P Q R (P ∧ Q) ∧ R

Rather than starting with the first propositional letter to the left of the wff,
start with the rightmost letter. Next, write an alternating pattern of a single
T and a single F, under the column containing this letter.

P Q R (P ∧ Q) ∧ R

T
F
T
F
T
F
T
F

Next, "double" this pattern by writing two Ts and two Fs under the next
propositional letter to its left. Repeating the pattern until there are no more
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cells in the column.

P Q R (P ∧ Q) ∧ R

T T
T F
F T
F F
T T
T F
F T
F F

Finally, "double" this pattern by writing four Ts and four Fs under the next
propositional letter to its left. Repeating the pattern until there are no more
cells in the column.

P Q R (P ∧ Q) ∧ R

T T T
T T F
T F T
T F F
F T T
F T F
F F T
F F F

Exercise 3.32

Create a truth table for the following wffs.
1. (P ∧R) → Q
2. (P ∧R) ∨ S
3. ¬¬(P ↔ R) ∨ Z

3.4 Truth table analysis

Thus far, we have shown how to use truth tables to determine the truth value
of a complex wff under an interpretation. Truth tables have an additional
use in that they can be employed to determine whether a certain wff or set
of wffs has a certain property. This, it will be shown, is useful for it allows us
a way to determine whether propositions, groups of propositions, or argu-
ments in English have properties that interest us, e.g. whether an argument
is deductively valid.
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3.4.1 Contingency, Tautology, Contradiction

Consider whether the sentence "either there is an apple in my house or there
isn't" is true or false. If there is an apple in my house, then this sentence is
true. And, if there is not an apple inmy house, then this "or" sentence is true.
What we have then is a sentence that is always true regardless of whether
"there is an apple in my house" is true or false.

But now notice something remarkable. Suppose we translate the "either
there is an apple inmy house or there isn't" asA∨¬A. And, further, suppose
instead of considering the specific sentence "there is an apple in my house"
(whichwe translated asA), we consider any sentence / wff that has the form
A ∨ ¬A. Let's represent this as φ ∨ ¬φ. Notice that just as A ∨ ¬A is always
true, we can substitute any sentence / wff for φ in φ ∨ ¬φ and the resulting
sentence / wff will always be true. This is because if φ is true, then φ ∨ ¬φ
is true. And, if φ is false, then φ ∨ ¬φ is true. Let's test this with an example
where we replace "Tek is dancing" for φ:

• φ ∨ ¬φ
• Tek is dancing or Tek is not dancing.
• Suppose "Tek is dancing" is true. It follows that "Tek is dancing or Tek

is not dancing" is true.
• Suppose "Tek is dancing" is false. It follows that "Tek is dancing or Tek

is not dancing" is true.
• Therefore, "Tek is dancing or Tek is not dancing" is always true (it is

true regardless of whether "Tek is dancing" is true or false).

What we have found then is a sentence / wff that is always true, not in virtue
of what it says, but always true in virtue of its form or structure. It is a sen-
tence that is true regardless of the truth values assigned to the sentences that
compose that sentence. Let's call these sentences "tautologies". Similarly,
some sentences are always false in virtue of their form, e.g., "the apple both
exists and does not exist". Such sentences are false regardless of the truth
values assigned to the sentences that compose that sentence. Let's call these
sentences "contradictions". Finally, there are sentences that are neither al-
ways true nor always false. Rather, their truth value depends upon the truth
value of the sentences that compose that sentence. Let's call these sentences
"contingencies".

proposition
tautology (always true)

contradiction (always false)
contingency (sometimes true, sometimes false)
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Since propositional logicmakes use of wffs rather than sentences, let's define
tautologies, contradictions, and contingencies in PL:

Definition 3.4.1: PL-Tautology

A wff φ is a PL-tautology (a logically valid formula) if and only if φ is
true under every interpretation.

For example, P ∨ ¬P is a PL-tautology. It is a wff that is true under every
interpretation of P .

Definition 3.4.2: PL-Contradiction

A wff φ is a PL-contradiction if and only if φ is false under every in-
terpretation.

For example, P ∧¬P is a PL-contradiction. It is a wff that is false under every
interpretation of P .

Definition 3.4.3: PL-Contingency

A wff φ is a PL-contingency if and only if φ is neither always false
under every valuation nor always true under every interpretation.

For example, P ∧ Q is a PL-contingency. It is a wff that is neither a PL-
tautology nor a PL-contradiction. The truth value of P ∧ Q is true under
some interpreations of P and Q and false under other interpretations of P
and Q.

The next step is to determine, for any givenwffφ, whetherφ is a PL-tautology,
PL-contradiction, or PL-contingency. To make this determination, we can
use a truth table. We can simply construct a truth table for the wff φ, then
check whether the wff is true under every interpretation (tautology), false
under every interpretation (contradiction), or neither true nor false under
every interpretation (contingency). Let's consider each logical property and
then an example.

Definition 3.4.4: Truth-Table Test for Tautology

A truth table for a PL-tautology will have T under its main operator
for every row (or in the case of no operators, under the propositional
letter).
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Earlier, it was claimed that P ∨ ¬P is a tautology. Let's use a truth table to
test this claim.

P P ∨ ¬ P

T T T F T
F F T T F

Notice that in every row under the main operator of P ∨¬P , the truth value
is T. Therefore, P ∨ ¬P is a tautology according to the truth-table test for
tautology.

Definition 3.4.5: Truth-Table Test for Contradiction

A truth table for a contradiction will have all Fs under its main oper-
ator (or in the case of no operators, under the propositional letter).

Earlier, it was claimed that P ∧ ¬P is a contradiction. Let's use a truth table
to test this claim.

P P ∧ ¬ P

T T F F T
F F F T F

Notice that in every row under the main operator of P ∧¬P , the truth value
is F. Therefore, P ∧¬P is a contradiction according to the truth-table test for
contradiction.

Definition 3.4.6: Truth-Table Test for Contingency

A truth table for a contingency will have at least one T and at least one
F under its main operator (or in the case of no operators, under the
propositional letter).

Earlier, it was claimed that P ∧Q is a contingency. Let's use a truth table to
test this claim.

P Q P ∧ Q

T T T T T
T F T F F
F T F F T
F F F F F
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If we look under the main operator for P ∧ Q, it is not the case that every
row is T or every row is F. Instead, we have at least one T and at least one F.
Therefore, P ∧ Q is a contingency according to the truth-table test for con-
tingency.

Let's consider one final illustration for a wff that we might not immediately
know whether it is a contradiction, tautology, or contradiction. Consider
¬(¬P → ¬Q). Is the following wff a contradiction, tautology, or contradic-
tion:

P Q ¬ ( ¬ P → ¬ Q )

T T F F T T F T
T F F F T T T F
F T T T F F F T
F F F T F T T F

The main operator of ¬(¬P → ¬Q) is the leftmost negation. Using the truth
table method, we check every row to see whether each row is T (in which
case it would be a tautology), whether each row is F (in which case it would
be a contradiction), or whether there is at least one T and at least one F (in
which case it would be a contingency). The truth table for ¬(¬P → ¬Q)
shows that this wff is a PL-contingency since there is at least one T and at
least one F under the main operator.

Exercise 3.33

Using the truth-table method, determine whether the following wffs
are tautologies, contradictions, or contingencies

1. ¬P → ¬P
2. (P ∧ ¬P ) ∧Q
3. P ↔ ¬R
4. P → (P ∨Q)
5. ¬¬P ∧ P
6. ¬(P ∨ ¬R)
7. P → (Q→ P )
8. R→ ¬R
9. (P → Q) ∧ (¬Q→ ¬P )

10. (¬P ∧ ¬Q) ∧ P
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3.4.2 Consistency

Consider the sentences "John is tall" and "Mary is happy". Can both of these
sentences be true at the same time? Sure. If John is tall is true and Mary is
happy is true, then they are both true. Now consider "John is an elephant"
and "John is not an elephant". Can both of these sentences be true at the same
time? If "John is an elephant" is true, then "John is not an elephant" is false.
Alternatively, if "John is an elelphant" is false, then "John is not an elephant"
is true. So, it appears that there is no way for both of these sentences to be
true at the same time. Let’s say that a set of sentences is consistent (or the
sentences in the set are consistent with each other) if and only if all of the
sentences in the set can be true at the same time. If a set of sentences is not
consistent, then that set would be inconsistent.

set of sentences consistent
inconsistent

Surely, there are cases where determining whether a set of sentences is con-
sistent or inconsistent is important. A politician may make a collection of
promises to their constituents. They may try to sway one swath of voters
with one set of promises and another swath of voters with a different set of
promises. Is the set of all of those promises consistent? Or, is the politician
not capable of making good on all of their promises? Knowing that the set of
promises made by the politician is inconsistent gives us grounds for doubt-
ing whether the politician is trustworthy. A scientific theory may make cer-
tain observable predictions about theworld. When those predictions conflict
with observation, there is an inconsistent set consisting of (1) the scientific
theory, (2) its predictionswhat theworldwill look like if the scientific theory
is true, and (3) our account of what the world actually looks like. Knowing
that not all three can be true, at least one must be false. Perhaps the scientific
theory is mistaken. Perhaps howwe derived the predictions from the theory
is wrong. We know that we sometimes fail to accurately describe what we
observe, so perhaps our account of what we think the world actually looks
like is wrong. Last, but not least, being able to determine if a set is consis-
tent or inconsistent may be helpful for revising our own stock of beliefs. We
surely believe many things. We may have beliefs about our future, about
religion and politics, about the nature of reality, or even about what movies
or music are worth consuming. It is more than likely that this set of beliefs
is inconsistent but we fail to recognize it. If we are interested in repairing
or minimizing this inconsistency, a first step is to recognize where it occurs.
Once we have done this, we can take the necessary steps of deciding how to
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revise our beliefs or whether some beliefs ought to be given up.

Let's return to logic. In PL, a non-empty set of wffs is consistent in PL pro-
vided all of the wffs in the set are true under at least one interpretation.

Definition 3.4.7: Consistency

A non-empty set of wffs {φ1, φ2, . . . , φn} is consistent if and only if
each wff in {φ1, φ2, . . . , φn} is true under at least one interpretation.

Two points. First, we are defining consistency for non-empty sets of PLwffs.
It would not be defined for other kinds of sets, e.g., sets of strings, sets of
numbers, the empty set. Second, a set with a single wff that is either a con-
tingency or a tautology would be consistent, while a set consisting of a con-
tradiction would not be consistent.

More concretely, the set {P ∧ Q,P ∨ Q} is consistent since there is at least
one interpretation of P and Q where each wff in that set is true: this is the
interpretation where I (P ) = T,I (Q) = T . One way to determine whether
a set is consistent is to use a truth table. We can do this by constructing a
single truth table with all of the wffs in the set and then check whether there
is at least one row where all of the wffs in the set are true.

Definition 3.4.8: Truth-Table Test for Consistency

A truth table shows that a non-empty set of wffs {φ1, φ2, . . . , φn} is
consistent when there is at least one row on the truth table where each
wff in {φ1, φ2, . . . , φn} is true. Otherwise, the set is inconsistent.

Here is the truth table for {P ∧ ¬Q,P → ¬Q}

P Q P ∧ ¬ Q P → ¬ Q

T T T F F T T F F T
T F T T T F T T T F
F T F F F T F T F T
F F F F T F F T T F

In examining the truth table above, notice that there is at least one row of the
truth table where each of thewffs in this set are true (row 2). Since this is the
case, the truth-table test for consistency determines this set to be consistent.

Let's consider another example where it might not be immediately obvious
whether the set is consistent. Let's consider the set {P, P ∨ Q,¬(P ∧ Q)}.
To begin, we should construct a single truth table that determines the truth
value of each of these wffs.
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P Q P P ∨ Q ¬ P ∧ ¬ Q

T T T T T T F T F F T
T F T T T F F T F T F
F T F F T T T F F F T
F F F F F F T F T T F

To check to see whether the set of wffs is consistent, identify the main opera-
tor of each wff (or, if there are no operators, simply look at the letter). Next,
go row by row and check whether all of the wffs are T at that row. Row 1
is T, T, F. Row 2 is T, T, F. Row 3 is F, T, F. Row 4 is F, F, T. If there is a row
where all of the wffs are T, then the test determines the set to be consistent.
Otherwise, the set is determined to be inconsistent. In this example, since
there is no row where all of the wffs are T (we do not have T, T, T in at least
one row), the set {P, P ∨Q,¬(P ∧Q)} is inconsistent.

As a final example, let's consider whether the following set is consistent:
{P → Q,¬R ∨ Q,R ∧ ¬Q}. This example is somewhat more complicated
in that (1) the set consists of three complex wffs and (2) the truth table will
require 8 rows instead of the usual 4 rows.

P Q R P → Q ¬ R ∨ Q R ∧ ¬ Q

T T T T T T F T T T T F F T
T T F T T T T F T T F F F T
T F T T F F F T F F T T T F
T F F T F F T F T F F F T F
F T T F T T F T T T T F F T
F T F F T T T F T T F F F T
F F T F T F F T F F T T T F
F F F F T F T F T F F F T F

If you go row by row, examining the truth of each wff in the table, you will
see that there is no single row where each of the wffs in the set is true. The
table thus shows that this set of wffs is inconsistent.

Exercise 3.34

Using a truth table, determine whether the following sets of wffs is
consistent or inconsistent.

1. P,Q
2. P ∧Q,P
3. P ∨Q,P ∧Q
4. P, P ∧Q,¬P ∧Q
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5. ¬P ∧ ¬R,¬(P ∨R)
6. P, P → R,R ∨ P
7. P ∨R,¬R,¬P
8. ¬P → R,R→ ¬P
9. ¬¬P → R,R→ Z,Z

10. A↔ C,¬C ∨ ¬A

Exercise 3.35

The following questions are designed to help you better understand
the definition of consistency aswell asmake connections between con-
sistency and other logical properties.

1. Suppose a set Γ and Γ consists of a single wff φ. Recall
that every wff is either a PL-contingency, PL-tautology, or PL-
contradiction. Under what scenario is Γ consistent?

2. What are some scenarios (other than the ones mentioned at the
beginning of this section) where it might be useful to know
whether a set of sentences is consistent?

3. Show that φ ∧ ψ is a contradiction if and only if {φ, ψ} is incon-
sistent.

4. Suppose a set Γ and Γ contains at least two wffs φ and ψ. Also
suppose that it is unknown whether φ is a PL-contingency, PL-
tautology, or PL-contradiction, but it is known that ψ is a PL-
contradiction. Is Γ consistent, inconsistent, or is it impossible to
decide given that we do not know the status of φ.

3.4.3 Equivalence

Consider the sentences "John is tall and Mary is happy" and "Mary is happy
and John is tall". Intuitively, these two sentences say the same thing. More
precisely, they always have the same truth value: whenever one is true, the
other is true; and, whenever one is false, the other is false. Let’s say that a set
of sentences is equivalent (or the sentences in the set are equivalent to each
other) if and only if all of the sentences always have the same truth value.

set of wffs
equivalent

not equivalent

Surely, there are cases where knowing that a set of wffs is equivalent is im-
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portant. Let's consider two. First, suppose Tek and Liz are running against
each other for a position on the local school board. You are a journalist as-
signed with covering the election. Before interviewing each candidate, you
take a fewmoments to review statements aboutwhat each candidate believes
and what they plan to do if elected. Each candidate wants to "enrich stu-
dents" and "encourage critical thinking". Each candidate believes in "strong
schools" and is "supportive of teachers". The candidates' platforms are, if
you take them at their word, equivalent. If they are equivalent, voters might
wonder why it is worth their time to vote at all. As a journalist who desires
to create interest in the election, you decide to ask each candidate questions
designed to tease out where their views diverge.

Suppose there are two theories T1 and T2 about the creation of the uni-
verse. On the surface, the two theories seem to make different claims about
the world. T1 accounts for the creation of the universe by positing an all-
knowing but not all-loving being. T2 accounts for the creation of the universe
by positing an all-loving but not all-knowing being. From one perspective,
the theories are not equivalent since T1 says something that T2 denies, and
vice versa. But, from another perspective, they are equivalent. Suppose Tek
is focused on what each theory says about the observable world. Tek has a
ball in his hand and plans to drop said ball. He asks a supporter of T1 what
will happen, and the supporter says it will fall to the earth. When asking a
supporter of T2 what will happen, the supporter also says it will fall to the
earth. Both theorists disagree endlessly about whether the ball's falling to
the earth is due to an all-loving or all-knowing being, but Tek could care less
about this squabble. What is important to Tek are the practical consequences
of each theory. So long as each theory makes the same observational predic-
tions aboutmoving bodies, each theorywill be true and false under the same
scenarios that are relevant to Tek. And, if that is the case, then the theories
are equivalent.

Let's return to logic. In PL a set of wffs is equivalent provided all of the
members of the set have the same truth value (T or F) for every interpreta-
tion.

Definition 3.4.9: PL-Equivalence

A set of wffs Γ is PL-equivalent if and only if there is no interpretation
I where the valuation of the wffs in Γ fail to have the same truth
value. A set of wffs Γ is not PL-equivalent if and only if there is at
least one interpretation I where the valuation of the wffs in Γ fail to
have the same truth value.
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For example, the set {P∧Q,Q∧P} is equivalent sinceP∧Q andQ∧P have the
same truth value on every interpretation of P and Q. That is, for every way
of going about assigning T and F to P andQ, whenever v(P ∧Q) = v(Q∧P ).
That is, whenever P ∧Q is true, Q ∧ P is true, and whenever P ∧Q is false,
Q ∧ P is false.

One way to determine that this is the case is to use a truth table. We can do
this by constructing a single truth table with all of the wffs in the set and
then check whether their truth values are the same for each row.

Definition 3.4.10: Truth Table Test for Equivalence

A truth table shows that a set of wffs {φ1, φ2, . . . , φn} is PL-equivalent
when the truth values of φ1, φ2, . . . , φn are the same for each row in
the table. Otherwise, the set is not equivalent.

Here is the truth table for {P ∧Q,Q ∧ P}:

P Q P ∧ Q Q ∧ P

T T T T T T T T
T F T F F F F T
F T F F T T F F
F F F F F F F F

To determine if the set is equivalent, examine the truth value of each wff for
every row of the table:

1. In row 1, v(P ∧Q) = v(Q ∧ P ) = T
2. In row 2, v(P ∧Q) = v(Q ∧ P ) = F
3. In row 3, v(P ∧Q) = v(Q ∧ P ) = F
4. In row 4, v(P ∧Q) = v(Q ∧ P ) = F

Since the truth values of the wffs are the same in each row, the truth-table
test determines the set {P ∧Q,Q ∧ P} to be equivalent.

Let's consider another example. Supposewewanted to knowwhether {P →
Q,¬P ∨ Q} is equivalent. Rather than trying to guess, we might use the
truth-table test for equivalence to determine whether the set is equivalent or
non-equivalent.

The truth-table test for P → Q and ¬P ∨Q shows these twowffs to be equiv-
alent since v(P → Q) = T whenever v(¬P ∨ Q) = T and v(P → Q) = F
whenever v(¬P ∨Q) = F .
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P Q P → Q ¬ P ∨ Q

T T T T T F T T T
T F T F F F T F F
F T F T T T F T T
F F F T F T F T F

Finally, let's consider one more example. When testing whether a set of wffs
is equivalent, it is often common to only test two wffs. For this reason, it is
common to talk of two sentences being equivalent rather than a set of sen-
tences being equivalent. However, in this example, let evaluatewhether a set
containing the following three wffs is equivalent: {P → Q,¬P ∨ Q,¬(P ∧
Q)}.

P Q P → Q ¬ P ∨ Q ¬(P ∧ Q)

T T T T T F T T T F T T T
T F T F F F T F F T T F F
F T F T T T F T T T F F T
F F F T F T F T F T F F F

In determining whether the set is equivalent, check whether the wffs have
the same truth value at each row. In this example, this set is not equivalent.
Notice that in row 1, while P → Q and ¬P ∨Q are T, ¬(P ∧Q) is F.

Exercise 3.36

Using a truth table, determine whether the following sets of wffs is
equivalent or not equivalent.

1. P,Q
2. P,¬¬P
3. P, P ∨ P
4. P ∧Q,Q→ P
5. ¬P ∧ ¬R,¬(P ∨R)
6. P, P → R,R ∨ P
7. P ∨R,¬R,¬P
8. ¬P → R,R→ ¬P
9. ¬¬P → R,R→ Z,Z

10. P ∨R,P → R,P ↔ R,P ∧R
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Exercise 3.37

The following questions are designed to help you better understand
the definition of equivalence as well as make connections between
equivalence and other logical properties.

1. Suppose a set Γ and Γ consists of a single wff φ. Is Γ PL-
equivalent? Look closely at the definition of PL-equivalence.

2. What are some scenarios (other than the ones mentioned at the
beginning of this section) where it might be useful to know
whether a set of sentences is equivalent?

3. If φ and ψ are equivalent, does it follow that φ ↔ ψ is a tautol-
ogy?

4. Suppose a set Γ and Γ contains at least two wffs φ and ψ. Sup-
pose thatφ is a contradiction andψ is the negation of a tautology.
Is Γ equivalent?

5. If φ↔ ψ, does it follow that φ and ψ are equivalent?
6. Create a set of wffs that is consistent but not equivalent.

3.4.4 Semantic Entailment

Consider the argument "If the money is missing, then Tek is a crook. Tek is
a crook. Therefore, the money is missing." Does the conclusion of this ar-
gument follow from the premises with necessity? It does not. It is possible
for the premises of this argument to be true and the conclusion false. When
an argument has this property, it is said to be invalid. What about this argu-
ment: "If the money is missing, then Tek is a crook. The money is missing.
Therefore Tek is a crook?" Does the conclusion of this argument follow from
the premises with necessity? It does. It is impossible for the premises of this
argument to be true and the conclusion false. When an argument has this
property, it is said to be valid.

argument
valid

invalid

Surely, there are cases where it is important to knowwhether or not an argu-
ment is valid or invalid. Tek is a philosopher. He has all sorts of arguments
for the existence of God. The people who read his books, listen to his talks,
and take his classes are presented with these arguments. Suppose these in-
dividuals had no prior beliefs concerning the existence of God. When faced
with these arguments for God's existence, should these individuals now ac-
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cept that God does exist? Well, it seems that whether they should or they
shouldn't depends upon the quality of Tek's arguments. And, the quality of
Tek's arguments depend upon at least three things: (1) are the premises of
his arguments true, (2) are the premises relevantly related to the conclusion,
and (3) does the conclusion follow from the premises? With respect to (3),
one way that a conclusion can follow from the premises is with necessity.
That is, if the argument is valid, then the conclusion follows with necessity.
And so, whether or not someone should have certain beliefs (e.g., a belief in
God) at least partially depends upon whether or not an argument is valid.

Let's return to logic. One of the logician's tasks is tomake clearwhat itmeans
for the conclusion to follow from a set of premises. To some extent, we have
already made progress in this effort through the introduction of the idea
of deductive validity. Nevertheless, we can be even more precise by defining
what it means for an argument to be "valid" in the language of propositional
logic by introducing the notion of semantic consequence.

Definition 3.4.11: semantic consequence

A wff φ is a semantic consequence in PL of a set of wffs Γ (viz., Γ |= φ)
if and only if there is no interpretation I in which all of the members
of Γ are true and φ is false, or when φ is T under every interpretation
when Γ is empty. If there is an interpretation in PL such that all of
the members of Γ are T and v(φ) = F , then φ is not a semantic conse-
quence of Γ, viz., Γ 6|= φ.

The double turnstile |= ("models" or "entails") expresses the fact that there
is no interpretation of the wffs to the left of the turnstile such that these wffs
are true and the wff to the right of the turnstile is false. Thus, when φ is
a semantic consequence of Γ, we write Γ |= φ. When φ is not a semantic
consequence of Γ, we write Γ 6|= φ

For example, Q is a semantic conequence of {P → Q,P}. That is, P →
Q,P |= Q. This is because there is no interpretation such that v(P → Q) and
v(P ) are T and v(Q) is F. In contrast,P is not a semantic consequence of {P →
Q,P}. That is, P → Q,Q |= P . This is because there is an interpretation such
that v(P → Q) and v(Q) are T and v(P ) is F.

But how do we know that this is the case? And, how would we go about
checking other cases? One way to determine whether a wff φ is a semantic
consequence of a set of wffs Γ is to use a truth table. We can do this by
constructing a single truth table with all of the wffs in Γ and the wff φ.
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Definition 3.4.12: Truth-Table Test for Semantic Consequence

A truth table determines that Γ |= φ if there is no row in the table
where all of the members of Γ are T and φ is F or where φ is T in every
row when Γ is empty. If there is a row where all of the members of Γ
are T and φ is F, then Γ 6|= φ.

Let's consider some examples. First, it was claimed that P → Q,P |= Q. To
test whether this is the case, let's construct a single truth table consisting of
all of the wffs in the following set: {P → Q,P,Q}.

P Q P → Q P Q

T T T T T T T
T F T F F T F
F T F T T F T
F F F T F F F

Now, let's check whether there is at least one row where P → Q and P are T
and Q is F.

1. In row 1, all of the wffs are T.
2. In row 2, P → Q and P are not both T.
3. In row 3, P → Q and P are not both T.
4. In row 4, P → Q and P are not both T.

In examining this table, we see that there is no row where P → Q and P are
T and Q is F. Therefore, Q is a semantic consequence of P → Q and P . That
is, P → Q,P |= Q. Insofar as the notion of semantic consequence captures
the idea of an argument being valid and this captures part of what it means
for a conclusion to "follow from" a set of premises, we can say thatQ follows
from the premises P → Q and P . In other words, arguments of the form
"P → Q,P therefore Q" are valid.

Next, it was claimed that P → Q,Q 6|= P . To test whether this is the case,
let's construct a single truth table consisting of all of the wffs in the following
set: {P → Q,Q, P}. Notice that we do not include the |= or 6|= in our truth
table. Or, if it was included, it would only serve as a placeholder for the wff
that is said to be the semantic consequence of another set of wffs.

Let's check whether there is at least one row where P → Q and Q are T
and P is F. If there is such a row, P → Q,Q 6|= P . If there is not such a
row, then P → Q,Q |= P . Notice that in row 3 P → Q and Q are both T
and P is F. Therefore, P is a semantic consequence of P → Q,Q. That is,
P → Q,Q 6|= P .
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P Q P → Q Q P

T T T T T T T
T F T F F F T
F T F T T T F
F F F T F F F

Let's consider one final example. Consider the claim thatP → Q,¬(P∨Q) |=
P . If P is a semantic consequence of P → Q,¬(P ∨ Q), then there should
be no row where P → Q,¬(P ∨ Q) are T and P is F. If P isn't a semantic
consequence of P → Q,¬(P ∨Q), then there will be at least one row where
P → Q,¬(P ∨ Q) are T and P is F. Just as before, we to test P → Q,¬(P ∨
Q) |= P , a single truth table containing the wffs {P → Q,¬(P ∨ Q), P} is
contructed.

P Q P → Q ¬(P ∨ Q) P

T T T T T F T T T T
T F T F F F T T F T
F T F T T F F T T F
F F F T F T F F F F

Notice that at row 4, all of the wffs in {P → Q,¬(P ∨ Q)} are T and P is F.
Therefore, P is not a semantic consequence of {P → Q,¬(P ∨Q)}. In other
words, P → Q,¬(P ∨Q) 6|= P

Exercise 3.38

Using a truth table to determine whether the following are cases of
semantic entailment.

1. P |= P
2. P |= ¬¬P
3. P ∧Q |= P
4. P ∨Q |= P
5. P |= P ∨Q
6. P → Q |= P
7. P → Q |= Q→ P
8. P ↔ Q |= Q↔ P
9. P ∨R,¬R,P → R |= R

10. J → C,¬C |= ¬J
11. J ↔ C,C |= J ∨ ¬¬C
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Exercise 3.39

Translate the following arguments into PL and then use truth-table
method to determine whether they are deductively valid or invalid.

1. John is happy or Mary is hungry. It is not the case that Mary is
hungry. Therefore, John is not happy.

2. John will sell his house if and only Mary sells her apartment.
Mary will not sell her apartment. Therefore, John will not sell
his house.

3. If John sells his house or Mary sells her apartment, the housing
marketwill crash. The housingmarketwill not crash. Therefore,
John did not sell his house.

Exercise 3.40

The following questions are designed to help you better understand
the definition of semantic consequence as well as help you to think
about the relation between this property and other logical properties.

1. What are some wffs such that φ |= ψ but ψ 6|= φ
2. If φ is a tautology, does Γ |= φ?
3. Suppose Γ is inconsistent. Does Γ |= φ?
4. Suppose φ→ ψ is a tautology. Does φ |= ψ?
5. Suppose φ |= ψ. Is φ→ ψ a tautology?
6. Suppose {φ, ψ} is equivalent. Does φ |= ψ?
7. Show that φ, ψ |= χ if and only if (φ ∧ ψ) → χ is a tautology.
8. When using a truth table to test whether Γ |= φ, a single table

is constructed that contains all of the wffs in Γ and φ. We then
evaluate the table looking to see if there is a row in the table
where the wffs in Γ are T and φ is F. Suppose that instead, we
created a table composed of all of the wffs in Γ and ¬(φ). How
would we have to evaluate that table to determine whether Γ |=
φ?

3.5 Limitations of Tables

In this chapter, we introduced truth tables and illustrated how truth tables
may be used to determine several logical properties. Of particular impor-
tance concerns the notion of semantic consequence (entailment). In this
chapter, we defined the notion of semantic entailment and showed how to
use a truth table to determine whether a wff is semantically entailed by a set
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of wffs. This is of particular importance because the notion of semantic en-
tailment captures the idea of an argument being valid. And, the notion of an
argument being valid captures the intuitive idea of a conclusion "following
from" a set of premises. This, as we noted in the first chapter, is one feature
of a "good argument". In this section, it is worthwhile to point out some of
the strengths of truth tables over other methods of determining validity.

First, the truth-table method is a decision procedure or algorithm. That is, it
consists of a finite sequence of rigorous instructions that, when followed,
will, in a finite number of steps yield an answer of "yes" or "no" as to a ques-
tion of whether a wff, set of wffs, or argument has a certain logical property.

Definition 3.5.1: decision procedure

Adecision procedure is a finite sequence of rigorous instructions that,
when followed, will, in a finite number of steps yield an answer of
"yes" or "no" as to a question of whether a wff, set of wffs, or argument
has a certain logical property.

In calling the truth-table method a decision procedure, what is being as-
serted is that given an argument and that it is translated into the language
of propositional logic, the truth-table method provides a set of instructions
that, when followed, will yield an answer of "yes" or "no" as to whether the
argument is valid. This contrasts with the other twomethods we considered
in Chapter 1. These methods do provide a set of instructions for determin-
ing whether an argument is deductively valid, but the instructions are not
guaranteed to give an answer "yes" or "no" as to whether the argument is
valid. For example, an individual may use the logical intuition test and say
that they don't know what their logical intuition is telling them and so are
unsure whether the argument is valid or invalid. Or, in the case of the imag-
ination test, an individual may say they think they are able to imagine a
scenario where the premises are true and the conclusion is false, but are not
totally sure since the scenario is difficult to imagine.

Second, the truth-table method also appears to give the right results inmany
cases. For example, consider the following argument:

• P1: If Jon looks fishy, then he committed the crime.
• P2: Jon looks fishy.
• C: Therefore Jon committed the crime.

This argument is intuitively valid. When it is translated into the language of
propositional logic as J → C, J |= C, the truth-table method confirms this
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intuition. That is, the table shows that there is no row where J → C and J
is true and C is false.

While there are several other merits to the truth table, let's now turn to some
of its problems. First, one problem with the truth-table method though is
that not every English argument can be represented in a truth-functional
language like PL. This means that while the truth-table test is an effective
tool for determining the validity of some arguments we might express in En-
glish, it cannot express all English arguments. In chapter 6, we articulate a
formal language capable of representing non-truth-functional arguments.

Second, from a user's standpoint, the truth-table test is relatively easy to use
when dealing with arguments that involve one, two, or even three proposi-
tional letters, but they become increasingly complex the more propositional
letters the argument has. For example, a truth table for P |= P consists of
two rows, one where I (P ) = T and one where I (P ) = F . And, a truth
table for P |= Z consists of four rows. The number of rows required for a
truth table of any argument is determined by 2n where n is the number of
propositional letters in the argument. Thus, P,Q |= Z consists of eight rows
(23 = 8), P,Q,R |= Z of sixteen rows (24 = 16), and so on. Considering that
there are arguments composed of dozens of sentences represented by dis-
tinct propositional letters, the truth-table test can quickly become unwieldy,
requiring hundreds or thousands of rows.

Another way of thinking about this second problem, still in informal terms,
involves the idea of complexity of work. As arguments require more andmore
propositional letters, the amount of work that must be performed increases:
one propositional letter requires two rows, two propositional letters requires
four rows, and so on. But how much more work is added with each addi-
tional propositional letter? If my boss gives me three more units of work
each day, then my work increases linearly: 3, 6, 9, 12, 15, and so on. But,
if my boss doubles my work each day, then it increases exponentially: 3, 6,
12, 24, 48, and so on. The method of truth tables is similar to the boss who
doubles your work each day.

There are a few ways to address this problem for truth tables. One way is to
use a computer to generate the truth table. From a practical point of view,
truth tables are a time-consumingway of determiningwhether an argument
is valid or invalid since it requires a considerable amount of time and energy
to write out thousands of rows. However, with a computer, the amount of
time and energy required to generate a truth table is greatly reduced. Sev-
eral online programs exist that take a set of wffs as input and quickly gener-
ate a truth table as output. However, even with a computer, the amount of
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work required to generate a truth table increases exponentially. If a simpler,
less time-consuming method exists, then it would be preferable to use that
method.

A second solution aims to reduce the amount of work required. Thismethod
is sometimes called the "short truth-table method". This method only re-
quires completing only one line of the truth table. The methods works by
(1) assigning the conclusion a value of F and the premises a value of T, and
then (2) assigning truth values to the subformulas of the wffs until a coher-
ent interpretation is discovered. If a coherent interpretation is discovered,
then the argument is invalid. If a coherent interpretation is not discovered,
then the argument is valid. Let's consider an example.

Suppose we have the claim that ¬Q ∧ R,P → Q |= M ∨ Q. Since there are
four propositional letters, the truth table would consist of 24 = 16 rows. The
short method, however, only requires one row. To apply the short method,
first, assign the wffs in {¬Q ∧R,P → Q} a value of T andM ∨Q a value of
F.
M P Q R ¬ Q ∧ R P → Q M ∨ Q

T T F

Next, sinceM ∨Q is F, bothM and Qmust be F. Let's write F underM and
F under Q every Q in the table.

M P Q R ¬ Q ∧ R P → Q M ∨ Q

F F F T T F F F F

Moving to the premises, since Q is F, ¬Q must be T. Let's put T under ¬Q.
And, since we supposed that ¬Q∧R is T,Rmust also be T. Let's put T under
R. Moving to the second premise, if P → Q is T and Q is F, then P must be
F. Let's put F under P . We now have a coherent interpretation of the wffs in
¬Q ∧ R,P → Q |= M ∨Q that makes the premises true and the conclusion
false. Since there is a coherent interpretation, the argument is invalid.

M P Q R ¬ Q ∧ R P → Q M ∨ Q

F F F T T F T T F T F F F F

However, the short truth-table method is not without problems. The pri-
mary problem is that the method can be difficult to use when subformu-
las can be true or false. Suppose there is an argument whose conclusion is
P ∧ (Q ∧ R). In order to use the short truth-table method, we would need
to assign P ∧ (Q ∧R) a value of F. Since P ∧ (Q ∧R) is a conjunction, it is F
because at least one of its conjuncts are F. But, which conjunct is F? Is it P ,
Q, R, or some combination of those subformulas? Assigning P ∧ (Q ∧ R)
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does not force a single truth value on the subformulas that constitute that
wff. And, if the subformulas are not forced to be either T or F, then using
the short truth-table method becomes more a matter of trial and error than
a systematic method.

In the next chapter, another method is developed to determine whether an
argument is valid or invalid. Thismethod is called the truth-tree method. Sim-
ilar to the truth-tablemethod, the truth-treemethod is amechanicalmethod.
It thus shares the same relative strength that truth tables does over more in-
formal methods. However, in contrast to truth tables, the complexity of the
truth-tree method is not a function of the number of propositional letters in
the argument. Instead, the complexity of the truth-tree method is a func-
tion of the number (and type) of wffs in the argument. Thus, the truth-tree
method is amore efficient method for determining the validity of arguments
with many propositional letters.

Exercise 3.41

1. Translate the following propositions from this argument into
PL, then use the truth-table method to determine whether the
argument is valid or invalid: If John is tall, then Frank is not tall.
Frank is not tall. Therefore, John is tall.

2. Translate the following propositions from this argument into
PL, then use the truth-table method to determine whether the
argument is valid or invalid: If God exists, then there is not any
unhappiness in the world. There is unhappiness in the world.
Therefore, God does not exist.

3. Translate the following propositions into PL, then use the truth-
table method to determine whether the propositions are consis-
tent: If taxes go up, there will be riots. Either taxes did not go
up, or there are rots.

4. Translate the following propositions into PL, then use the truth-
table method to determine whether the propositions are logi-
cally (semantically) equivalent: (a) Neither ice cream nor cake
is on themenu. (b) Ice creamand cake are not both on themenu.

5. Translate the following proposition into PL, then use the truth-
table method to determine whether the proposition is a tautol-
ogy, contradiction, or contingency: God's existence implies if ba-
nanas are yellow, then god exists.
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4 PL Truth Trees

4.1 Introduction to Trees

In chapter 2, we introduced the language of PL. This language consists of a
set of symbols, a syntax, and a semantics. In chapter 3, we introduced the
truth-table method for determining whether a wff, set of wffs, or argument
has a particular logical property. In this chapter, we introduce the truth-tree
method for determining whether a wff, set of wffs, or argument has a par-
ticular logical property. One immediate question concerning the truth-tree
method is why it is needed. First, the general goal of logic is to separate good
arguments from bad arguments. Truth trees help in achieving this goal in
that they offer another method for testing arguments for validity (semantic
entailment). Second, the truth-treemethod also offers a solution to the prob-
lem of the truth-table method's complexity and the truth-table method's in-
ability to handle more complex logical languages (we will discuss one such
language in chapter 6).

What is a truth tree? A tree is a collection of nodes and branches. A node is
whatever is at a particular location in a tree and a branch is all of the nodes
of a tree starting from bottom nodes of the tree andmoving upward through
the tree to the top node. Consider the following example:

node 1

node 2 node 3

node 4 node 5

In the above tree, there are five nodes. Node 1 at the top is the root node.
Nodes 2, 4, and 5 are bottom nodes. We can also call them "leaf nodes". The
tree also contains three branches. Branches are all of the nodes starting at
the bottom nodes and moving upward through the tree to the top node.

Definition 4.1.1: branch

A branch in a tree consists of all of the nodes starting from a leaf node
and moving upward to the root node.
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So, for example, one branch of the tree contains nodes 2 and 1. A second
branch of the tree contains nodes 4, 3, and 1. Finally, the third branch of the
tree contains nodes 5, 3, and 1.

Let's consider another abstract example. In the tree below, the tree has a root
node at the top of the tree, a node directly below the root (node 1), then the
tree splits into two different branches. On the left branch, the tree immedi-
ately terminates with a bottom node (leaf node). On the right branch, there
is a node, followed by a bottom node (leaf node).

root

node 1

leaf 1 node 2

leaf 2

Branch 1
Branch 2

There are two branches in the above tree. The leftmost branch consists of leaf
1, node 1, and the root node. The rightmost branch consists of leaf 2, node 2,
node 1, and the root node.

Now that we have considered trees from a somewhat abstract perspective,
let's consider truth trees in propositional logic. In a propositional logic truth
tree (or just a tree), wffs are at the various nodes of the tree and so a branch
of a truth tree is a collection of wffs. Let's reconstruct the tree above using
wffs. Suppose we have the following wff: P ∨ (Q ∨ R). A tree for this wff
would look as follows:

P ∨ (Q ∨R)

P Q ∨R

Q R

In the above tree, P ∨ (Q ∨ R) is the root node. It is the node found at the
top of the tree. The bottom (leaf) nodes are P , Q, and R. In addition, there
are three branches in this tree. These branches are identified by starting at
the leaves and moving upward through the tree to its root. The leftmost
branch contains P and P ∨ (Q ∨ R). The middle branch contains Q, Q ∨ R,
and P ∨ (Q ∨ R). The third, and rightmost, branch contains R, Q ∨ R, and
P ∨ (Q ∨R).
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4.2 Branches and Decomposition

In this section, we develop some vocabulary for categorizing different types
of branches and we introduce the concept of decomposition. By the end of
this section, youwill be able to determinewhether a branch is open or closed
and have a basic idea of how to create a truth tree yourself.

4.2.1 Open and Closed Branches

Branches are either open or closed. A closed branch is a branch that contains
a wff and its literal negation.

Definition 4.2.1: Closed Branch

A branch is closed when it contains a wff φ and its literal negation
¬(φ). A closed branch is represented by writing ⊗ under the bottom
node in the closed branch.

To illustrate, consider the following tree:

1.
2.
3.
4.

5.
6.

P ∧Q
¬P ∨Q
P
Q

¬P
⊗

Q

In the above tree, the left branch consists of thewffs: {P∧Q,¬P∨Q,P,Q,¬P}.
This branch contains the wff P and its literal negation ¬P . As such, this
branch is closed. The right branch consists of thewffs: {P∧Q,¬P∨Q,P,Q,Q}.
This branch does not contain a wff and its literal negation. As such, this
branch is not closed. A branch that is not closed is an open branch.

Definition 4.2.2: Open Branch

An open branch is a branch that is not closed. That is, a branch that
does not contain a wff φ and its literal negation ¬(φ).

Consider the following tree:
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P ∧ (¬Q ∧R)
P → Q
P

¬Q ∧R
¬Q
R

¬P Q

In this tree, we can determine whether a branch is open or closed by starting
at the bottomnode of the tree, moving upward through the branch, and look-
ing for a wff φ on one line and its literal negation ¬(φ) on another. Starting
with the left branch, notice that this branch contains the wff ¬P and P . This
branch is thus closed. Next, consider the right branch. This branch contains
the wffs Q and ¬Q. This branch is also closed.

4.2.2 Decomposition

With our basic understanding of a truth tree and the distinction between an
open and closed branch, let's consider how trees are constructed. In order to
understand how trees are constructed, we must understand the concept of
decomposition. We can express the conditions under a complex sentence is
true by stating which simpler sentences are true if the complex sentence is
true. For example, suppose Tek says to Liz that ``Today he will go for a bike
ride and tomorrow he will go for a run.'' We can represent what sentence or
sentences are true if Tek's sentence is true by writing ``Today he will go for
a bike ride'' and ``Tomorrow he will go for a run'' under Tek's sentence. The
same is true for PL. The decomposition of a wff φ is the expression of what
wff or wffs are true if φ is true. For example, the decomposition of P ∧Q is
P and Q. The decomposition of R ∨ S is R or S.

Definition 4.2.3: decomposition

A decomposition of a wff φ is a representation of what wff or wffs are
true if φ is true.

The decomposition of a wff may be represented using a truth tree. Let's
consider the wff P ∧ Q. The wff P ∧ Q is true in one case. This is the case
where P is true andQ is true. To represent that this wff is true provided both
of these simpler wffs are true, we will write (or ``stack'') P and Q directly
under P ∧Q.
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P ∧Q
P
Q

By writing P and Q directly under P ∧ Q, we are expressing the decompo-
sition that if P ∧ Q is true, then P is true and Q is true. Next, let's consider
the disjunction P ∨ Q. The wff P ∨ Q is true not in just one case but in the
following three cases:

1. P is true and Q is false
2. P is false and Q is true
3. P is true and Q is true

To represent that P ∨Q is true in these three cases, wewill use lines to branch
from P ∨Q and write P in the left branch and Q in the right branch.

P ∨Q

P Q

The use of branching in the tree above represents the decomposition of P ∨Q
into the three cases in which P ∨Q is true. This wff is true provided P is true
(wemove down the left branch),Q is true (wemove down the right branch),
or both P and Q is true (we move down both branches).

Let's express things more generally. Whenever there is a wff φ that is true in
one case, we will make use of a stacking convention. The stacking convention
represents the decomposition of a wff φ by writing a certain wff or wffs that
are true if φ is true directly under the bottom node of every open branch that
descends from φ. Whenever there is a wff φ that is true in three cases, we will
make use of a branching convention. The branching convention represents the
decomposition of a wff φ by writing a certain wff or wffs that are true by
branching under the bottom node of every open branch that descends from
φ.

Let's illustrate both of these conventions with a few examples. First, let's
consider the conditional P → Q. To determine whether we ought to employ
the stacking or branching convention, let's reexamine the truth table for the
conditional.
P Q P → Q
T T T T T
T F T F F
F T F T T
F F F T F
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Notice that P → Q is true in any of the following three cases:

1. P is false
2. Q is true
3. P is false and Q is true

Since the conditional is true in these three cases, we can use the branching
rule to represent the decomposition of the conditional. In the left branch,
we write ¬(P ) since the conditional is true whenever P is false. In the right
branch, we write Q since the conditional is true whenever Q is true.

P → Q

¬P Q

Let's consider a slightly more complicated example in order to grasp a better
understanding of the two conventions. Consider the wff (P ∧Q) ∨ (R ∧ S).
In examining this wff, notice that it is a disjunction. As such, it will be true
if either (1) the left disjunct is true, (2) the right disjunct is true, or (3) both
disjuncts are true. We thus can employ the branching rule to decompose this
wff.

(P ∧Q) ∨ (R ∧ S)

P ∧Q R ∧ S

In the tree above, the wff (P ∧Q) ∨ (R ∧ S) is decomposed into two smaller
wffs: (1) (P ∧ Q) which is located in the left branch and (2) (R ∧ S) which
is located in the right branch. Notice that it is possible to decompose both of
these wffs further. For example, we can represent the fact that P ∧Q is true
if both P and Q are true. But where do we write P and Q? Under the left
branch, under the right branch, under both branches, or in a new branch off
to the side?

To answer this question, considerwhat the twobranches of the tree expresses.
In creating two branches, we are representing the fact that the root node is
true if either the left branch is true, the right branch is true, or both branches
are true. Next, if we focus our attention on the left branch P ∧Q, we can ask
what wffs are true if P ∧Q is true. Surely, P is true andQ is true. Let's write
P and Q under this branch.
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(P ∧Q) ∨ (R ∧ S)

P ∧Q
P
Q

R ∧ S

Reading from the root node of the tree downward and to the left, (P ∧Q) ∨
(R ∧ S) is true if P ∧Q, and P ∧Q is true if both P and Q are true.

But now consider the right branch of the tree. This branch contains R ∧ S.
What wffs are true if R ∧ S is true? In contrast to the left branch, it is not P
and Q. Instead, if R ∧ S, then R is true and S is true. Let's write R and S
under the bottom node in the right branch.

(P ∧Q) ∨ (R ∧ S)

P ∧Q
P
Q

R ∧ S
R
S

Reading from the root node of the tree downward and to the right, (P ∧Q)∨
(R ∧ S) is true if R ∧ S, and R ∧ S is true if both R and S are true.

The above tree represents the decomposition of the wff (P ∧ Q) ∨ (R ∧ S).
We can see this decomposition by reading through the branches of the tree.
That is, the wff (P ∧Q) ∨ (R ∧ S) is true if the following is the case:

1. Left Branch: P ∧Q is true, and this wff is true if and only if both P and
Q are true, OR

2. Right Branch: R ∧ S is true, and this wff is true if and only if both R
and S are true

In thinking through the decomposition of the above tree, it is worth noting
that when decomposing a wff at a node in a tree, the decomposition is not
performed under every open node of the tree. For example, in the above
tree, when P ∧Qwas decomposed, we did not write P andQ under the right
branch. Instead, whenever a wff is decomposed, it should be decomposed
under every leaf node in every open branch that descends from the wff. More
visually, whendecomposing awff in a tree, decompose thatwffdownward in
the tree. Let's codify this idea in terms of a rule thatwe'll call "the descending
decomposition rule".
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Definition 4.2.4: Descending decomposition rule

Whenever a wff φ is decomposed, it should be decomposed under
every leaf node in every open branch that descends from φ .

Thus far, we have explained the concept of a decomposition of a wff and
how this decomposition can be expressed in the form of a truth tree. Let's
consider one final example to gain amastery over the stacking and branching
conventions. Consider the wff (P ∨ Q) ∧ (R ∨ S). Again, since this is a
conjunction, it will be true if both conjuncts are true. We thus can employ
the stacking rule to decompose this wff.

(P ∨Q) ∧ (R ∨ S)
P ∨Q
R ∨ S

Now that the root node has been decomposed into P ∨ Q and R ∨ Q, let's
decompose both of thesewffs. Let's focus our attention onP ∨Q. Aswe have
seen, since this is a disjunction, it will be true if either (1) the left disjunct is
true, (2) the right disjunct is true, or (3) both disjuncts are true. We thus can
employ the branching rule to decompose this wff. The branching rule states
that the wff is to be decomposed under the leaf node of every open branch
that descends from the wff. Since the bottom node of our tree is R ∨ S, we
will decompose P ∨Q directly under R ∨ S.

(P ∨Q) ∧ (R ∨ S)
P ∨Q
R ∨ S

P Q

Next, let's decompose R ∨ S. As this is a disjunction, we will branch R and
S. As the branching convention states, we will decompose R ∨ S under the
bottom node of every open branch that descends fromR∨S. Notice that there
are two open branches that descend from R ∨ S. The first is the left branch
that contains P and the second is the right branch that contains Q. Since
there are two open branches descending from R ∨ S, we will decompose
R ∨ S under the bottom node of both of these branches.
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(P ∨Q) ∧ (R ∨ S)
P ∨Q
R ∨ S

P

R S

Q

R S

The above tree represents the decomposition of the wff (P ∨ Q) ∧ (R ∨ S).
As with the previous example, we can see this decomposition by reading
through the branches of the tree. Starting from the top and reading through
the tree downward, we can see that the wff (P ∨ Q) ∧ (R ∨ S) is true if the
following is the case: P ∨Q and R∨S are true, and these wffs are true if and
only if (1) P is true and R or S is true, or (2) Q is true and R or S is true.

4.2.3 Decomposition Rules

In the previous section, we considered how we might represent the decom-
position of a wff using two conventions: the stacking convention and the
branching convention. In this section, we will consider howwemight repre-
sent the decomposition of various wffs using rules for decomposition. The
set of rules for decomposition are known as the ``PL decomposition rules.''

In the previous section, we noted that when representing the decomposition
of the conjunction P ∧Q, we employ the stacking convention. This conven-
tion has us write P and Q directly under the bottom node of every branch
that descends from P ∧ Q. But this is true not merely for the conjunction
P ∧ Q but for any conjunction: any wff that has the form φ ∧ ψ. With this
in mind, let's formulate a rule for decomposing conjunctions in a truth tree.
We will call this rule the conjunction decomposition rule and abbreviate it as
∧D. In expressing this rule, we will use φ and ψ as variables for any wff and
we will write ∧D to the right of each wff that results from decomposing the
conjunction φ ∧ ψ. The conjunction decomposition rule is as follows:

φ ∧ ψ
φ
ψ

∧D
∧D

To illustrate the use of conjunction decomposition rule, let's consider the fol-
lowing tree:
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¬A ∧ ¬B
¬A
¬B

∧D
∧D

In the tree above, the ∧D is used to represent the decomposition of the con-
junction ¬A ∧ ¬B into the two simpler wffs ¬A and ¬B. The rightmost col-
umn indicates that the rule applied to¬A∧¬B is the conjunction elimination
rule.

A secondwff that we considered in an earlier section is P ∨Q. We noted that
when representing the decomposition of the disjunction P ∨ Q, we employ
the branching convention. This convention has us branch from the bottom
node of every open branch, writing the left disjunct P on the left branch and
the right disjunct Q on the right branch. But this way of branching applies
not merely to the disjunction P ∨ Q but to any disjunction. Similar then to
the rule for conjunction, let's formulate the following decomposition rule for
disjunctions. Just aswe called the decomposition rule for conjunctions ``con-
junction decomposition'', wewill call the decomposition rule for disjunctions
"disjunction decomposition" (abbreviating it as ∨D).

φ ∨ ψ

φ ψ ∨D

Just as we did with conjunction decomposition, let's provide an illustration
of the disjunction decomposition rule on a novel case. Consider the wff¬A∨
¬B. The disjunction decomposition rule applied to this wff is as follows:

¬A ∨ ¬B

¬A ¬B ∨D

In the tree above, the disjunction decomposition rule is applied to ¬A ∨ ¬B
to illustrate the decomposition of this wff into the two simpler wffs ¬A and
¬B. The rightmost column indicates that the rule applied to ¬A∨¬B is the
disjunction elimination rule.

How many decomposition rules are there? As there are nine different non-
literal wffs in PL. There are the wffs defined in terms of their operators:

1. conjunctions: φ ∧ ψ
2. disjunctions: φ ∨ ψ
3. conditionals: φ→ ψ
4. biconditionals: φ↔ ψ
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and then there are the negated versions of each one of the above wff types,
along with wffs that are doubly-negated:

5. negated conjunctions: ¬(φ ∧ ψ)
6. negated disjunctions: ¬(φ ∨ ψ)
7. negated conditionals: ¬(φ→ ψ)
8. negated biconditionals: ¬(φ↔ ψ)
9. double-negations: ¬(¬(φ))

For each of these nine, non-literal wff types, there is a corresponding de-
composition rule. First, there are the rules for conjunction decomposition
and negated conjunction decomposition:

φ ∧ ψ
φ
ψ

∧D
∧D

¬(φ ∧ ψ)

¬(φ) ¬(ψ) ¬ ∧D

Notice that conjunction decomposition is a stacking rule, negated conjunc-
tion decomposition is a branching. Second, there are the rules for disjunction
decomposition and negated disjunction decomposition:

φ ∨ ψ

φ ψ ∨D

¬(φ ∨ ψ)
¬(φ)
¬(ψ)

¬ ∨D
¬ ∨D

Again, it isworth noting thatwhile the disjunctiondecomposition rule branches,
the negated disjunction decomposition is a stacking rule. Third, there are the
rules for conditional decomposition andnegated conditional decomposition:

φ→ ψ

¬(φ) ψ → D

¬(φ→ ψ)
φ

¬(ψ)
¬ → D
¬ → D

In the case of biconditionals and negated biconditionals both the stacking
and branching conventions are used. This is because a biconditionalφ↔ ψ is
true provided v(φ) = v(ψ) and false otherwise. Therefore, the biconditional
is true not in a single scenario (so we won't use the stacking convention)
and not in three scenarios (so we won't use the branching convention), but
in two scenarios. To represent this, we branch a stack of φ and ψ under the
left branch (as φ↔ ψ is true provided both φ and ψ are true) and we branch
a stack of ¬(φ) and ¬(ψ) under the right branch (as ψ is true provided both
φ and ψ are false). The rules for biconditional decomposition and negated
biconditional decomposition are as follows:
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φ↔ ψ

φ
ψ

¬(φ)
¬(ψ)

↔ D
↔ D

¬(φ↔ ψ)

φ
¬(ψ)

¬(φ)
ψ

¬ ↔ D
¬ ↔ D

Finally, there is a decomposition rule for double-negations. The rule for
double-negation decomposition is as follows:

¬¬φ
φ ¬¬D

Let's illustrate the use of someof these rules. However, beforewedo this, let's
introduce two additional features to our construction of truth trees. First, we
will add a column on the left side of the tree that numbers each node of the
tree. Second, when citing the decomposition rule we used to obtain a new
node in the tree, we will not only cite the abbreviation of the decomposition
rule we used, but also the number of the wff to which that decomposition
rule is applied. What this means is that our truth trees moving forward will
always consist of three columns:

1. Leftmost column: for numbering the wffs,
2. Middle column: for nodes and branches,
3. Rightmost column: for justification of wffs

Let's consider some examples. Let's begin with the wff (R ∨ P ) ∧ (C ∧ D).
As this wff is a conjunction, I will start by writing down the wff, numbering
it in the left column, and writing ``P'' in the right column.

1. (R ∨ P ) ∧ (C ∧D) P

Next, as this wff is a conjunction, let's use ∧D on it. This is a stacking rule
and so we write the left conjunct on line 2 and the right conjunct on line
3. We then write ``1∧D'' in the right column to indicate that we used the
conjunction decomposition rule on line 1.

1.
2.
3.

(R ∨ P ) ∧ (C ∧D)
R ∨ P
C ∧D

P
1∧D
1∧D

Let's go ahead and decompose the disjunction R ∨ P . This is a branching
rule and so we will write the left disjunct on line 4 and the right disjunct on
line 4. We then write ``2∨D'' in the right column to indicate that we used the
disjunction decomposition rule on line 2.
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1.
2.
3.

4.

(R ∨ P ) ∧ (C ∧D)
R ∨ P
C ∧D

R P

P
1∧D
1∧D

2∨D

This leaves C ∧ D at line 3. At first glance, it might not be clear how to de-
compose this wff. Should you decompose it under the left branch, the right
branch, or both? The answer is that you should decompose it under both
branches. This is because whenever a wff is decomposed, it is always de-
composed under the bottom node of every open branch that descends from
thewffbeing decomposed. Since the left and right branch both descend from
C ∧D, this wff is decomposed under both branches.

1.
2.
3.

4.
5.
6.

(R ∨ P ) ∧ (C ∧D)
R ∨ P
C ∧D

R
C
D

P
C
D

P
1∧D
1∧D

2∨D
3∧D
3∧D

Next, let's consider the decomposition of (P ∧Q) → ¬¬S. To set up the tree,
write down the wff, number it in the left column, and write ``P'' in the right
column.

1. (P ∧Q) → ¬¬S P

Next, since this wff is a conditional, we will decompose it using the condi-
tional decomposition rule. To do this, we will write the decomposition rule
to the right of the wff and then write the wffs that result from the decompo-
sition of the conditional under the bottom node of every open branch that
descends from the conditional. In this case, there is only one open branch
that descends from the conditional. As such, we will write the decomposi-
tion of the conditional under the bottom node of this branch.

1.

2.

(P ∧Q) → ¬¬S

¬(P ∧Q) ¬¬S

P

→ D

Line 2 in the left branch is the wff ¬(P ∧ Q). This is a negated conjunction
and so to decompose it, we will use the negated conjunction decomposition
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rule (¬ ∧D). In contrast to the conjunction decomposition rule, which is a
stacking rule, ¬ ∧D is a branching rule.

1.

2.

3.

(P ∧Q) → ¬¬S

¬(P ∧Q)

¬P ¬Q

¬¬S

P

1 → D

2¬ ∧D

Finally, line 2 in the right branch is the wff ¬¬S. This is a double-negation
and so to decompose it, we will use the double-negation decomposition rule
(¬¬D). This is a stacking rule.

1.

2.

3.
4.

(P ∧Q) → ¬¬S

¬(P ∧Q)

¬P ¬Q

¬¬S

S

P

1 → D

2¬ ∧D
2¬¬D

In terms of justifying this rule, we cite line 2 and the ¬¬D rule.

Exercise 4.42

Using the decomposition rules, decompose the following wffs:
1. P ∧ ¬Q
2. P ∨ ¬Q
3. ¬(P ∧Q)
4. P → ¬Q
5. P ↔ Q

4.2.4 Fully Decomposed Branches

Branches are either fully decomposed or not fully decomposed. A branch
is fully decomposed if and only if every non-literal wff in the branch has
had a decomposition rule applied to it. In other words, a branch is fully
decomposedwhen everywff that can be decomposed has been decomposed.
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Definition 4.2.5: Fully decomposed branch

A PL-branch is fully decomposed when every non-literal wff in the
branch has had a decomposition rule applied to it. In other words,
when every wff that can be decomposed has been decomposed.

Let's illustrate a fully decomposed branch. Consider the following tree:

1. (P → S) → Q P

At this point, the tree consists of one branch and this branch is not fully de-
composed since it contains a non-literal wff that has not had a decomposition
rule applied to it. In other words, it contains a wff that has not yet been de-
composed. Let's decompose the wff by using → D. In addition, to indicate
that it has been decomposed, let's place a checkmark next to the wff after we
have applied the decomposition rule to it.

1.

2.

(P → S) → Q X

¬(P → S) Q

P

1→ D

Now the tree contains two branches. In the left branch, while we have de-
composed the wff at line 1, we have not decomposed ¬(P → S). This is a
non-literal that can be decomposed and so this branch is not fully decom-
posed. The right branch contains the wff Q. This is a literal wff and cannot
have a decomposition rule applied to it. Since line 1 is decomposed and Q
cannot be decomposed, the right branch is a fully decomposed branch.

Let's complete the decomposition of the left branch by applying the ¬ → D
rule to ¬(P → S). In addition, just like before, let's place a checkmark next
to the wff to indicate that it has been decomposed.

1.

2.
3.
4.

(P → S) → QX

¬(P → S)X
P
¬S

Q

P

1→ D
2¬ → D
2¬ → D

The left branch now contains two non-literal wffs that have had decomposi-
tion rules applied to them (lines 1 and 2) and two literal wffs. Since this is a
branch where every non-literal wff has had a decomposition rule applied to
it, this branch is fully decomposed.
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Exercise 4.43

Create a truth tree and decompose the following wff until all of the
branches in the tree are fully decomposed.

1. (A ∧ ¬B) ∧ (C → D)
2. ¬(A ∧ ¬B) ∨ (C → D)
3. ¬(A→ ¬B) → D
4. (A ∨B) → (B ∧ C)

4.2.5 Trees for sets of wffs

In previous illustrations, we considered how to create a truth tree where the
root node is a single wff. In this section, let's consider a tree where there are
multiple root nodes. Consider the following set of wffs: {P ∧Q,A ∨ B}. A
tree for {P ∧Q} is a diagram showingwhat "simpler" wffs are true if {P ∧Q}.
A tree for {P ∧Q,A∨B} is a diagram showing what "simpler" wffs are true
if P ∧ Q and A ∨ B are true. More generally, a tree for a set of wffs Γ is a
diagram showing what "simpler" wffs are true if all of the members of the
set Γ are true.

Since the tree for a set of wffs Γ is a diagram showing what "simpler" wffs
are true if all of the members of the set Γ are true, setting up the tree involves
stacking all of the wffs in the set Γ. In the case of {P ∧Q,A ∨B}, the initial
setup for the tree is the following:

1.
2.

P ∧Q
A ∨B

P
P

The decomposition of the tree then proceeds as usual, decomposing the wffs
at various nodes until wffs can no longer be decomposed.

Let's consider onemore illustration. Consider the following set ofwffs {¬A,A∨
(B ∧ C), C → ¬D}. Setting up the tree involves stacking each of the wffs as
follows:

1.
2.
3.

¬A,
A ∨ (B ∧ C)
C → ¬D

P
P
P

Notice that each member of the set is placed in a single column and each is
labeled with "P" for "provided" or "proposition".
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Exercise 4.44

Create a truth tree and decompose the following wffs until all of the
branches in the tree are fully decomposed. In cases where there are
multiple wffs, simply stack each wff, number it, and justify it with
``P''.

1. A,A ∧ ¬B
2. A ∧B,¬(A ∨B)
3. ¬A ∧B,P ∨ ¬Q
4. P → Q,P ↔ Q
5. ¬(A→ B),¬(A↔ B)
6. ¬¬A, (A ∨B) → C
7. ¬B → C, (A ∧B) → (C ∨B)
8. ¬A ∨ ¬B,¬(A ∧B) ∧ C,¬A↔ B

4.2.6 Completed Open Branches

Earlier we defined a closed branch as a branch that contains a wff φ and
its literal negation ¬(φ). In contrast, an open branch was defined as branch
that has not been closed. We can now define a completed open branch. A
completed open branch is a branch that is open and fully decomposed.

Definition 4.2.6: Completed Open Branch (COB)

A completed open branch (COB) is a fully decomposed branch that
is not closed. That is, it is a fully-decomposed branch that does not
contain a wff P and its literal negation ¬(P ).

To illustrate, let's consider a tree we considered in the prior section:

1.

2.
3.
4.

(P → S) → QX

¬(P → S)X
P
¬S

Q

P

1→ D
2¬ → D
2¬ → D

This tree contains two branches. The left branch is fully decomposed and
open: (1) each wff that can be decomposed has been decomposed and (2)
there is not a wff φ and its literal negation ¬(φ) in the branch. As such, it
is a completed open branch. The right branch is also fully decomposed and
open. As such, it is also a completed open branch.
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Let's consider another example. Consider the following tree:

1.
2.
3.
4.
5.
6.

P ∧R X
M ∧ ¬P X

P
R
M
¬P
⊗
3,6

P
P
1 ∧D
1 ∧D
2 ∧D
2 ∧D

In this tree, each wff that can be decomposed has been decomposed. The
single branch of the tree is therefore a fully decomposed branch. However,
the branch is not open (it is closed) as there is a wff φ and its literal negation
¬φ in the branch. Namely, P and its literal ¬P are in the branch. Therefore,
the branch is a closed branch rather than a completed open branch.

4.2.7 Completed Open Trees and Closed Trees

Now that we have defined and illustrated the difference between a closed
branch and a completed open branch, let's define a closed tree and a com-
pleted open tree. Once a tree is fully decomposed, the tree is either a com-
pleted open tree or a closed tree (not both and not neither). A completed
open tree is a tree containing at least one completed open branch.

Definition 4.2.7: Completed Open Tree

A tree is a completed open tree if and only if it has at least one com-
pleted open branch. That is, a tree is a completed open tree if and only
if it contains at least one fully decomposed branch that is not closed.
A completed open tree is a tree where there is at least one branch that
has an O under it.

A closed tree is a tree containing only closed branches.

Definition 4.2.8: Closed Tree

A tree is closed when all of the tree’s branches are closed. A closed
tree will have an ⊕ under every branch.

Let's consider some examples of completed open trees and closed trees. First,
let's consider a tree we considered earlier:
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1.

2.
3.
4.

(P → S) → QX

¬(P → S)X
P
¬S

Q

P

1→ D
2¬ → D
2¬ → D

In our discussion of the completed open branch branch, we noted that this
tree contains two completed open branches: both branches are fully decom-
posed and neither contains a wff φ and its literal negation ¬(φ). Since this
tree contains at least one completed open branch, it is a completed open tree. In
contrast, consider the following tree:

1.
2.
3.
4.
5.
6.

P ∧R X
M ∧ ¬P X

P
R
M
¬P
⊗
3,6

P
P
1 ∧D
1 ∧D
2 ∧D
2 ∧D

When discussing this tree earlier, we noted that the single branch of this tree
is closed. Since all of this tree's branches are closed, it is a closed tree. Let's
consider a third example. Consider the following tree:

1.
2.
3.
4.
5.

6.

(¬P → Q) ∧ ¬(P ∨Q)X
¬P → QX
¬(P ∨Q) X

¬P
¬Q

¬¬P
⊗
4,6

Q
⊗
5,6

P
1 ∧D
1 ∧D
3¬ ∨D
3¬ ∨D

2 → D

Notice that this tree contains two branches. The left branch is closed as it
contains awff¬¬P and its literal negation¬P . The right branch is also closed
as it contains a wff Q and its literal negation ¬Q. Since all of the branches in
this tree are closed, this tree is a closed tree.
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Exercise 4.45

Use the truth tree method to determine whether the following set of
wffs produces a completed open tree or a closed tree.

1. A ∧ (¬A ∧B)
2. A ∧ ¬(A ∨B)
3. A ∧B,¬(A→ B)
4. A ∨B,¬A ∧ ¬B
5. ¬(A→ B),¬(A↔ B)
6. A→ ¬(¬A ∧B),¬¬B ∨ C

4.3 Decomposition Strategies

Before examining how truth trees can be used to determine various logical
properties, it is worth discussing some strategies for decomposing trees. By
"strategy" I mean a rule of thumb for producing smaller trees. One caveat.
It is not necessary to employ strategies for decomposing PL trees. You can
randomly pick wffs to decompose and, in the end, you will have a tree that
will be a completed open tree or a closed tree. You also can use said tree
to determine the relevant logical properties that trees are used to test for.
However, employing strategies can make the decomposition of trees more
efficient (i.e., simpler trees are produced). Here are three strategic rules for
decomposing trees:

1. Use only the decomposition rules you need to determine if the tree is
a completed open tree or a closed tree.

2. Use rules that close branches.
3. Use stacking rules before branching rules.

Let us illustrate with some examples where these rules are applied. First, if
the goal in decomposing a truth tree is to determine whether the tree is a
completed open tree or a closed tree, then it is not necessary to decompose
every wff in the tree. This is the case for two reasons. First, if a branch is
closed, then all branches that descend from that branch are closed. Further
decomposition of the branch would not change the fact that the branch is
closed. Let's illustrate this with an example. Consider the following decom-
position of the wff ((A ∨B) ∧ (R ∨ ¬S)) ∧ (P ∧ ¬P ).

1.
2.
3.

((A ∨B) ∧ (R ∨ ¬S)) ∧ (P ∧ ¬P )X
(A ∨B) ∧ (R ∨ ¬S)

P ∧ ¬P

P
1 ∧D
1 ∧D

Suppose we decompose line 3 involving P ∧ ¬P .
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1.
2.
3.
4.
5.

((A ∨B) ∧ (R ∨ ¬S)) ∧ (P ∧ ¬P ) X
(A ∨B) ∧ (R ∨ ¬S) X

P ∧ ¬P
P
¬P

P
1 ∧D
1 ∧D
3 ∧D
3 ∧D

At this point in the tree, we might try to decompose the remaining wffs by
decomposing line 2 and then decomposing the disjunctions that result from
that decomposition. But, this further decomposition is unnecessary since all
branches that descend from line 5 will also be closed as they will contain the
wffs P and ¬P in them. As such, this tree is a closed tree.

Second, recall that a completed open tree is defined as a tree with at least one
completed open branch. What this means then is that as soon as the tree has
a single completed open branch, we have enough information to determine
that the tree is a completed open tree. For this reason, it is not necessary to
decompose every wff in the tree to determine if a tree is a completed open
tree. To illustrate, consider the following tree:

1.

2.

A ∨ (P → (¬¬Q ∨ S))X

A P → (¬¬Q ∨ S)

P

1 ∨D

At this point in the tree, there is enough information to determine whether
the tree is a completed open tree or a closed tree. Notice that the the left
branch of the tree is fully decomposed and there is not a wff φ and its literal
negation ¬φ in the branch. As such, the left branch is a completed open
branch. Since the tree contains at least one completed open branch, it is a
completed open tree. Even though the right branch is not fully decomposed,
it is thus not necessary to decompose the right branch of the tree to determine
if the tree is a completed open tree or a closed tree since the left branch is
sufficient for making this determination.

The second strategic rule is try to use rules that close branches rather than
rules that do not close branches. The rationale behind this rule is when a
wff is decomposed, it must be decomposed under every open branch that
descends from that wff. Therefore, whenever it is possible to use a rule that
closes a branch, there are fewer branches in which a wff must be decom-
posed. To illustrate, we can consider the previous example in this section,
where we choose to decompose the conjunction P ∧¬P rather than the con-
junction (A∨B)∧ (R∨¬S). In making this decision, we chose to decompose
a wff that closes a branch rather than a wff that keeps a branch open. How-
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ever, let's consider another example for further illustration. Consider the
following tree:

1.
2.
3.

4.

5.

P X
P ∨QX
P → Q

P

¬P Q

Q

¬P Q

P
P
P

2 ∨D

3 → D

Notice thatwith this tree, P∨Q at line 2 is decomposed first, and thenP → Q
at line 3 is decomposed. Notice that in decomposing the disjunction before
the conditional, both branches are kept open. In contrast, consider the fol-
lowing tree where P → Q is decomposed before P ∨Q:

1.
2.
3.

4.

5.

P X
P ∨QX
P → QX

¬P
⊗
1, 4

Q

P Q

P
P
P

3 → D

2 ∨D

Notice that since the conditional is decomposed is decomposed first, this
results in closing the left branch. Since the left branch is closed, we are not
required to decompose the disjunction under this branch. Instead, it only
must be decomposed under the right branch. As a result, we obtain a smaller
tree.

The third and final strategic rule is that more efficient trees are produced by
using stacking rules before branching rules. Or, more simply ``stack before
you branch''. The rationale behind this rule is that since branching rules
create branches andwhenwffs are decomposed, they are decomposed under
every open branch that descends from that wff, by creating more branches,
one creates more open branches in which that wffs must be decomposed.
On the other hand, stacking rules do not increase the number of branches in
a tree. To illustrate, compare the trees in Tree 4.1 and Tree 4.2. In Tree 4.1,
a branching rule is employed before a stacking rule. In contrast, in Tree 4.2,
a stacking rule is employed before a branching rule. While the number of
lines in each tree is the same, notice that the "stack first tree" (Tree 4.2) has
fewer nodes than the ``branch first tree'' (Tree 4.1).
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1.
2.

3.
4.
5.
6.
7.

R ∧ (P ∧M)X
C ∨D X

C
R

P ∧M
P
M

D
R

P ∧M
P
M

P
P

1 ∨D
1 ∧D
1 ∧D
3 ∧D
3 ∧D

Tree 4.1: Branch first tree

1.
2.
3.
4.
5.
6.

7.

R ∧ (P ∧M)X
C ∨D X

R
P ∧M
P
M

C D

P
P
1 ∧D
1 ∧D
3 ∧D
3 ∧D

2 ∨D
Tree 4.2: Stack first tree

In short, while the use of the strategic rules is not necessary, tidier trees can
sometimes be produced by employing the strategic rules for decomposition.
To create these more economical trees, one can try to use no more rules than
needed to determine if the tree is a completed open tree or a closed tree, use
rules that close branches rather than those that keep them open, and use
stacking rules before branching rules.

Exercise 4.46

Use a truth tree method and various strategies for simplifying truth
trees to determine if the tree is a completed open tree or a closed tree.

1. A ∨B,¬A ∧ ¬B
2. P → ¬P,A ∨ ¬(B ∧ C)
3. A ∧ ¬B,B,C → Q
4. P ∨ (Q ∨R), P ∧ ¬P
5. P ∨Q,A ∧ ¬A,B → C
6. (P ∨ P ) ∧ (R ∧ ¬R), S ↔ T, P ∨M
7. (P ∧Q) ∧R,M ∨ (Q ∨ ¬R)

4.4 Analyzing Truth Trees

Truth trees can be used to determine various logical properties about wffs,
sets of wffs, and arguments. Using truth trees to do this requires that you (1)
set up the tree in a specific way to test for a specific property (you can’t just
stack the wffs in every instance), (2) decompose the tree using decomposi-
tion rules to a pointwhere it is a closed or completed open tree, and (3) know
what logical property is associatedwith the fact that the tree is closed or com-
pleted and open. Similar to how we used truth tables to determine whether
a wff is a tautology, contradiction, or contingent, whether a set of wffs is con-
sistent or inconsistent, and whether an argument is valid or invalid, in this
section, we will use the truth tree method to determine these same logical
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properties. But, first, let's consider what a completed open branch tells us
about the wffs in that branch.

4.4.1 Recovering an Interpretation

What does a closed and a completed open branch tell us about the wffs in
the branch? First, recall that the decomposition of a wff φ is a way to repre-
sent the wff or wffs that are true if φ to be true. For example, consider the
decomposition of P ∧Q using ∧D. This decomposition tells us that if P ∧Q
is true, then both P andQmust be true. Second, a fully decomposed branch
is a branch where every wff in the branch has been decomposed into literal
wffs, i.e., atomic wffs and negated atomic wffs. Thus, a fully decomposed
branch is a way to represent the truth conditions of the wffs in the branch.
For example, consider the tree below:

1.
2.
3.
4.
5.
6.

P ∧R X
¬M ∧ P X

P
R
¬M
P

P
P
1 ∧D
1 ∧D
2 ∧D
2 ∧D

There is a single branch in the tree. Since the branch is fully decomposed,
the fully decomposed branch can be read as saying the following:

If the literal wffs P,¬M,R are true, then all of the wffs in the
branch, including the root wffs {(P ∧R,¬M ∧ P )} are true.

Third, since the above remark is true, it appears that we can obtain an inter-
pretation that would make all of the wffs in the branch true. To do this, we
would assign T to the propositional letters in atomicwffs and F to the letter in
negated atomic wffs. For example, in the above example, we would assign
T to P,R, and F to M . Notice that we could use this interpretation of the
propositional letters and a truth table to show that the wffs in the branch are
true. For example, consider the truth table below for the wffs P ∧R,¬M ∧P .

P R M P ∧ R ¬ M ∧ P

T T F T T T T F T T

However, just because it is true that "if the literal wffs in the branch are true,
all of the wffs in the branch are true" does not mean that we can always
specify an interpretation of the propositional letters that would make all of
the wffs in the branch true. To see why consider the following tree (one very
similar tree to the one we just considered):
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1.
2.
3.
4.
5.
6.

P ∧R X
¬M ∧ ¬P X

P
R
¬M
¬P
⊗
3,6

P
P
1 ∧D
1 ∧D
2 ∧D
2 ∧D

Notice that in this tree, there is also a single branch that is fully decomposed.
Since the branch is fully decomposed, the fully decomposed branch can be
read as saying the following:

If the literal wffs P,¬M,R,¬P are true, then all of the wffs in the
branch, including the root wffs {(P ∧R,¬M ∧ ¬P )}.

However, notice that there is no interpretation of the propositional letters that
would make all of the wffs in the branch true. This is because if P ∧ R and
¬M ∧ ¬P is true, then there is an interpretation where P and ¬P must be
true. But, this would mean that I (P ) = T and I (P ) = F . Since this is not
possible, there is no interpretation of the propositional letters that would
make all of the wffs in the branch true.

What does all of this tell us? First, it tells us that if a tree contains a completed
open branch (a branch that does not contain a wff φ and its negation ¬(φ)),
then there is an interpretation of the propositional letters that makes each of
the wffs in the branch true. Second, it tells us that if the tree is closed, then
there will be a wff φ and its literal negation ¬(φ) and there will not be an
interpretation of the propositional letters that makes each of the wffs in the
branch true.

Let's consider another example. The following tree decomposes (P ∧ R) ∧
(¬M ∨ ¬P ):

1.
2.
3.
4.
5.

6.

(P ∧R) ∧ (¬M ∨ ¬P ) X
P ∧R X

¬M ∨ ¬P X
P
R

¬M ¬P
⊗
4,6

P
1∧D
1∧D
2 ∧D
2 ∧D

3 ∨D
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In the above tree, the left branch is a completed open branch. To construct
an interpretation from this branch, list all of the literal wffs in the branch.
These literal wffs are the following: P,R,¬M . Next, for each unnegated
literal wff, assign the corresponding propositional letter a value of T, while
for each negated literal wff, assign the corresponding propositional letter a
value of F.

1. Since P , I (P ) = T
2. Since R, I (R) = T
3. Since ¬M , I (M) = F

To check that this interpretation makes all of the wffs in the branch true, we
can, of course, construct a truth table using this interpretation. But, let's not
construct the entire table. If our process for extracting an interpretation from
a completed open branch of a truth tree works, then (P ∧R)∧ (¬M ∨¬P ) is
true in any interpretation where I (P ) = T,I (R) = T,I (M) = F .

M P R P ∧ R ¬ M ∨ ¬ P
F T T T T T T F T F T

Notice that in the above table, when I (P ) = T,I (R) = T,I (M) = F , the
wffs P ∧R,¬M ∨ ¬P are both true.

Exercise 4.47

Use a truth tree to determine whether the tree is a completed open
tree or a closed tree. If the tree is a completed open tree, construct an
interpretation (an assignment of truth values to propositional letters)
thatwouldmake all of thewffs in the branch true. If the tree is a closed
tree, explain why there is no interpretation that would make all of the
wffs in the branch true.

1. P ∧ ¬P
2. P ∨ ¬P
3. P ∧Q,Q ∧R
4. P ∨ ¬Q,R ∧ S
5. P ∧ ¬Q,Q ∧ ¬R
6. ¬(P ∨Q), R ∨Q
7. ¬(P → Q), S ∨ T, P → Q
8. P ∨ ¬Q,S ↔ P,¬S

4.4.2 Consistency

Recall the definition of PL-consistency from chapter 3.
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Definition 4.4.1: PL-Consistent

A non-empty set of wffs {φ1, φ2, . . . , φn} is PL-consistent if and only
if each wff in {φ1, φ2, . . . , φn} is true under at least one interpretation.

A truth tree can be used to determine whether a set of wffs is PL-consistent.
Since, a completed open branch tells us that there is an interpretation that
would make all of the wffs in the branch true, if a tree has a completed open
branch, then the set of wffs in the branch is PL-consistent. What this means
is that if we stack each member of the set at the top of our tree, decompose
thewffs, and determine that the branch is a completed open branch, the nthe
collection of wffs at the top of the tree is consistent.

Definition 4.4.2: Truth-Tree Test for Consistency

A truth tree shows that a set of wffs {φ1, φ2, . . . , φn} is PL-consistent
if there is at least one completed open branch for a tree whose root
wffs are: φ1, φ2, . . . , φn. If such a tree is closed, then {φ1, φ2, . . . , φn}
is inconsistent.

In other words, to test whether a set of wffs {A,B,C} is consistent, start by
creating a tree where A, B, and C, are put in the initial stack (root wffs).
Next, decompose the tree. If the tree contains at least one completed open
branch, then the tree test determines the set {A,B,C} to be consistent. If the
tree does not contain at least one completed open branch (the tree is closed),
then the tree test determines the set {A,B,C} to be inconsistent.

Let's illustrate the use of the truth-tree test for consistency. Suppose wish to
test whether the set {P ∨Q,Z ∨R} is consistent or inconsistent. In prior tree
decompositions, we have examined the decomposition of single wffs. But,
in this case, we have a set of wffs containing more than one element. To set
up this test, we start by writing each wff in the set on its own line. In other
words, we stack the wffs in the set, numbering each wff, and justifying each
with ``P'' as it is a provided wff.

1.
2.

P ∨Q
Z ∨R

P
P

The reason for setting up the tree in this way is because what we want to test
whether there is an interpretation that would make both P ∨ Q and Z ∨ R
true. As such, we employ the stacking convention to indicate that we are
testing whether there is an interpretation that would make both P ∨ Q and
Z ∨R true.
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With the tree setup, the next step is to decompose the wffs in the tree. Since
both wffs are disjunctions, the ∨D rule is employed twice, first on line 1 and
then on line 2. Since both branches are open after the first use of ∨D, the
second use of ∨D decomposes the wff at line 2 under both branches. The
tree is found to have a total of four open branches, but a single completed
open branch is sufficient for demonstrating that the set of wffs in the stack is
consistent.

1.
2.

3.

4.

P ∨Q X
Z ∨R X

P

Z R

Q

Z R

P
P

1 ∨D

2 ∨D

Next, we analyze or ``read'' the tree by examining whether the tree has at
least one completed open branch. Since it does, the truth-tree test reveals
that {P ∨Q,Z ∨R} is consistent. Per the definition of consistency, there is at
least one interpretation of P,Q, andZ that wouldmakeP ∨Q andZ∨R true.
Using the leftmost branch, and the method of obtaining that interpretation
from a completed open branch results in the following: I (P ) = T,I (Z) =
T . Propositional letters in the set being tested but do not appear as literals in
the branch may be assigned any truth value. For example, sinceR andQ are
found as subformulas in the leftmost branch but do not appear as literals, R
and Qmay be interpreted as T or F, e.g., I (R) = TI (Q) = T .

If a tree does not have at least one completed open branch, the tree method
determines the set of wffs being tested to be inconsistent. In other words, if
the tree is a closed tree, the set of wffs is inconsistent. For example, consider
the truth tree below:

1.
2.
3.
4.
5.

6.

¬(S → T )X
¬¬(¬S ∨ T ) X

¬S ∨ T X
S
¬T

¬S
⊗
4,6

T
⊗
5,6

P
P
2¬¬D
1¬ → D
1¬ → D

3 ∨D

Starting from the base of the tree, notice that there is a wff P and its literal
negation ¬(P ) in both branches. In the left branch, there is ¬S and S while
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in the right branch there is T and ¬T . As such, there is no way coherent
interpretation of the propositional letters would make {¬(S → T ),¬¬(¬S ∨
T )} true. Thus, the tree method determines that {¬(S → T ),¬¬(¬S ∨T )} is
inconsistent.

Exercise 4.48

Using the truth-tree method, determine whether the following sets of
wffs are consistent or inconsistent.

1. P,¬P
2. ¬P ∧Q,Q ∧ ¬R
3. P → Q,P,¬Q
4. P ∨ ¬Q,Q ∨ ¬P
5. ¬¬(P ∨Q), P ∨Q
6. P → Q,Q→ ¬P
7. P
8. P ∨ ¬Q,S ↔ P,¬S
9. ((P ∧Q) ∧ S), (S ∧ ¬Q) ∨ ¬S

10. ¬(P → Q),¬(R ∨Q) ∨ S

4.4.3 Tautology, Contradiction, Contingency

In chapter 3, we learned that a wff φ is a PL-tautology if and only if φ is true
under every interpretation, a PL-contradiction if and only if φ is false under
every interpretation, and a PL-contingency if and only if φ is neither always
false under every interpretation nor always true under every interpretation.
Truth trees can be used to determine whether a wff is a PL-tautology, PL-
contradiction, or PL-contingency.

Definition 4.4.3: Truth-Tree Test for Contradiction

A truth tree shows that φ is a PL-contradiction if a tree of the stack of
φ determines a closed tree.

Definition 4.4.4: Truth-Tree Test for Tautology

A truth tree shows that φ is a PL-tautology if a tree of the stack of ¬(φ)
determines a closed tree.
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Definition 4.4.5: Truth-Tree Test for Contingency

A truth tree shows that φ is a contingency if a tree of φ does not de-
termine a closed tree and a tree of ¬(φ) does not determine a closed
tree.

Let's consider some examples. Suppose we wish to test whether P ∨ ¬P
is a contradiction, tautology, or contingency. There are two tests: the test
for contradiction and the test for tautology. The test to see whether P ∨ ¬P
involves setting up the tree by writing P ∨¬P at line 1, decomposing it, and
then checking to see if the tree is a closed tree or a completed open tree. If
the tree is closed, then there is no interpretation such that P ∨ ¬P is true,
and so P ∨ ¬P is a contradiction (as it is false under every interpretation).
If the tree is a completed open tree, then there is at least one interpretation
such that P ∨ ¬P is true, then it is the wff is not a contradiction. If it is not
a contradiction,t hen P ∨¬P is either a contingency (true under at least one
interpretation and false under at least one interpretation) or tautology (true
under every interpretation).

1.

2.

P ∨ ¬P X

P ¬P

P

1 ∨D

Notice that the contradiction test for P ∨¬P reveals that there is at least one
completed open branch and so this wff is not a contradiction.

To test to see whether P ∨ ¬P is a tautology, the tree is set up by creating a
tree where the root node is the literal negation of P ∨ ¬P . In this case, the
root node would be ¬(P ∨ ¬P ). From there, the wff is decomposed. If the
tree is a closed tree, then there is no interpretation where v(¬(P ∨¬P )) = T .
But, if that is the case, then v(P ∨ ¬P ) = T for every interpretation. Hence
P ∨ ¬P would be a tautology. However, if the tree is not a closed tree, then
there is at least one interpretationwhere v(¬(P ∨¬P )) = T . But, if that is the
case, then v(P ∨ ¬P ) = F for at least one interpretation. Hence, P ∨ ¬P is
not a tautology. And, if we show that P ∨¬P is neither a contradiction nor a
tautology, then it is a contingency. Let's test P ∨¬P to see if it is a tautology.

1.
2.
3.

¬(P ∨ ¬P ) X
¬P
¬¬P
⊗
2,3

P
1¬ ∨D
1¬ ∨D
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The tree for ¬(P ∨ ¬P ) is closed. Again, this tells us that there is no inter-
pretation such that ¬(P ∨ ¬P ) is true. And, if that is the case, then there is
no interpretation that would make P ∨ ¬P false. And, if there is no inter-
pretation that would make P ∨ ¬P false, then P ∨ ¬P is true under every
interpretation. Hence, P ∨ ¬P is a tautology.

Let's consider another example. Suppose we wish to test whether P ∧¬P is
a tautology, contradiction, or contingency. As mentioned before, the setup
is important. We can set up the tree to test for tautology or contradiction. If
we wish to test whether a wff is a contradiction, we stack the wff itself. In
our example, we would write P ∧ ¬P at line 1. If we wish to test whether a
wff is a tautology, we stack the literal negation of the wff. In our example,
we would write ¬P ∧ ¬P at line 1. In our example, let's test P ∧ ¬P to see
if it is a contradiction. If it is not a contradiction, then it is a tautology or
contingency, and we can then use the test for tautology to determine which
one of the two it is.

1.
2.
3.

P ∧ ¬P X
P X
¬P
⊗
2,3

P
1 ∧D
1 ∧D

Notice that our tree produces a closed tree. Since P ∧ ¬P produces a closed
tree, the tree test determines that P ∧ ¬P is a contradiction (P ∧ ¬P is false
under every interpretation of P ). The reason this works is more straightfor-
ward than why the tree method works for tautology. Since the tree is closed,
there is no interpretation that would make P ∧ ¬P true. And, if there is no
interpretation that would make P ∧¬P is true, then P ∧¬P is, by definition,
a contradiction.

Next, let's consider an examplewherewe test whether a wff is a contingency.
Suppose we wish to test whether P ∨ ¬Q is a tautology, contradiction, or
contingency. As mentioned before, the setup is important. We can set up
the tree to test for tautology or contradiction. If we wish to test whether a
wff is a contradiction, we stack thewff itself. In our example, wewouldwrite
P ∨¬Q at line 1. If we wish to test whether a wff is a tautology, we stack the
literal negation of the wff. In our example, we would write ¬(P ∨ ¬Q) at
line 1. Note that it is a somewhat common mistake to write either ¬P ∨Q or
¬P ∨¬Q at line 1. This is not the literal negation of P ∨¬Q and so would not
be the correct setup for testing whether a wff is a tautology. In our example,
let's start by testing P ∨Q to see if it is a contradiction. If it is a contradiction,
then no more trees are needed. If it is not a contradiction, then it is either a
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tautology or contingency. If it is a tautology, then we are done. However, it
is neither a contradiction nor a tautology, then, by process of elimination, it
is a contingency.

First, let's test whether P ∨¬Q is a contradiction. To do this, we stack P ∨¬Q
at line 1. Next, we decompose the tree using the ∨D rule. Using this rule
produces a completed open tree (Tree 4.3). Since P ∨ ¬Q is not a contra-
diction, we can use the test for tautology to determine whether P ∨ ¬Q is a
tautology or contingency. To do this, we stack ¬(P ∨¬Q) at line 1. Next, we
decompose the tree using the ¬ ∨ D rule. Using this rule also produces a
completed open tree (Tree 4.4). Since ¬(P ∨¬Q) is not a tautology, then, by
process of elimination, P ∨ ¬Q is a contingency.

1.

2.

P ∨ ¬QX

P ¬Q

P

1 ∨D
Tree 4.3: Contradiction test

1.
2.
3.

¬(P ∨ ¬Q)X
¬P
Q

P
1¬ ∨D
1¬ ∨D

Tree 4.4: Tautology test

The examples that we have considered thus far have been relatively straight-
forward. Perhaps you were able to determine whether the wff was a tautol-
ogy, contradiction, or contingency simply by looking at the wff and without
the help of a truth tree. However, this will not always be the case. For some
large wffs or wffs with complex structure, it may not be immediately obvi-
ous whether the wff is a tautology, contradiction, or contingency. Consider
the wff (P → Q) ∨ (P → ¬Q). Translated into pseudo-English, this wff
can be read as saying ``If P, then Q or if P, then not-Q''. If ``P'' stands for ``it
is snowing'' and "Q" stands for "the ground is wet", then this sentence says
something to the effect of ``If it is snowing, then the ground is wet or if it is
snowing, then the ground is not wet''. Is this sentence a tautology, contradic-
tion, or contingency? For some, it is not immediately obvious. However, we
can use the truth-tree method to determine whether this wff is a tautology,
contradiction, or contingency.

Let's begin by testing the wff to see if it is a contradiction. Start by writing
the wff at line 1 of the tree. Next, decompose the tree using the ∨D rule,
followed by the → D rule. The tree is as follows:
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1.

2.

3.

(P → Q) ∨ (P → ¬Q) X

P → QX

¬P Q

P → ¬QX

¬P ¬Q

P

1 ∨D

2 → D

The left branch of the above tree is a completed open branch. Since this com-
pleted open branch tells us that there is an interpretation such that (P →
Q)∨ (P → ¬Q) is true, it follows that this wff is not a contradiction. The wff
then is either a tautology or contingency.

Since the wff is either a tautology or a contingency, let's test the wff to see if
it is a tautology. To do this, we stack ¬((P → Q)∨ (P → ¬Q)) at line 1. Next,
we decompose the tree using the ¬ ∨ D rule. This rule gives us ¬(P → Q)
and ¬(P → ¬Q) on lines 2 and 3, respectively. Finally, we complete the tree
by using ¬ → D on both of these lines.

1.
2.
3.
4.
5.
6.
7.

¬((P → Q) ∨ (P → ¬Q))X
¬(P → Q) X
¬(P → ¬Q) X

P
¬Q
P

¬¬Q
⊗
5,7

P
1¬ ∨D
1¬ ∨D
2¬ → D
2¬ → D
3¬ → D
3¬ → D

The tree above is a closed tree. What this indicates is that there is no inter-
pretation where ¬((P → Q) ∨ (P → ¬Q)) is true. It follows then that this
wff is false under every interpretation. However, if this wff is false under
every interpretation, then the unnegated version of this wff is true under ev-
ery interpretation. And so, according to the truth-tree test for tautology, this
means that (P → Q) ∨ (P → ¬Q) is a tautology.

To conclude this section, one final question concerning this test is the fol-
lowing: if all the branches in a tree for φ are open, doesn't this tell us φ is a
tautology? For example, were we to decompose P → P , the resulting tree
would have two branches and both would be open. However, this is not the
casewith everywff. For example, consider thewff P → Q. This wff is clearly
not a tautology but decomposing it yields a tree with two branches, both of
which are open.
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Exercise 4.49

Using the truth tree method, determine whether the following wffs
are PL-tautologies, PL-contradictions, or PL-contingencies.

1. P ∧ ¬P
2. P ∨ ¬P
3. P → P
4. P ↔ ¬P
5. P ∧ (Q→ P )
6. P ∨ (Q→ P )
7. P → (Q→ ¬P )
8. (P ∨Q) ∧ (¬P ∨ ¬Q)
9. (P → Q) ↔ ¬(P ∧ ¬Q)

4.4.4 Equivalence

In chapter 3, we learned that a set of wffs Γ is said to be PL-equivalent if
and only if the wffs in Γ have identical truth values under every interpre-
tation. Concern for equivalence typically emerges when there is a question
of whether two wffs φ and ψ are equivalent. With this in mind, our focus in
this section will be on how to use the truth-tree method to determine if two
wffs φ, ψ are PL-equivalent.

Definition 4.4.6: Truth-Tree Test for Equivalence

A truth tree shows that φ andψ are PL-equivalent if a tree of¬(φ↔ ψ)
determines a closed tree. Otherwise, the tree shows that φ and ψ are
not PL-equivalent.

The general procedure for using the truth-tree test for equivalence is as fol-
lows: to test whether two wffs φ and ψ are PL-equivalent, start by stacking
¬(φ ↔ ψ) at line 1. Next, decompose the tree using the ¬ ↔ D rule. After
that, decompose the wffs in the tree until it is determined that the tree is a
completed open tree or the tree is closed. If the tree is closed, then φ and
ψ are PL-equivalent. If the tree is a completed open tree, then φ and ψ are
PL-equivalent.

Let's illustrate the use of the truth-tree test for equivalence. We will start
with the simple example of testing whether A and ¬¬A are PL-equivalent.
To do this, begin by stacking ¬(A ↔ ¬¬A) at line 1. Next, decompose the
tree using the ¬ ↔ D rule. Since the ¬ ↔ D rule involves both branching
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and stacking, the use of this rule gives usA and¬¬¬A on the left branch, and
¬A and ¬¬A on the right branch. Next, we decompose the wffs in the tree.
The right branch is closed and so there is no further work that needs to do
be done with it. The left branch is open and so it is necessary to decompose
the triply negated ¬¬¬A using the ¬¬D rule. After using this rule, the left
branch now is closed.

1.

2.
3.
4.

¬(A↔ ¬¬A) X

A
¬¬¬A
¬A
⊗
2,4

¬A
¬¬A
⊗
2,3

P

1¬ ↔ D; 2¬¬D
1¬ ↔ D; 2¬¬D
3¬¬D

In examining the tree above, we see that the tree is a closed tree. Since the
tree is a closed tree, the truth-tree method contends that A and ¬¬A are PL-
equivalent. That is, that A and ¬¬A have identical truth values under every
interpretation.

Next, let's consider a slightlymore complicated example since it likely seemed
obvious that A and ¬¬A are logically equivalent. Consider whether P → Q
and P ∨ Q are PL-equivalent. To begin, stack ¬(P → Q ↔ P ∨ Q) at line
1. Next, decompose the tree using the ¬ ↔ D rule. The rule involves stack-
ing and branching. The left branch consists of P → Q and ¬(P ∨ Q), while
the right branch consists of ¬(P → Q) and P ∨Q. Next, we decompose the
remaining wffs in the tree until we can determine whether it is a completed
open tree or a closed tree. On the left branch, ¬∨D is a stacking rule, let's ap-
ply this rule to ¬(P ∨Q). We can finish the decomposition of the left branch
by decomposing the conditional P → Q. On the right branch, ¬ ∨ D is a
stacking rule, let's apply this rule to P ∨ Q. We can finish the decomposi-
tion of the right branch by decomposing the negated conditional ¬(P → Q).
The tree is a closed tree. Since the tree is a closed tree, the truth-tree method
contends that P → Q and P ∨Q are not PL-equivalent. That is, that P → Q
and P ∨Q do not have identical truth values under every interpretation.
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1.

2.
3.
4.
5.

6.

¬((P → Q) ↔ (P ∨Q))X

P → Q
¬(P ∨Q)

¬P
¬Q

¬P Q

¬(P → Q)
P ∨Q
P
¬Q

P Q
⊗
5,6

P

1¬ ↔ D
1¬ ↔ D
1¬ ↔ D; 2¬ → D
3¬ ∨D; 2¬ → D

2 → D; 2 ∨D; 2 ∨D

Since the tree test shows that P → Q and P ∨ Q are not PL-equivalent and
this tree has at least one completed open branch, it is possible to specify an
interpretation where the truth values of P → Q and P ∨ Q are not identi-
cal. To do this, select a completed open branch. We will use the leftmost
branch and then use the method of obtaining an interpretation from a com-
pleted open branch. Using this branch, on the interpretation I (P ) = F and
I (Q) = F , the truth values of P → Q and P ∨Q are not identical.

Finally, let's test whether P → Q and ¬P ∨ Q are PL-equivalent. It is not
immediately obvious that these two wffs are PL-equivalent since P → Q
says ``if P then Q'' while ¬P ∨Q says ``not-P or Q''. We can use the truth-tree
method to determine whether they are PL-equivalent. To do this, we begin
by stacking ¬((P → Q) ↔ (¬P ∨Q)) at line 1. Next, we decompose the tree
using the ¬ ↔ D rule. The ¬ ↔ D rule is a rule that involves both stacking
and branching.

1.

2.
3.
4.
5.

6.

¬((P → Q) ↔ (¬P ∨Q))X

P → Q
¬(¬P ∨Q)

¬¬P
¬Q

¬P
⊗
4,6

Q
⊗
5,6

¬(P → Q)
¬P ∨Q
P
¬Q

¬P
⊗
4,6

Q
⊗
5,6

P

1¬ ↔ D
1¬ ↔ D
3¬ ∨D; 2 → D
3¬ ∨D; 2¬ → D

2 → D

The above tree is a closed tree. Since the tree is a closed tree, the truth-tree
method contends that P → Q and ¬P ∨Q are PL-equivalent.

174



Exercise 4.50

Using the truth tree method, determine whether the following pairs
of wffs are PL-equivalent.

1. P → Q,¬P ∧Q
2. P ∧Q,¬P ∧ ¬Q
3. P → Q,¬P ∨ ¬Q
4. ¬(P ∨Q),¬P ∧ ¬Q
5. ¬(P → Q), P ∧ ¬Q

4.4.5 Semantic Entailment

In chapter 1, an argument was said to to be deductively valid if and only
if it is impossible from the premises to be true and the conclusion false. In
chapter 3, we tried to make this idea more precise through the notion of
semantic entailment (consequence). There we said that a wff φ is a semantic
consequence in PL of a set of wffs Γ if and only if there is no interpretation
that makes all of the wffs in Γ true and φ false. Even further, we developed
a way to test whether a set of wffs Γ entails a wff φ using the truth table.
However, at the end of chapter 3, we also noted several problems with this
test. In this section, we define and illustrate the use of the truth-tree method
for testing whether a set of wffs Γ entails a wff φ.

Definition 4.4.7: Truth-Tree Test for Semantic Entailment

A truth tree shows that Γ |= φ if a tree consisting of the members
of Γ stacked with the literal negation of φ determines a closed tree.
Otherwise, the tree shows that Γ 6|= φ.

Let's consider a simple example where we test whether P, P → Q |= Q.
To test this entailment, we begin by setting up the tree. The setup involves
stacking thewffs before the sign for entailment. In this case, we stack P, P →
Q at lines 1 and 2, respectively. In addition, stack the literal negation of the
wff after the sign for entailment. In this case, we stack ¬(Q) at line 3.

1.
2.
3.

P
P → Q
¬(Q)

P
P
P

With the tree setup, the next step is to decompose the tree and then deter-
mine if it yields a closed tree or a completed open tree. If the tree is a closed
tree, then the truth-tree method contends that Γ |= φ. If the tree is a com-
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pleted open tree, then the truth-tree method contends that Γ 6|= φ.

1.
2.
3.

4.

P
P → QX
¬(Q)

¬P
⊗
1,3

Q
⊗
3,4

P
P
P

2 → D

Since the tree for P, P → Q,¬(Q) yields a closed tree (all closed branches),
the truth-tree method contends that the P, P → Q |= Q. That is, that P, P →
Q semantically entails Q.

Why does the truth-tree method work for testing for semantic entailment?
The truth tree method searches for an interpretation that would make all of
the wffs in the stack true. When creating a tree consisting of the members of
Γ stackedwith the literal negation of φ, the truth treemethod is searching for
an interpretation that wouldmake all of the wffs in Γ true and ¬(φ) true. But
this is the same thing as searching for an interpretation that would make all
of the wffs in Γ true and φ false. Since there is no interpretation that would
make all of the wffs in Γ true and φ true, then Γ semantically entails φ.

Let's consider another example. This time consider P → Q,Q |= P . To test
this entailment, begin by setting up the tree. The setup involves stacking the
wffs before the sign for entailment. In this case, we stack P → Q,Q at lines
1 and 2, respectively. In addition, stack the literal negation of the wff after
the sign for entailment. In this case, we stack ¬(P ) at line 3. Once the truth
tree is setup, the next step is to decompose the tree and then determine if it
yields a closed tree or a completed open tree.

1.
2.
3.

4.

P → Q
Q

¬(P )

¬P Q

P
P
P

1 → D

In the case of the tree for P → Q,Q,¬(P ), there is a completed open tree
(all open branches). Since the tree is a completed open tree, the truth-tree
method contends that the P → Q,Q 6|= P . That is, that P → Q,Q does not
semantically entail P .
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Exercise 4.51

Using the truth tree method, determine whether the following are
cases of entailment or non-entailment.

1. P ∧Q |= Q
2. A ∨B |= B
3. A→ B,B |= A
4. (A ∨B) → C,A |= C
5. (A ∧B) → C,A |= C
6. P ∨Q,P → R,Q→ R |= R
7. P → Q,Q→ R |= P → R
8. P → Q,P ∧W |= Q ∨R
9. P ∧M |= ¬(P → Q)

4.5 Advantages of the Truth-Tree Method

In chapter 1 and 3, we formulated two different accounts of what it means
for a conclusion to ``follow from'' a set of premises. In chapter 1, we defined
``following from'' in terms of deductive validity. An argument was said to
be ``valid'' if and only if it was impossible for the premises to be true and
the conclusion false. In chapter 3, we defined ``following from'' in terms
of semantic entailment. A set of wffs Γ was said to semantically entail a
wff φ if and only if there was no interpretation that made all of the wffs
in Γ true and φ false. In those two chapters, we also introduced various
methods for determining whether an argument is valid or whether a wff is
semantic consequence of a set of wffs. In chapter 1, the ``imagination test''
was introduced. This test checks the validity of the argument by trying to
imagine a scenario where the premises are true and the conclusion is false. If
we can imagine such a scenario, then the argument is invalid. If we can't, then
the argument is said to be valid. Themany limitations of thismethod calls for
a better, more reliable method. In chapter 3, we developed such a method
with the method of truth tables. A truth table considers the truth value of a
wff or set of wffs by determining its truth value under every interpretation.
This table can then be used to determine whether an argument is valid or
whether a wff is a semantic consequence of a set of wffs. The truth table
method has several strengths over the imagination test, but, as we saw, it is
not without its own problems.

Recall that the main strength of the truth-table method over the informal
methods (e.g., intuition, imagination) is that it is a mechanical method for
checking the validity of an argument. That is, it is a method that can be car-
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ried out by amachine. Themain problemswith this methodwere as follows.
First, it cannot easily handle arguments that involve many propositional let-
ters. As the number of propositional letters increases, the number of rows
required to complete the table increases exponentially. Second, we cannot
represent every valid English argument in PL.

In this chapter, we introduced a new method for checking the validity of
an argument. This method is called the truth-tree method. The truth tree
method is similar to the truth-table method as both are mechanical meth-
ods for checking the validity of an argument. However, tree trees have a few
advantages over tables. First, the complexity of a truth tree is not a func-
tion of the number of propositional letters. That is, where the argument
¬(M ∨ S),¬((T ∨ R) ∨ Q),¬(¬(S ∨ R) ∨ Q) |= ¬A would require 64 rows
(26 = 64), a truth tree quickly reveals the above argument is valid. Second,
the truth tree method is also more powerful in that it can be used in other,
more expressive logical languages. These logical languages are capable of
representing more valid arguments in English than the language of propo-
sitional logic. This chapter has illustrated the former advantage. Chapters 6
and 7 will illustrate the latter advantage.

4.6 PL Tree Rules

φ ∧ ψ
φ
ψ

∧D
∧D

¬(φ ∧ ψ)

¬(φ) ¬(ψ) ¬ ∧D

φ ∨ ψ

φ ψ ∨D

¬(φ ∨ ψ)
¬(φ)
¬(ψ)

¬ ∨D
¬ ∨D

φ→ ψ

¬(φ) ψ → D

¬(φ→ ψ)
φ

¬(ψ)
¬ → D
¬ → D

φ↔ ψ

φ
ψ

¬(φ)
¬(ψ)

↔ D
↔ D

¬(φ↔ ψ)

φ
¬(ψ)

¬(φ)
ψ

¬ ↔ D
¬ ↔ D
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¬¬φ
φ ¬¬D
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5 PL Derivations

5.1 Two notions of logical entailment

In previous chapters, we clarified what it means for a proposition to "follow
from" another proposition by using the notion of deductive validity. An argu-
ment is deductively valid if and only if it is impossible for the premises to
be true and the conclusion false. However, we pointed out that it was diffi-
cult to test arguments to see if they are valid and the notion of impossibility
is also difficult to grasp. For these reasons (and others), we introduced the
notion of semantic entailment. A wff φ is said to "follow from" a set of wffs Γ if
and only if there was no interpretation that make the members of Γ true and
φ false. But, there is another, perhaps, more natural way of understanding
what it means for a proposition to follow from a set of propositions. Namely,
a conclusion can be said to follow from a set of premises provided the con-
clusion can be "derived" from those premises. In other words, a proposition
P follows from a set of propositions Γ if and only if there is a derivation of
P from Γ. "Logic deals with

reasoning. We expect it to
pick out good
inferences, not just good
propositions; we are less
interested in believing
tautologies than in safely
advancing from old
beliefs to new ones."[10,
p. 105]

What is a derivation? Intuitively, to derive that a conclusion C from a set
of propositions P1, P2, . . . Pn is to provide a sequence of propositions start-
ing with P1, P2, . . . Pn and then reason in a step-by-step manner, where each
step in the process is justified by a "rule of reason", until ultimately one can
conclude the sequence with the proposition C. That is, if P1, P2, P3 were our
premises and C was our conclusion, then a derivation of C from P1, P2, P3

might look something like this:

P1 P2 P3 P4 P5 C

Rule
Rule Rule

Let's highlight a few points about this intuitive idea of a derivation. First, a
derivation is a finite sequence of propositions. Therefore, if in order to show
that C follows from a set of premises, we needed to undertake an infinite
number of steps, then we would not have a derivation. Second, a derivation
of C is a finite sequence of propositions where the last proposition in the
sequence is C. That is, a derivation ends with its conclusion. Third, each
proposition in the sequence is either a member of P1, P2, . . . Pn, an assump-
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tion (more on this later), or is the result of using the rules of inference (rules
of reasoning or proof rules). That is, each proposition is one of our premises,
a proposition we assume to be true for the purpose of derivation (but don't
claim to be true or follows from prior propositions), or is the result of using
the rules that allowus to reason fromprior propositions to newpropositions.

Let's conclude our discussion with a simple illustration of a derivation. Sup-
pose we want to prove that "Frank is a criminal" from the following three
premises "If John is lying and Sally is lying, then Frank is a criminal. John
is lying. Sally is lying." Since a derivation must end with its conclusion and
since we have premises, the basic structure of our derivation would look
something like this:

1. If John is lying and Sally is lying, then Frank is a criminal. (premise)
2. John is lying. (premise)
3. Sally is lying. (premise)
4. A proposition we reasoned to using a rule
5. A proposition we reasoned to using a rule
6. A proposition we reasoned to using a rule
7. Therefore, Frank is a criminal (conclusion)

To construct our derivation, we need to supply the propositions between
the premises of the above argument and its conclusion. And, we need to
do so only with propositions that are permitted by our rules for writing
new propositions. Suppose we have a rule that says whenever there are two
propositions in a derivation, we can always reason to their conjunction. Call
this the "AND-Introduction Rule" (or "And-Intro" for short).

Definition 5.1.1: AND-Introduction

From any two propositions P1 and P2, it is legitimate to reason to a
third proposition that is the result of placing "and" between them: "P1

and P2".

If this is a rule for writing new propositions, then we can add to our deriva-
tion in the following way.

1. If John is lying and Sally is lying, then Frank is a criminal. (premise)
2. John is lying. (premise)
3. Sally is lying. (premise)
4. Therefore, John is lying and Sally is lying (from 2, 3, using And-Intro)

At this point in the derivation, we do not have our conclusion. Let's add an-
other rule for writing new propositions. Let's say that whenever you have a
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proposition that has the form of "if P, then Q" (where P and Q are proposi-
tions) and you have the proposition "P" on its own line, then you can write
down the proposition "Q" on a new line. If this is a rule of inference, then
we can add to our derivation in the following way. Let's call this rule the
"IF-THEN Rule".

Definition 5.1.2: IF-THEN Rule

From the two propositions "if P , then Q" and P , it is legitimate to
reason to a third proposition Q.

Next, let's use the IF-THEN rule in our argument:

1. If John is lying and Sally is lying, then Frank is a criminal. (premise)
2. John is lying. (premise)
3. Sally is lying. (premise)
4. Therefore, John is lying and Sally is lying (from 2, 3, using And-Intro)
5. Therefore, Frank is a criminal (from 1, 4, using IF-THEN)

We now have a derivation of the conclusion from the premises. The deriva-
tion is finite (not infinite); it begins with the premises and terminates with
the conclusion; and, each proposition in the derivation is either a premise,
an assumption, or the result of using the rules of inference.

Definition 5.1.3: derivation

Aderivation of a propositionC froma set of propositionsP1, P2, . . . Pn

is (1) a finite sequence of propositions where (2) the last proposition
in the sequence is C and (3) each proposition is either a premise, an
assumption, or is the result of using the rules for writing new propo-
sitions ("rules of inference" or "rules of reason").

While several questions still remain about derivation (e.g., what are the rules
that allow you to write new propositions in the derivation?), we have artic-
ulated a second sense in which a conclusion can be said to follow from a
set of premises. This involves, not the concept of semantic entailment but the
concept of derivation. A conclusion "follows from" a set of premises if and
only if there is a derivation of the conclusion from the premises. With this
intuitive idea of a derivation inmind, we can now turn to the task of defining
the notion of a derivation for the language of propositional logic.1

1According to Copi[1, p. 30] it is cumbersome to establish the validity of an argument
with more than two propositional leters using truth tables.He contends that a "more conve-
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5.2 Syntactic entailment

In the above example, we reasoned from "If John is lying and Sally is lying,
then Frank is a criminal" and "John is lying and Sally is lying" to "Frank is a
criminal". We reasoned from two earlier propositions to a new proposition.
It was claimed that what allowed us to do this was an inference rule. But
what are the inference rules? In PL the inference rules are the rules that
permit us to write down new wffs from earlier wffs. The set of inference
rules are called the deductive apparatus.

Definition 5.2.1: deductive apparatus

A deductive apparatus for PL is a set of rules that express whether a
φ can be written after a set of wffs Γ in a derivation. The deductive
apparatus for PL is hereafter abbreviated as PD.

In the previous section, our deductive apparatus for English consisted of two
rules: AND-INTRO and the IF-THEN Rule. The deductive apparatus for PL
are rules for writing wffs in a derivation (or proof). With that in mind, let's
define a derivation (or proof) in PL.

Definition 5.2.2: derivation of φ in PL

Aderivation in PL of φ is a finite (not infinite and not empty) string of
formulas froma setΓ ofPLwffswhere (i) the last formula in the string
is Q and (ii) each formula is either a member of Γ, an assumption, or
is the result of using the deductive apparatus.

If Γ is empty and Γ ` φ,
then φ is a theorem and
the derivation is a proof

of φ.

To understand the notion of a derivation, take our earlier example of an ar-
gument.

1. If John is lying and Sally is lying, then Frank is a criminal. (premise)
2. John is lying. (premise)
3. Sally is lying. (premise)
4. Therefore, John is lying and Sally is lying (from 2, 3)
5. Therefore, Frank is a criminal (from 1, 4)

This argument is a finite sequence of propositions. The last proposition in
this sequence is "Frank is a criminal". In addition, each proposition is either
a premise, an assumption, or the result of using the rules of inference. For

nient method of establishing the validity of some arguments is to deduce their conclusions
from their premises by a sequence of shorter, more elementary arguments already known to
be valid."
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instance, the proposition "John is lying" is a premise and "John is lying and
Sally is lying" is the result of using the rule of inference. As we will see,
a derivation of φ from a set of wffs Γ is the same thing. There is a finite
sequence of wffs where the last wff is φ and each wff is either a member of
Γ, an assumption, or the result of using the deductive apparatus.

With the notion of a deductive apparatus and a derivation in hand, we can
now define the notion of a syntactic consequence (or entailment) in PL.

Definition 5.2.3: syntactic consequence / entailment

A formula φ is a syntactic consequence in PD of a set Γ of PL wffs if
and only if there is a derivation in PD of φ from Γ. To express that φ
is a syntactic consequence of Γ, we write Γ ` φ.

If there is a derivation of φ from Γ, then φ is a syntactic consequence of Γ.
That is, Γ ` φ. In contrast, if there is no derivation of φ from Γ, then φ is not
a syntactic consequence of Γ. That is, Γ 0 φ.

With these definitions in hand, we can now turn to the task of (1) learning
how to set up a derivation, (2) developing a deductive apparatus for PL, and
then (3) learning how to use the deductive apparatus to solve derivation.

5.3 Setup

Suppose that it is claimed that P ∧ R,P → Z ` Z ∨ Q. This set of symbols
says that Z ∨Q is a syntactic consequence of P ∧R,P → Z. Intuitively, you
can think of this as saying that Z ∨Q follows from P ∧R,P → Z. And, you
can think of P ∧ R and P → Z as premises, while Z ∨ Q is the conclusion.
The ` symbol is called the ``single turnstile'' and is used to indicate that the
proposition on the right side of the turnstile is a syntactic consequence of the
propositions on the left side of the turnstile.

If P ∧ R,P → Z ` Z ∨ Q is the case, then there is a derivation of Z ∨ Q
from P ∧R,P → Z. How do we show that there is such a derivation? Since
a derivation is nothing more than a finite sequence of wffs, technically, we
would only need to provide a right sequence ofwffs startingwithP∧R,P →
Z and ending in Z ∨Q. Such a sequence might look as follows:

P ∧R,P → Z,P, Z, Z ∨Q

So long as the each of the wffs in the sequence is P ∧ R,P → Z, an as-
sumption, or the result of using the deductive apparatus, and the sequence
terminates in Z ∨ Q, then we have our desired derivation. But, this is not a
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very visually appealing way of providing a derivation and, if various rules
of inference from our deductive apparatus allow us to take steps forward
in the derivation (write new wffs), we will wonder which rule of inference
is being used at various stages of the derivation. To address both of these
issues, let's use a more systematic way of creating a derivation.

First, suppose we have a claim that Γ ` φ. Our derivation will make use of
three columns. The first column is for numbering wffs in the derivation, the
second is for writing wffs in the derivation, and the third is for writing down
what justifies the wffs in the middle column being there. The first column is
called the ``line number'', the second column is called the ``derivation body'',
and the third column is called the ``justification''.

Line Number Proof Body Justification

1 wff1 just1
2 wff2 just2
3 wff3 just3

Figure 5.1: Three columns of a derivation

Let's illustrate this with our earlier example involving P ∧R,P → Z ` Z∨Q.
We will set up a derivation of this entailment as follows:

1 P ∧R P
2 P → Z P, Z ∨Q

Notice that there are three columns. The leftmost column numbers each row
(or wff) in the derivation. The middle column P ∧ R and P → Z are wffs
that are members of Γ or the wffs that are said to entail Z. This is the core
part of the derivation. The rightmost column is the justification column. The
justification column justifies the presence of the wff at that line. Intuitively,
P ∧R and P → Z can be thought of as the premises of the argument. More
precisely, they are simply members of a set of wffs Γ that are claimed to
entail a wff φ. To justify the presence of these wffs, we will write 'P' in the
justification column to indicate that these wffs are "premises" or "provided".

It is sometimes customary to write the wff that the proof is supposed to de-
rive (the conclusion) in the justification column. In our example, Z ∨ Q is
the wff that is supposed to be derived. So, we write Z ∨Q in the justification
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column. This is a matter of taste, but is often helpful when trying to con-
struct long, complex proofs that have multiple subproofs contained within
them (more on this later).

Exercise 5.52

Set up the following proofs:
1. ¬P,¬P → Z ` Z
2. P ∧Q,Q ∧R ` P ∧R
3. P,Q,R ` (P ∧Q) ∧R
4. (¬P ∧ ¬Q) ∧ ¬R ` ¬Q ∧ ¬R
5. ¬¬P ` P
6. P, P ↔ Q ` Q
7. P → Q,Q→ Z,R ∧ ¬¬T ` P → (Z ∧R)

5.4 The Intelim Derivation Rules

With the concepts underlying proofs along with a procedure for setting up
proofs in place, the next step is to develop the deductive apparatus (PD).
The particular type of deductive apparatus developed here is known as a
system of ``natural deduction'' as the particular rules are akin to certain rules
of inference (or reason) people use in everyday arguments. The particular
rules of PD will be called the ``derivation rules''. There are two main types
of derivation rules: introduction rules and elimination rules.

An introduction rule is a rule that introduces a wff of a certain type into
the proof. For example, suppose we wished to develop an rule that permits
you to introduce an "and" proposition into an argument. For example, Tek
and Liz may agree that whenever there are two propositions already in an
argument, one is permitted to reason to a complex proposition that connects
both of themwith theword "and". Using this rule would allow you to reason
from "snow is white" and "grass is green" to the proposition "snow is white
and grass is green." But, it is important to note that this rule does not only
workwith the particular propositions "snow iswhite" and "grass is green". It
is instead a rule that works with any two propositions. The rule is a template
for reasoning.

P1 P2

P and QSince such a rule always introduces an "and" proposition into an argument,
it would be an example of an introduction rule. They might call it "and-
introduction" to distinguish it from other types of introduction rules they
might formulate.
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5.4.1 Conjunction Introduction and Elimination

Before introducing our first rule, a quick note on how all of our rules will be
presented. The approach of this text is to (1) define the rule, (2) provide a
schematic use of the rule, and then (3) provide a minimal working example
(MWE) of the rule. Once the rule has been presented, then we will discuss
the rule in more detail by looking at various examples of the rule in action.

Let's introduce the first introduction rule of PD.

5.4.1.1 Conjunction Introduction∧I
Definition 5.4.1: Conjunction Introduction (∧I)

φ, ψ ` φ∧ψ or φ, ψ ` ψ∧φ. From φ andψ, thewff φ∧ψ can be derived.
Similarly, from φ and ψ, the wff ψ ∧ φ can be derived.

Here is a schematic use of the rule:

1 φ P
2 ψ P
3 φ ∧ ψ ∧I 1, 2

Conjunction introduction states that from two wffs φ and ψ, the conjunction
of these wffs φ ∧ ψ can be derived on a new line in the proof. It is important
to note that φ and ψ are variables for propositions and so φ and ψ can be any
PL-wff. When conjunction introduction is used on two wffs to derive a con-
junction, the line number of each wff is cited along with the abbreviation for
conjunction introduction. Let's look at anMWE of conjunction introduction.

1 P P
2 Q P
3 P ∧Q ∧I 1, 2

Notice that in theMWEof conjunction introduction, there are twowffs in the
proof P andQ. The third line is the result of using conjunction introduction
on P andQ. Since conjunction introduction requires the use of prior wffs in
the proof, when line 3 is justified, we include the line numbers of the wffs
used in the use of conjunction introduction. Since, as mentioned, lines 1 and
2 are used, wewrite "1, 2" in the justification column next to the abbreviation
for conjunction introduction, which is ∧I .

Now thatwehaveprovided adefinition of conjunction introduction, a schematic
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use of conjunction introduction, and anMWE, let's consider a few examples.
To start, suppose we wished to show that P,R,Z ` P ∧ Z.

1 P P
2 R P
3 Z P
4 P ∧ Z ∧I 1, 3

The proof is setup as follows: the first three lines are justified as "P" as these
wffs occur before the single turnstile. The fourth line is the result of using
the conjunction introduction rule. The conjunction introduction rule is used
to deriveP∧Z fromP (line 1) andZ (line 3). Since conjunction introduction
requires the use of prior wffs in the proof, it is helpful to include the lines
of the wffs used in the use of conjunction introduction. Since, as mentioned,
lines 1 and 3 are used, we write "1, 3" in the justification column next to the
abbreviation for conjunction introduction.

Let's consider another example. Suppose we wished to show that P,R,W `
(P∧R)∧W . To begin, we start by setting up the proof. To do this, wewriteP ,
R, andW in the proof body column andwrite "P" in the justification column.

1 P P
2 R P
3 W P

Once the proof is set up, we can begin to fill in the proof body and justifica-
tion columns. Note that the goal of the proof is to derive (P ∧R)∧W rather
than P ∧ (R ∧W ). This means that we will want to derive P ∧ R first. This
is possible with conjunction introduction given that we have P at line 1 and
W at line 3.

1 P P
2 R P
3 W P
4 P ∧R ∧I 1, 2

Next, note that P ∧ R is a wff. Since it is a wff, we can use conjunction in-
troduction on it with another wff in the proof. Our goal is to derive the
conclusion in the proof and so we can use conjunction introduction on P ∧R
(line 4) andW (line 3) to derive (P ∧R) ∧W at line 5:

189



1 P P
2 R P
3 W P
4 P ∧R ∧I 1, 2
5 (P ∧R) ∧W ∧I 4, 3

Let's consider one final example. Suppose we wished to show that P →
Q,¬R,S ` ((P → Q)∧¬R)∧¬R. To begin, we start by setting up the proof.

1 P → Q P
2 ¬R P
3 S P

Next, we can use conjunction introduction on P → Q (line 1) and ¬R (line
2) to derive (P → Q) ∧ ¬R at line 4.

1 P → Q P
2 ¬R P
3 S P
4 (P → Q) ∧ ¬R ∧I 1, 2

Looking at our conclusion, notice that there is another ¬R in the wff. To
derive the conclusion, we will use ¬R on line 2 again. That is, we will use
line 2 and our newly formed conjunction (P → Q) ∧ ¬R (line 4).

1 P → Q P
2 ¬R P
3 S P
4 (P → Q) ∧ ¬R ∧I 1, 2
5 ((P → Q) ∧ ¬R) ∧ ¬R ∧I 4, 2

Notice that in the above example, we used the conjunction introduction on
line 2 and 4. This is permitted as conjunction introduction allows us to use
any two wffs in the proof.

5.4.1.2 Conjunction Elimination∧E
Recall that the intuitive idea behind introduction derivation rules is that they
introduce wffs of a certain type. With respect to English, we mentioned the
hypothetical "and-introduction" rule that allows you to reason from "snow
is white" and "grass is green" to "snow is white and grass is green". With

190



respect to PL, we introduced the conjunction introduction rule allows you
to reason from any two wffs to a conjunction of those two wffs. In addition
to introduction rules, there are elimination rules. Before discussing elimi-
nation rules in PL, let's consider the intuitive idea behind elimination rules.
Suppose Tek and Liz agree that whenever there is a proposition connected
by an "and", you can reason to either side of the "and" proposition. For ex-
ample, suppose there is a proposition of the form "snow is white and grass
is green", then the rule would permit you to reason to "snow is white" and
"grass is green". Since such a rule always reasons from an "and" proposition
an argument, they decide to call this rule "and-elimination".

P1

P2
P and Q

Let’s introduce the first elimination rule of PD.

Definition 5.4.2: Conjunction Elimination (∧E)

φ ∧ ψ ` φ or φ ∧ ψ ` ψ. From the conjunction φ ∧ ψ, the wff φ can
be derived. Similarly, from the conjunction φ ∧ ψ, the wff ψ can be
derived.

Here is a schematic use of the rule:

1 φ ∧ ψ P
2 φ ∧E 1

1 φ ∧ ψ P
2 ψ ∧E 1

With this statement of conjunction elimination, let's provide a MWE of con-
junction elimination. Consider P ∧ Z ` Z.

1 P ∧ Z P, Z
2 P ∧E 1
3 Z ∧E 1

The proof is setup as follows: the first line is justified as "P" as this wff occurs
before the single turnstile. The second line is the result of using the conjunc-
tion elimination rule. The conjunction elimination rule is used to derive P
from P ∧Z (line 1). Since conjunction elimination requires the use of a prior
wff in the proof, we include the line of the wff used in the use of conjunction
elimination. Since, as mentioned, line 1 is used, we write "1" in the justifica-
tion column next to the abbreviation for conjunction elimination. Note that
in addition to permitting us to derive the left wff P , we can also derive the
right wff Z from P ∧ Z.

Let's consider another example andwewill consider it in a step-by-stepman-
ner. Consider the following: P ∧ (R ∧W ) ` W . As the setup only involves
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listing the wffs to the left of the turnstile and numbering them, we can set
up the proof as follows:

1 P ∧ (R ∧W ) P, W

Once the proof is set up, we can begin to fill in the proof body and justi-
fication columns. The temptation of students beginning logic is to directly
derive W on line 2. Unfortunately, this would not be correct. Conjunction
elimination allows for deriving either conjunct from a conjunction. So, if our
conjunction is φ ∧ ψ, using conjunction introduction on this wff allows for
deriving φ or ψ. But what are the conjuncts of P ∧ (R∧W )? These are P and
R ∧W . Therefore, using conjunction elimination on this rule only permits
deriving P or R ∧W . Let's go ahead and derive R ∧W .

1 P ∧ (R ∧W ) P
2 R ∧W ∧E 1
3 W ∧E 2

Now that R ∧W has been derived, we can derive W from R ∧W . This is
because the conjunctionR∧W has two conjuncts (R andW ) and conjunction
elimination allows for deriving either wff.

1 P ∧ (R ∧W ) P
2 R ∧W ∧E 1
3 W ∧E 2

Thus far, we have considered proofs that make use of conjunction introduc-
tion and conjunction elimination in isolation. Next, let's consider an example
thatmakes use of both conjunction introduction and conjunction elimination.
In this example, suppose we aimed to provide the proof for the following:
P ∧Q,R ∧ S ` Q ∧ S.

1 P ∧Q P
2 R ∧ S P
3 Q ∧E 1
4 S ∧E 2
5 Q ∧ S ∧I 3, 4

Once the proof was setup, we derivedQ from P ∧Q using conjunction elim-
ination and S from R ∧ S using conjunction elimination. If you derived P
and R using conjunction elimination, then this would be an acceptable use
of the rule (and totally correct) but you would have added some extra steps
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to your proof. With Q and S isolated on lines 3 and 4, we used conjunction
introduction to create the conjunction of these two wffs.

Exercise 5.53

Provide proofs for the following:
1. P,Q,R, S ` P ∧ S
2. A,B,C,¬¬D ` (A ∧B) ∧ (C ∧ ¬¬D)
3. P ∧ (R ∧M) ` R
4. P ∧ (R ∧M) `M
5. P ∧R,¬Z ∧ ¬W ` P ∧ ¬W
6. P ∧ (¬R ∧ ¬W ), L,R ∧ Z ` ¬R ∧ (L ∧ Z)
7. (M ∧N) ∧W, (P → Q) ∧ Y ` (P → Q) ∧W
8. F ∧ (G ∧ (P ∨Q)), (L ∧M) ` L ∧ (P ∨Q)

5.4.2 Conditional Elimination and Introduction

In earlier sections, we introduced the conjunction introduction and conjunc-
tion elimination rules. These rules allow you to introduce conjunctions into
the proof and derive wffs from conjunctions in the proof, respectively. In
addition, we examined the idea of assumptions. In this section, the condi-
tional introduction and conditional elimination rules. As introduction and
elimination rules, conditional introduction will allow you to introduce con-
ditionals into the proof and conditional elimination will allow you to derive
wffs from conditionals in the proof.

5.4.2.1 Conditional Elimination → E
Let's consider Liz and Tek one more time. Suppose Liz and Tek want to add
another rule to their set of "rules of inference". They have already agreed
upon "and-introduction" and "and"-elimination, but they would like to also
reason with propositions of the form "if P, then Q". They add the following
rule: whenever you have an "if P, then Q" proposition, where P and Q are
propositions, and you have P by itself, the you can reason to Q. They decide
to call this rule "if-then elimination". Here is an example:

1. If it is raining, then the ground is wet. (premise)
2. It is raining. (premise)
3. Therefore, the ground is wet. (from 1, 2, using if-then elimination)

In the above example, there is an "if-then" proposition at line 1, the propo-
sition that is between the "if" and the "then" at line 2, and the "if-then elimi-
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nation" rule allows to write the proposition to the right of the "then" at line
3.

Let's create a similar rule for our system of natural deduction. Remember
that it is proposed that some propositions of the form "if P, then Q" (material
conditionals) can be expressed as P → Q. In addition, recall that the condi-
tional has two parts: the antecedent and the consequent. The antecedent is
the proposition to the left of the arrow and the consequent is the proposition
to the right of the arrow. In P → Q, the wff P is the antecedent and the wff
Q is the consequent.

Antecedent Consequent

φ → ψ

With these considerations in mind, let's add the conditional elimination rule
to our system of natural deduction. Conditional elimination is one of the
most famous rules of inference in logic. It has several other names, e.g.,
modus ponens or "affirming the antecedent", but we will simply call it "condi-
tional elimination".

Definition 5.4.3: Conditional Elimination (→ E)

φ→ ψ, φ ` ψ. From φ→ ψ and φ, the wff ψ can be derived.

The underlying idea behind this rule is that if you have (1) a conditional
and (2) the antecedent of that conditional on another line, then you can (3)
derive the consequent of that conditional. Here is a schematic use of the rule:

1 φ→ ψ P
2 φ P
3 ψ → E 1, 2

Again, notice that conditional elimination involves two wffs: a conditional
φ→ ψ and the antecedent φ of that conditional. The conditional φ→ ψ and
its antecedent φ are used to derive the consequent ψ. In the schematic use of
the rule, the line numbers of the conditional and the antecedent are cited in
the justification column. Here is a minimal working example of conditional
elimination:
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1 P → Q P
2 P P
3 Q → E 1, 2

Again, notice that conditional elimination involves two wffs: a conditional
P → Q and the antecedent P of that conditional. The conditional P → Q
and its P are used to derive the consequent Q. In the MWE of conditional
elimination, the line numbers of the conditional and the antecedent are cited
in the justification column along with → E, which is the abbreviation for
conditional elimination.

There are two mistakes individuals make when using conditional elimina-
tion. The first mistake is to use conditional elimination on the conditional Mistake #1 using→ E

without having the antecedent of that conditional in the proof. For example,
consider the following proof:

1 φ→ ψ P
2 ψ → E 1

This use of conditional elimination is not correct as the antecedent φ of the
conditional φ→ ψ is not in the proof. In otherwords, whenever you use con-
ditional elimination, you must have a conditional φ→ ψ and the antecedent
φ of that conditional in the proof. It is not likely that this is a mistake con-
cerning how people reason as few individuals are likely to reason "if I buy
a lottery ticket, then I will win the lottery. Therefore, I will win the lottery."
Most individuals will assume that they need to buy a lottery ticket before
they can win the lottery. Rather this type of mistake is largely due to not
paying attention to the fact that both wffs need to be cited in the justification
column.

The secondmistake is to use conditional elimination using a conditional and Mistake #2 using→ E

the consequent of that conditional to derive the antecdent of that conditional.
In short, this mistake is to use φ → ψ,ψ to derive φ. Reasoning in this way
is referred to as "the fallacy of affirming the consequent". Let's consider an
example of this mistake in an argument before considering how the mistake
would be made in a proof. Suppose you have the following argument: "If I
buy a lottery ticket, then I will win the lottery. I won the lottery. Therefore, I
bought a lottery ticket." This argument is (1) not a correct use of conditional
elimination as the antecedent of the conditional is not in the argument (2)
not valid as it is possible to win the lottery without buying a lottery ticket
(e.g., a relative may have bought you a ticket for your birthday). Let's con-
sider this same mistake in the context of a proof:
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1 φ→ ψ P
2 ψ P
3 φ → E 1, 2

Notice that in the above proof, there is the conditional at line 1, but rather
than having the antecedent φ of the conditional on a line, there is the con-
sequent ψ of the conditional at line 2. Conditional elimination is used in-
correctly at line 3 to derive the antecedent φ of the conditional. This is not a
correct use of conditional elimination since conditional elimination requires
a conditional and the antecedent of that conditional in the proof.

Now that we have defined conditional elimination, considered a minimal
working example, and considered some common mistakes, let's consider
some examples where conditional elimination is used correctly. First, con-
sider Z → R,Z ∧ P ` R. As with prior proofs, setting up the proof involves
writing Z → R,Z ∧ P at lines 1 and 2, respectively, and then trying to de-
rive the conclusionR in the proof. Let's construct this proof in a step-by-step
fashion.

1 Z → R P
2 Z ∧ P P, R

Notice that we cannot use conditional elimination immediately on line 1.
This is because conditional elimination requires the antecedent of the condi-
tional. In this case, the antecedent of the conditional is Z and Z is not on its
own line in the proof. However, we can use conjunction elimination on line
2 to derive Z from Z ∧ P .

1 Z → R P
2 Z ∧ P P, R
3 Z ∧E 2

Once we have derived Z, we now have the antecedent of the conditional at
line 1 and can use conditional elimination (using lines 1 and 3).

1 Z → R P
2 Z ∧ P P, R
3 Z ∧E 2
4 R → E 1, 3

Let's consider another example. Suppose we wished to show that (P →
Q) → (S → M), P → Q,S ` M . As with prior proofs, setting up the
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proof involves writing (P → Q) → (S → M), P → Q,S at lines 1, 2, and 3,
respectively, and then trying to derive the conclusionM in the proof.

1 (P → Q) → (S →M) P
2 P → Q P
3 S P, M
4 S →M → E 1, 2
5 M → E 4, 3

In the above example, the conditional at line 1 consists of two parts: (1)
the antecedent P → Q and (2) the consequent S → M . Since we have the
antecedent of that conditional at line 2, we can use conditional elimination
to derive the consequent S → M . With S → M at line 4, notice that we
have the antecedent of this conditional at line 3. We can thus use conditional
elimination to deriveM at line 5.

Exercise 5.54

Provide proofs for the following (each proof will involve a use of con-
ditional elimination to complete the proof):

1. P → Q,P ` Q
2. A→M,¬A,A `M
3. (A ∧B) → C,A,B ` C
4. (¬P ∧Q) → (¬S ∧ T ),¬P,Q ` T
5. R→ Z,Z →W,R ∧M `W ∧M

5.4.2.2 Assumptions and Subproofs

Before introducing conditional introduction, we need to introduce the idea
of assumptions and subproofs. An assumption (abbreviated as 'A') is a
proposition that is supposed or taken as a hypothesis. It is not a proposition
that is asserted to be the case or said to directly follow from other proposi-
tions. Let's consider an example. Suppose Liz and Tek are newly married
and have been living in a friend's basement to save money. After several
months, they think they have enough to buy their first house. They are not
a rich couple and so they are worried about this purchase. There are many
propositions they take to be true about this upcoming purchase. They both
believe that "if they buy a house, theywill have to pay taxes" and that "if they
buy a house, they will do repairs on the home (as the house is not in good
condition)". Let's number each of these premises and mark each with a "P"
to indicate that they are premises (or propositions that Liz and Tek take to
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be true):

1 If we buy a house, we'll pay taxes. P
2 If we buy a house, we'll do repairs P

Now Liz and Tek are not sure if they want to buy a house. So, they say the
following: "Assume we did buy a house." To make it clear that they are not
saying they bought a house or that buying a house follows from (1) and (2),
let's indent from the premises, write out their assumption, and justify this
proposition in their line of reasoning with an "A" (for assumption).

1 If we buy a house, we'll pay taxes. P
2 If we buy a house, we'll do repairs P
3 Suppose we buy a house Assumption
4 .
5 .

With this assumption in place (with their dream of buying in front of them),
Liz and Tek might do a little reasoning. For example, Liz might say that
assuming they buy a house (line 3) and assuming (1), it would follow they
would have to pay taxes. So, Liz might develop their proof as follows:

1 If we buy a house, we'll pay taxes. P
2 If we buy a house, we'll pay for the repairs P
3 Suppose we buy a house Assumption
4 We'll pay taxes → E, 1-3

Tek might add, "ah, yes, still under this assumption that we buy a house, not
only will we have to pay taxes but we'll also do our own repairs."

1 If we buy a house, we'll pay taxes. P
2 If we buy a house, we'll do repairs. P
3 Suppose we buy a house Assumption
4 We'll pay taxes → E, 1-3
5 We'll do repairs → E, 2-3

"Yes," Liz says, "so we'll not only pay taxes but we'll also do repairs."

198



1 If we buy a house, we'll pay taxes. P
2 If we buy a house, we'll do repairs. P
3 Suppose we buy a house Assumption
4 We'll pay taxes → E, 1-3
5 We'll do repairs → E, 2-3
6 We'll pay taxes and do repairs ∧E, 4,5

A few points to make about our example. First, when Liz and Tek made
an assumption, then indented from the point they were in the proof and
drew a vertical line to indicate that the reasoning they were about to do was
under the assumption. Second, they justified their assumption with "A" for
assumption. In doing this, they effectively started a new proof within their
proof. This is called a subproof. It is a proof that is nested within another
proof.

1 Main Line
2 Assumption Start of Subproof
3 .
4 .
5 .

In making the assumption and then reasoning under the assumption, Liz
and Tek are not saying that she and Tek will have to pay taxes, nor are they
saying that they have to do repairs. Rather, they are saying that given the
existing premises, on the assumption they buy a house, it would follow that
they we'll pay taxes and do repairs.

Let's pivot from Liz and Tek to PL proofs. In PL, you can make assumptions
and derive wffs from those assumptions. Let's consider an example where a
proof begins with S and then makes the assumption B.

1 S P
2 B A
3 S ∧B ∧I 1, 2
4 .

5 .

6 .

Similar to the Liz and Tek example, onceB is assumed, it is possible to derive
wffs from that assumption. In this case, the wff S ∧ B is derived from the

199



assumption B using line 1. This is done by using conjunction introduction
on S and B.

Howmany assumptions can youmake? You canmake asmany assumptions
as you want. Let's consider an example where a proof begins with Q and
then makes the assumption S and then makes the assumptionW .

1 Q P
2 S A
3 W A
4 .

5 .

6 .

You can think of
assumptions as containers.

You can have containers
within containers within

containers. The outer
container is the main line

of the proof. The inner
containers are the

subproofs.

Some proofs will contain a single subproof (or subproofs within subproofs),
but other proofs will contain multiple distinct subproofs. Let's consider our
earlier example involving Tek and Liz. Suppose Tek and Liz are still consid-
ering whether or not to buy a house. They have considered what follows
under the assumption that they do buy the house, but now they wish to
consider what follows under the assumption that they do not buy the house.
Their reasoning might look like the following:

1 If buy house, pay taxes prem
2 If buy house, pay for repairs prem
3 Suppose buy a house Assumption
4 pay taxes if-then-elim, 1,3
5 pay for repairs if-then-elim, 2,3
6 Suppose we do not buy a house Assumption
7 .
8 .

In this scenario, Tek and Liz are not reasoning "let's assume we buy a house
and under this assumption, let's now assume we do not buy a house". That
would be a rather confusing conversation! Rather, they are reasoning "let's
assume we buy a house" and then drawing out the consequences from this
assumption. Then, they are separately considering what follows under the
assumption that they do not buy a house. In other words, they are making
two distinct assumptions.

Let's illustrate how this would look in a PL proof. Suppose we have the
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following proof:

1 Q P
2 B A
3 Q ∧B ∧I 1, 2
4 .

5 .

6 C A
7 Q ∧ C ∧I 1, 2
8 .

9 .

Thinking of nests: B is
nested within Q and C is
nested within Q, but B
and C are not nested
within each other.

Q

B CIn this example, the proof begins withQ as a premise. Next, the assumption
B is made. From this assumption, the wffQ∧B is derived using conjunction
introduction. Next, the assumption C is made but not under the assumption B.
Rather C is a separate assumption.

Two final points about assumptions and subproofs before we return to the
discussion of conditional introduction. First, one common mistake is to de-
rive a wff from subproof that only follows in that part of the subproof. Let's
consider an extreme illustration.
1 If I buy a lottery ticket, I will win the lottery. prem
2 Assume I will buy a lottery ticket. Assumption
3 I will win the lottery. if-then-elim, 1,2

Suppose Tek puts forward the above argument. At line 1, Tek does not assert
that he will win the lottery, only that he has exceptional luck or power over
the lottery system. He asserts that if he buys a ticket, then he will win the
lottery. From this claim, it does not directly follow that hewillwin the lottery.
At line 2, he makes the assumption that he will buy a ticket. In this case, Tek
is not asserting he will buy a ticket. Instead, he is considering what would
follow if he bought a ticket. Insofar as Tek is making an assumption, he
begins to reason in a subproof. At line 3, Tek uses conditional elimination
to derive the conclusion that he will win the lottery. This is not a correct
use of conditional elimination. The reason is that while the conclusion "I
will win the lottery" only follows under the assumption "I will buy a lottery
ticket". In writing "I will win the lottery" at line 3, Tek is asserting that he
will win the lottery follows from the premise "if I buy a lottery ticket, I will
win the lottery". This is not the case. What went wrong is that Tek derived a
wff from a subproof that only follows within that part of the proof. That is,
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it only follows within the subproof that begins with the assumption "I will
buy a lottery ticket".

To ensure we don't create this mistake again, let's introduce some terminol-
ogy. When making an assumption, we indent and draw vertical lines to in-
dicate the scope of the assumption. The scope of the assumption is the part of
the proof that depends upon the assumption. When an assumption is made,
any further reasoning involving the assumption is done within the scope
of the assumption. So, if we wanted to derive a wff using the assumption "I
will buy a lottery ticket" in the example above, this reasoning would be done
within the scope of the assumption. Our earlier example can be rewritten as
follows:

1 If I buy a lottery ticket, I will win the lottery. prem
2 Assume I will buy a lottery ticket. Assumption
3 I will win the lottery. if-then-elim, 1,2

Notice that in our new example, "I will win the lottery" at line 3 is written
within the scope of the assumption. This is to signal that the reasoning at
line 3 depends upon the assumption at line 2.

Let's consider another example. In this example, we'll start the proof with
two premises, create an assumption, and then use our premises, the assump-
tion, and the "if-then-elim" rule to derive some new propositions.

1 If we buy a house, we will have to pay taxes prem
2 If we buy a house, we will have to pay for repairs prem
3 Suppose we buy a house Assumption
4 We will have to pay taxes if-then-elim, 1,3
5 We will have to pay for repairs if-then-elim, 2,3

Notice that in the above example, the proposition "we will have to pay for
repairs" is derived within the scope of the assumption that begins at line 3.

Second, you can use propositions that are outside of the subproof to derive
wffs in the subproof. When Tek and Liz are considering whether to buy a
house, they have two premises: "if we buy a house, wewill have to pay taxes"
and "if we buy a house, we will have to pay for repairs". When Liz makes
the assumption "suppose we buy a house", this assumption is made in the
context of these two premises already present in the proof. Liz and Tek are
not consideringwhat follows from the assumption "supposewe buy a house"
in isolation from the premises. Rather, they are considering what follows
from the assumption "suppose we buy a house" and the premises. In other
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words, they are considering what follows from the assumption "suppose we
buy a house" given the premises.

Since that is the case, Liz and Tek can use the premises to derive wffs in the
subproof. For example, they can use the premise "if we buy a house, we
will have to pay taxes" to derive the wff "we will have to pay taxes" in the
subproof.

Let's illustrate this with a PL proof. Consider the following proof:

1 Q P
2 B A
3 Q ∧B ∧I 1, 2, OK!
4 B R 3, NO!

Notice that in this example, the proof starts with Q and then B is assumed.
In assuming B, the proof is effectively saying "given Q, assume B". Given
that the assumption B depends upon the premise Q, the proof can use Q to
derive Q ∧B in the subproof.

5.4.2.3 Conditional Introduction

We have considered conditional elimination and engaged in a short discus-
sion of assumptions and subproofs, let's now consider conditional introduc-
tion. Recall that introduction rules allow you to introduce wffs of a specific
type into the proof. As such, conditional introduction will allow you to in-
troduce conditionals into the proof. In otherwords, conditional introduction
allows you to reason from a wff φ to a conditional φ→ ψ.

Before considering conditional introduction, let's consider one question you
may have had about assumptions and subproofs. What good are assump-
tions and subproofs if you are "stuck" within them? Alternatively, is there
anything that we can derive (or reason to) by using subproofs? The answer
is yes. One way we can use subproofs is to derive conditionals. In other
words, we can use subproofs to derive wffs of the form φ→ ψ. Consider our
earlier example where Liz and Tek are considering whether or not to buy a
house.
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1 If we buy a house, we will have to pay taxes prem
2 If we buy a house, we will have to pay for repairs prem
3 Suppose we buy a house Assumption
4 We will have to pay taxes if-then-elim, 1,3
5 We will have to pay for repairs if-then-elim, 2,3
6 We will have to pay taxes and pay for repairs and-intro, 4,5

Notice that Liz and Tek have reasoned to a conjunction within the subproof.
They have reason that under the assumption they buy a house, then theywill
have to pay taxes and pay for repairs. They might express this reasoning as
"if we buy a house, then we will have to pay taxes and pay for repairs". In
other words, they have reasoned to an if-P, then-Q proposition. Let's call the
rule that they used to reason to this conditional "if-then introduction".

1 If buy a house, pay taxes prem
2 If buy a house, pay for repairs prem
3 Suppose we buy a house Assumption
4 pay taxes if-then elim, 1,3
5 pay for repairs if-then-elim, 2,3
6 pay taxes and pay for repairs and-intro, 4,5
7 If buy a house, then pay taxes and pay for repairs if-then intro, 3-6

In justifying their reasoning, Liz and Tekwould cite the lines of the subproof
that began with the assumption "suppose we buy a house" and ended with
the proposition they derived in the subproof. In other words, they would
cite lines 3-6, along with their newly introduced if-then intro rule.

Let's turn to PL and consider how we might introduce conditionals into a
proof.→ I

Definition 5.4.4: Conditional Introduction (→ I)

Ifψ is derived from the assumption φ, then φ→ ψ can be derived from
the subproof started by φ.

Before providing aminimalworking example, let's consider the general struc-
ture of this rule.

204



n φ A
...

m ψ

m+1 φ→ ψ → I n-m

In the above example, awffφ is assumed. This requires the use of an assump-
tion (A) and indenting from the point in the proof when the assumption is
made. In assuming φ, the wff φ is written in the proof body column and
justified with "A" for assumption. Next, at some point in the proof in the
same level of the subproof that begins with φ, a wff ψ is derived. That is,
it is shown that from the assumption φ, the wff ψ is derived in the body of
the proof. Once this is achieved, the conditional introduction rule is used.
The wff φ→ ψ is derived from the subproof started by φ. This involves writ-
ing the conditional one level outside of subproof that began with φ. The wff
φ→ ψ is justified by the rule → I and the lines of the subproof started by φ.

New students in logic often strugglewith the use of conditional introduction,
so it isworthwhile to consider several examples. First, consider the following
entailment: R ` Z → R.

1 R R
2 Z Z
3 Z ∧R ∧I 1, 2
4 R ∧E 3
5 Z → R → I 2-4

Notice that the proof begins with the premise R. Next, the goal of the proof
is the conditional Z → R. In other words, we would like to introduce into
the proof a conditional. Conditional introduction allows you to do this by
assuming the antecedent of the conditional (the wff to the left of the rightar-
row), deriving the consequent of the conditional (the wff to the right of
the rightarrow), and the using conditional introduction. Since Z is the an-
tecedent of the conditional Z → R, we assume Z. Next, our goal is to derive
R. There is no direct way to derive R, but we can use ∧I on lines 1 and 2 to
derive Z ∧R using conjunction introduction. Next, R is derived from Z ∧R
using conjunction elimination. We now have R in the subproof at line 4. At
this point, we have assumed Z, derived R in the subproof, and now can use
conditional introduction to derive the conditional Z → R in the main body
of the proof. In terms of citing the justification for conditional introduction,
we cite the lines of the subproof started by Z (lines 2-4). In other words, we
cite the lines of the entire subproof beginning with Z and ending with R.
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Let's consider another example. Suppose we wished to show that P ∧ R `
(Z ∨ Q) → P . To begin, we start by setting up the proof. Once the proof is
set up, we can begin to fill in the proof body and justification columns. In
this proof, the key step concerns what assumption to make for the purpose
of using conditional introduction. Since the goal is to derive the conditional
(Z ∨ Q) → P , we need to assume the antecedent of the conditional. That is,
the assumption should be (Z ∨Q) rather than Z or P .

1 P ∧R P
2 Z ∨Q A

Once we assume (Z ∨ Q), the next step is to derive the consequent of the
conditional. In this case, the consequent is P . Since P is a conjunct of line 1,
we can use conjunction elimination to derive P from P ∧ R. Once we have
derived the consequent of the conditional, we now have the Z ∨Q as the as-
sumption of the subproof and the P consequent of the subproof. In essence,
we have shown that is on the assumption that (Z ∨ Q) is the case, then P
is the case. At this point, we can use conditional introduction to derive the
conditional (Z ∨Q) → P .

3 P 1 ∧E
4 (Z ∨Q) → P 2-3→ I

Exercise 5.55

Provide proofs for the following (each proof will involve a use of con-
ditional introduction to complete the proof):

1. P ∧R ` Z → P
2. P ∧R ` ¬¬Z → P
3. R ` R→ R
4. P ∧R ` (Z ∨Q) → (R ∧ P )
5. P,Q ` P → Q
6. Q,R ∧ ¬M ` ¬L→ (S → (¬M ∧Q))
7. ` A→ A
8. ` A→ (A→ A)
9. ` P → (Q→ P )

5.4.3 ReiterationR
At this point, there are four derivation rules in our deductive apparatus:
∧I,∧E,→ E,→ I . Each of these rules are a either an introduction or elimi-
nation rule. In this section, we introduce a derivation rule that is neither an
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introduction nor an elimination rule. This rule is called "reiteration". Reiter-
ation is a very simple derivation rule. It allows you to derive a wff from that
wff. In other words, reiteration allows you to rewrite a wff in the proof.

Definition 5.4.5: Reiteration (R)

φ ` φ. From φ, the wff φ can be derived.

Here is the schematic use of reiteration:

1 φ P
2 φ R 1

Here is a MWE:

1 P P
2 P R 1

In the justification column, the abbreviation for the rule is written (this isR)
and then the line of the wff to which the rule is applied is also written (if you
apply reiteration to a wff P , then you would cite the line number of P ).

Youmaywonderwhat is the point of introducing the reiteration rule into our
deductive apparatus. The purpose of introducing the rule is that it is useful
in that it simplifies (shortens) proofs. For example, suppose youwere to con-
struct a proof for B ` B. In looking at this entailment, it is pretty clear that
B follows from B. However, the proof for B from B is not straightforward.
One way you might solve it is by using conditional introduction.

1 B P
2 B A
3 B ∧B ∧I , 1
4 B ∧E, 1
5 B → B → I 1-3
6 B → E 1-5

But such a proof seems overly complex for something so simple. But suppose
we were to include reiteration into our deductive apparatus. Then, we could
provide the following proof:

1 B P
2 B R 1
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Notice that the proof is much shorter and simpler. In fact, the proof is so
simple that it is not clear that it is a proof.

There are other cases where reiteration allows for simpler proofs. For exam-
ple, consider the following entailment: R → Z,R ∧ P ` Z → R in Proof 5.1
and Proof 5.2. The addition of reiteration eliminates the need to use conjunc-
tion introduction and conjunction elimination to derive a wff from outside
the scope of a subproof into the scope of the subproof. In short, reiteration
thus shortens proofs by allowing you to rewrite wffs in the proof and also
removes obvious steps in the proof with sacrificing the explicit nature of a
proof.

1 R P
2 Z A
3 R R 1
4 Z → R → I 2-3

Proof 5.1

1 R P
2 Z A
3 R ∧ Z ∧I 1, 2
4 R ∧E 3
5 Z → R → I 2-4

Proof 5.2

It is clear that reiteration shortens and simplifies proofs, but is reiteration a
necessary addition to our deductive apparatus? Reiteration is not necessary.
It is possible to construct a proof without using reiteration as was illustrated
with both our proof of B ` B and Proof 5.1 and Proof 5.2.

Exercise 5.56

Provide proofs for the following (proofs will involve some combina-
tion of the derivation rules introduced thus far):

1. P → Z,P ` P ∧ Z
2. (P ∧ Z) →W,P,Z `W
3. P ` R→ P
4. P,M ` (R ∨ F ) → (P ∧M)
5. (R ∨ F ) → Z,M ∧ (R ∨ F ) `M ∧ Z
6. R→ P,R ∧ L,` P → (L ∧R)
7. ` R→ (R ∧R)
8. ` R→ [Z → (M → Z)]
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5.4.4 Negation Introduction and Elimination

We have discussed introduction and elimination rules for conjunctions and
conditionals. Let's now consider the introduction and elimination rules for
negation. These are negation introduction and elimination. Negation in-
troduction and elimination are sometimes called "proofs by contradiction"
and are a species of a more general type of argument known as reductio ad
absurdum. Arguments by reductio ad absurdum work by assuming some
proposition to be true and then showing that it is possible to reason from this
assumption to a contradiction (ad absurdum), a false proposition, a proposi-
tion that is impossible or implausible, or some highly undesirable outcome,
then one concludes that the assumption is rejected and the negation of the
assumption is to be accepted.

Arguments of this type are extremely common in everyday conversation,
political discourse, mathematics, and philosophy. For example, suppose you
wanted to argue against the existence of God. One way to do this would
be to assume that God exists and then consider the consequences of that
assumption. If the consequences of that assumption lead to a contradiction,
a false proposition, a proposition that is impossible or implausible, or some
highly undesirable outcome, then the assumption that God exists is rejected
and the negation of that assumption, that God does not exist, is accepted.
One common version of this argument is the "problem of evil argument". In
this argument, one assumes that God exists and that God is defined as an
all-knowing, all-loving, and all-powerful being. From this assumption and
the definition, one then considers the consequences. If God exists, then God
would know about evil, would be able to prevent evil, and would want to
prevent evil. That is, if God exists, then there is no evil. But, evil does exist.
So, the assumption that God exists leads to the contradiction that "evil exists
and there is no evil". If arguments by reductio ad absurdum are permitted,
then the conclusion to be drawn from them is that there is something wrong
with the assumption: it is false that God exists.

Here is another example. Consider the following argument: "Suppose that
there is a largest number. Call this number P . If P is the largest number,
then there is no number greater than P . But, there is a number P + 1 and
P + 1 > P . Therefore, P is not the largest number." In this argument, the
assumption that there is a largest number is rejected and the negation of that
assumption, that there is no largest number, is accepted.

With these examples inmind, let's consider the introduction and elimination
rules for negation.
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Definition 5.4.6: Negation Introduction (¬I)

From a subproof that assumes φ, derives ψ and ¬(ψ), a wff ¬(φ) can
be derived from the subproof.¬I
Definition 5.4.7: Negation Elimination (¬E)

From a subproof that assumes ¬(φ), derives ψ and ¬(ψ), a wff φ can
be derived from the subproof.¬E

Here is the schematic use of both of these rules:The vertical dots in the
subproof are

placeholders for wffs
derived en route to ψ

and ¬(ψ).

k φ A
...

...
n ψ

n+1 ¬(ψ)
n+2 ¬(φ) ¬I k-(n+1)

Proof 5.3: ¬I

k ¬(φ) A
...

...
n ψ

n+1 ¬(ψ)
n+2 φ ¬E k-(n+1)

Proof 5.4: ¬E

Notice that both negation introduction and elimination involve a subproof
that begins with an assumption. In the case of negation introduction, the
assumption is φ and in the case of negation elimination, the assumption is
a negated wff ¬(φ). In both cases, the subproof ends with the derivation of
ψ and ¬(ψ), a wff and the literal negation of that wff. Once the wff and the
literal negation are obtained, a wff is derived from the entire subproof. In
the case of negation introduction, the wff φ is assumed and ¬(φ) is derived.
In the case of negation elimination, the negated wff ¬(φ) is assumed and φ
is derived.

In other words, negation introduction allows you to add a negation to the
wff you assumed provided you can show the assumption leads to a wff φ
and its literation negation ¬φ. So, if one were to assume P , derive Q and
¬Q, negation introduction would result in deriving ¬(P ) from the subproof.
Alternatively, if Q ∧ P were assumed, Q and ¬Q derived, then negation in-
troduction would result in deriving ¬(Q ∧ P ) from the subproof.

In the case of negation elimination, this rule allows you to remove the nega-
tion from a negated assumption provided you can show that the negated as-
sumption leads to a wff φ and its literal negation ¬φ. So, for example, if ¬P
is assumed, and Q and ¬Q derived in the subproof, using negation elimina-
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tion on the subproof would yield P . In addition, if ¬(Q∧P ) were assumed,
Q and ¬Q derived in the subproof, then negation elimination would yield
Q ∧ P from the subproof.

Let's consider some examples. First, consider the following two entailments
P ∧ ¬P ` S and P ∧ ¬P ` ¬S.

1 P ∧ ¬P P
2 S A
3 P ∧E 1
4 ¬P ∧E 1
5 ¬S ¬I 2-4
Proof 5.5: Negation Introduction

1 P ∧ ¬P P
2 ¬S A
3 P ∧E 1
4 ¬P ∧E 1
5 S ¬E 2-4
Proof 5.6: Negation Elimination

Notice that both proofs are constructed in a similar manner. After the proof
is set up, both proofs involve assuming a wff that is the literal negation (the
opposite) of the conclusion. In Proof 5.5, the conclusion is S and so ¬S is
assumed. In Proof 5.6, the conclusion is ¬S and so S is assumed. In both
proofs, a wff and its literal negation is derived in the subproof (P and ¬P ).
In other words, a contradiction or a set of wffs that are explicitly inconsistent
are derived in the subproof. Once the contradiction is derived, in Proof 5.5,
the negation introduction rule derives ¬S, a wff that is the result of negating
the assumption. the literal negation of the assumption ¬S is derived. In
Proof 5.6, the negation elimination rule derives S, a wff that is the result of
removing the outermost negation from the assumption. In both cases, the
contradiction is used to derive the conclusion.

Exercise 5.57

1. P ∧ ¬P ` R
2. P ∧Q,Q ∧ ¬P ` ¬Q
3. L,¬L ` ¬¬¬M
4. (P ∨Q) → R,P ∨Q,¬R ` ¬W
5. P → Q,Q→ S,¬S ` ¬P

5.4.5 Disjunction Introduction and Elimination

The next pair of ruleswewill consider are disjunction introduction and elim-
ination. Let's start with disjunction introduction. Suppose Tek reasons as
follows:
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• P1: I will go to the store.
• C: Therefore, I will go to the store or the movies.

Notice that it is necessarily the case that if P1 is true, then C is true. The
reason this is the case is because if "I will go to the store" is true, then the "or"
sentence "I will go to the store or the movies" will be true. In other words, if
v(φ) = T , then v(φ ∨ ψ) = T .

Disjunction introduction allows you to introduce a disjunction into the proof
and disjunction elimination allows you to derive wffs from a disjunction in
the proof.∨I

Definition 5.4.8: Disjunction Introduction (∨I)

φ ` φ ∨ ψ or φ ` ψ ∨ φ

Let's consider a schematic use of the rule along with an MWE together:

1 φ P
2 φ ∨ ψ ∨I 1

1 P P
2 P ∨Q ∨I 1

The basic structure of the rule is that from a wff φ, a disjunction φ∨ψ can be
derived. In the justification column, the abbreviation for the rule is written
(this is ∨I) and then the line of the wff to which the rule is applied is also
written (if you apply disjunction introduction to awff φ, then youwould cite
the line number of φ).

Let's consider some examples. Consider the following entailment: P ` (P ∨
Q) ∨ ¬S. Let's start by setting up the proof.

1 P P, (P ∨Q) ∨ ¬S

It might be tempting to directly derive the conclusion from line 1 using ∨I .
Unfortunately, this is not a permissible use of ∨I . Disjunction introduction
allows us to take a wff φ and derive a disjunction φ∨ψ where φ is one of the
disjuncts of that disjunction. But notice that the conclusion is (P ∨Q) ∨ ¬S
and the disjuncts of this wff are P ∨Q and ¬S. However, one thing that we
can do is to derive P ∨Q from P . So, let's do that.

1 P P
2 P ∨Q ∨I 1

Now that we have derived P ∨Q, we can use ∨I again to derive the conclu-
sion. In this case, we are using ∨I on line 2 to derive the conclusion on line
3.
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1 P P
2 P ∨Q ∨I 1
3 (P ∨Q) ∨ ¬S ∨I 2

Next, let's consider the disjunction elimination rule. Disjunction elimination
allows you to derive a wff from a disjunction. However, the rule requires
showing that the same wff follows from both disjuncts of the disjunction. To
show this, you assume each disjunct, then derive the same wff in each of the
separate subproofs. Before stating the rule formally, let's consider a real-life
example of disjunction elimination. Consider this famous

logic puzzle that
involves ∨E. Renna is
looking at Bob. Bob is
looking at Marley.
Renna is a teacher and
Marley is not. It is
unknown whether Bob
is a teacher or not. Is a
teacher looking at a
non-teacher?

Suppose I assert the following "either I will stay home and watch a movie or
I will go to a party." Let's also suppose that the proposition is true and "or"
is being used inclusively. If this is the case, then one or the other sides of the
"or" sentence is true (or both). Let's assume that if I stay home and watch a
movie, then I will have a great time. If this is the case, then we might reason
as follows:

1. Iwill either stay home andwatch amovie or Iwill go to a party. (premise)
2. Assume I stay home and watch a movie. (assumption)
3. Under the assumption that I stay home and watch a movie, it follows

that I will have a great time.

From this argument, can we conclude that I will have a great time? No. The
reason we cannot conclude this is because we have not considered the other
disjunct of the "or" sentence. We have only considered the case where I stay
home and watch a movie. For consider that I go to a party instead and have
a terrible night. As such, we have not proven from the disjunction that I will
have a great time. But suppose that we were capable of showing that if I go
to a party, then I will have a great time. Let's modify our example above to
reflect that this is the case:

1. Iwill either stay home andwatch amovie or Iwill go to a party. (premise)
2. Assume I stay home and watch a movie. (assumption)
3. Under the assumption that I stay home and watch a movie, it follows

that I will have a great time.
4. Assume I will go to the a party. (assumption)
5. Under the assumption that I go to a party, it follows that I will have a

great time.

Now can we conclude that I will have a great time? Yes. The reason we can
conclude this is because we have considered both sides of the "or" sentence.
We have considered the case where I stay home and watch a movie and the
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case where I go to a party. In both cases, I will have a great time. If it follows
that at least one of the sides of the "or" statement is true and that the same
proposition P follows from both sides of the "or" statement, then it follows
that the proposition P is true.

Let's now consider the disjunction elimination rule.∨E
Definition 5.4.9: Disjunction Elimination (∨E)

From φ ∨ ψ and two derivations of χ—one involving φ as an assump-
tion in a subproof, the other involving ψ as an assumption in a sub-
proof—we can derive χ from those subproofs.

n φ ∨ ψ P
k ψ A

...
k+i χ

j ψ A
...

j+l χ

m χ ∨E n, k-(k+i), j-(j+l)
Figure 5.2: ∨E

Next, let's consider a schematic use
of disjunction elimination in Fig-
ure 5.2. First, note in order to use
∨E, you must have a disjunction in
the proof. In the example, the dis-
junction φ ∨ ψ is on line n. Next,
notice that there are two subproofs.
The first subproof is the left disjunct
at line n. The second subproof is the
right disjunct on line j. Third, notice
that both subproofs derive the same
wff. In the schematic example, this
is χ. Finally, notice that the wff χ
is derived on line m using ∨E. The
justification is ∨E and the line numbers of the disjunction (n) and the two
subproofs (n, k-(k + i), j-(j + 1)).

Next, let's consider a MWE of disjunction elimination.

1 P ∨Q P
2 P → R P
3 Q→ R P
4 P A
5 R → E 2,4
6 Q A
7 R → E 3,6
8 R ∨E 1, 4-5, 6-7

214



In the MWE, notice that the proof begins with a disjunction P ∨Q. At line 4,
the left disjunct P is assumed and R is derived. At line 6, the right disjunct
Q is assumed and R is derived. Given the disjunction and that from each
disjunct R has been derived, we can now use ∨E to derive R.

Exercise 5.58

1. A ` A ∨ ¬B
2. P ` P ∨ (Q ∨R)
3. A,B ` A ∨B
4. A ` A ∨ ¬¬B
5. ¬A ∨B,¬A→ S,B → S ` S
6. (P ∨ Z) → R,Z ` R ∨ ¬L
7. P ∨Q,¬Q ` P

5.4.6 Biconditional Introduction and Elimination

The next pair of rules we will consider are biconditional introduction and
elimination. Biconditional introduction allows you to introduce a bicondi-
tional into the proof and biconditional elimination allows you to derive wffs
from a biconditional in the proof. ↔ E

Definition 5.4.10: Biconditional Elimination (↔ E)

φ↔ ψ, φ ` ψ or φ↔ ψ,ψ ` φ

Next, let's consider a schematic use of biconditional elimination.

1 φ↔ ψ P
2 φ P
3 ψ ↔ E 1, 2

1 φ↔ ψ P
2 ψ P
3 φ ↔ E 1, 2

The basic structure of the rule is that from a wff φ ↔ ψ, a wff ψ or φ can be
derived. In the justification column, the abbreviation for the rule is written
(this is ↔ E) and then the line of the wff to which the rule is applied is also
written.

Next, let's consider an example. Suppose we wanted to prove the following
entailment: P ↔ (Q↔ R), R, P ` Q. Let's start by setting up the proof.
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1 P ↔ (Q↔ R) P
2 R P
3 P P, Q

Notice that line 1 is a biconditional. As such, the biconditional has two sides:
a left side and right side. If we have either side of the biconditional on a
separate line in a proof, we can derive the other side. Notice that line 3 is the
left side of the biconditional at line 1. As such, we can derive the right side
of the biconditional on a new line.

1 P ↔ (Q↔ R) P
2 R P
3 P P, Q
4 Q↔ R ↔ E 1, 3

Next, with Q ↔ R at line 4 and the right side of that biconditional R at line
2, we can derive the left side of the biconditional Q on the next line.

1 P ↔ (Q↔ R) P
2 R P
3 P P, Q
4 Q↔ R ↔ E 1, 3
5 R ↔ E 4, 2

Now that we have considered biconditional elimination, let's turn to bicon-
ditional introduction.↔ I

Definition 5.4.11: Biconditional Introduction (↔ I)

From two subproofs: (1) φ is assumed and ψ is derived; (2) ψ is as-
sumed and φ is derived, a wff φ↔ ψ can be derived.

Here is a somewhat crass way of explaining biconditional introduction. If
you want to derive a biconditional, assume the left side and derive the right
side. Next, assume the right side and derive the left side. Finally, derive the
biconditional from the two subproofs.

P Q↔
derive

derive

Let's consider a schematic use of biconditional introduction.

216



n φ A
...

n+i ψ

k ψ A
...

k+j φ

m φ↔ ψ ↔ I n+1, k+j

The above example illustrates this in the derivation of φ ↔ ψ. First, φ is
assumed and ψ is derived. Next, ψ is assumed and φ is derived. Finally,
φ↔ ψ is derived from the two subproofs.

Now that we have the basic structure of biconditional introduction, let's look
at a simple MWE of biconditional introduction.

1 P P
2 Q P, P ↔ Q

3 P A
4 Q R 2
5 Q A
6 P R 1
7 P ↔ Q ↔ I 3-4, 5-6

In the above example, notice that the wff that wewant to derive is P ↔ Q. In
order to derive thiswff, the proof involves assuming the left side of the bicon-
ditional P and deriving Q in that subproof. Then, to put it crudely, we "do
the reverse". Assume Q and then derive P . Once we have both subproofs,
we can derive the biconditional P ↔ Q.

Exercise 5.59

1. (P ∧Q) ↔ R,P,Q ` R
2. (F ∨ Z) → (T ∧ P ), (P ∨M) → (R ∧ Z) ` P ↔ Z
3. (P ∨ ¬M) ↔ R,P ↔ (W ∨ L), L ` R
4. A ∧ ¬B ` A↔ ¬B
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5.5 Derivation Strategies

In this section, we will consider some strategies for constructing proofs. The
strategies are organized around the rules that we have considered in the pre-
vious section. The strategies are not meant to be exhaustive, but rather to
provide some guidance for constructing proofs. The reason for explicitly
discussing strategies is fairly straightforward. While some proofs are fairly
straightforward, others are rarely challenging, even to thosewho pick up the
subject quickly. As such, it is useful to have some strategies for constructing
proofs.

Strategies can be divided into two categories: (1) forward-working strate-
gies and (2) backward-working strategies. Forward-working strategies be-
gin with the premises and work toward the conclusion. Backward-working
strategies begin with the conclusion and work toward the premises.

5.5.1 Forward-Working Strategies

Forward-working strategies begin with the premises and work toward the
conclusion. It can be summarized simply in terms of the general strategy that
one should use as many elimination rules as possible. So, for example, if your
proof contains a conjunction, use ∧E (the elimination rule that corresponds
to conjunctions). If your proof contains a disjunction, then use ∨E. If it
contains conditionals, use → E. If it contains biconditionals, use ↔ E.Tip: If you get stuck, try to

apply as many elimination
rules as possible.

Let's illustrate this strategy with an example. Suppose we want to prove the
following entailment: P ∧ Q,Q → R,R ↔ S ` S. Let's start by setting up
the proof.

1 P ∧Q P
2 Q→ R P
3 R↔ S P
4 S P, S

Without thinking about how to construct this proof, let's blindly try to con-
struct this proof using the forward strategy. Line 1 is a conjunction, so let's
apply the corresponding elimination rule ∧E.
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1 P ∧Q P
2 Q→ R P
3 R↔ S P
4 S P, S
5 P ∧E 1
6 Q ∧E 1

We still do not have our conclusion, so let's continue with our forward strat-
egy by trying to use more elimination rules. Notice that line 2 is a condi-
tional. The elimination that corresponds to conditionals is conditional elim-
ination. Since we have Q on line 6, we can use → E to derive R.

1 P ∧Q P
2 Q→ R P
3 R↔ S P
4 S P, S
5 P ∧E 1
6 Q ∧E 1
7 R → E 2,6

We still do not have our conclusion, so let's continue with our forward strat-
egy by trying to use more elimination rules. Notice that line 3 is a bicondi-
tional. The elimination that corresponds to biconditionals is biconditional
elimination. Since we have R on line 7, we can use ↔ E to derive S.

1 P ∧Q P
2 Q→ R P
3 R↔ S P
4 S P, S
5 P ∧E 1
6 Q ∧E 1
7 R → E 2,6
8 S ↔ E 3,7

The proof is complete! Notice that the proof is fairly straightforward. We You can think of the
forward strategy as trying
to "break down" the proof
into its smallest parts.

simply applied the elimination rules that corresponded to the wffs in the
proof.
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Exercise 5.60

1. Z ∧ (B ∧ F ), (M ∧ T ) ∧ (L→ P ), Q ∧ (R ∧ P ) ` ¬R ∨ (S ∨ T )
2. (S ∧W ) ∧ (T ∧X), (P ∧W ) ∧ F, F → R ` (P ∧R) ∨ (S ∧ L)
3. (Z ∧Q) ∧ (F ∧ L), R ∧ P,W ∧B ` (Z ∨ T ) ∨ (M → R)
4. (L ∧ F ) → S,W ∧ (F ∧X),W → L ` (S ∨R) ∨ P
5. M ∧ (R ∧ ¬Z), S ∧ (P ∧W ), Q ` (S ↔ Q) ∨ [M ∧ (R ∧ Z)]
6. [(P ∧Q)∧ (W ∧L)]∧ [R∧ (S∧T )], Z ∧ [(W ∧R)∧ (T ∧Z)], (F →
P ) ↔W ` A ∨ Z

7. P → (R ∧M), (P ∧ S) ∧ Z ` R
8. P → R,Z →W,P ` R ∨W

5.5.2 Backward-Working Strategies

In the forward-working strategy, we began with the premises and worked
toward the conclusion using elimination rules. In the backward-working
strategy, we begin with the conclusion andwork toward the premises. In the
backward-working strategy, when the conclusion contains a main operator,
we can often refine this question further by asking the following question:
what introduction rule could I use to derive the conclusion? So, for example, if the
conclusion of your proof is a conjunction, consider using ∧I (the introduc-
tion rule that corresponds to conjunctions). If the conclusion is a disjunction,
then consider using ∨I . If it is a conditional, consider → I . If it is a bicondi-
tional, consider ↔ I .

Let's illustrate this strategywith a few examples as this strategy ismore com-
plex than the forward-working strategy. Suppose we want to construct a
proof for Q ∧ P ` (S ∧ P ) → Q. Let's start by setting up the proof.

1 Q ∧ P P, (S ∧ P ) → Q

If we were to use the forward strategy, our first step would be to use ∧E to
derive Q and P on separate lines. But, at this point, there does not appear a
way to useQ and P to create a conditional. Let's let's try to use the backward
strategy instead. Notice that the wff we want to derive is a conditional. As
such, we should consider using the introduction rule that corresponds to
conditionals (→ I). If we were to use → I to derive the conclusion, we
would need to assume the antecedent (S ∧P ) and derive the consequent Q.
Let's start the proof then by assuming the antecedent (S ∧ P ).It helps to take things

step-by-step rather than
trying to do everything at

once.
1 Q ∧ P P, (S ∧ P ) → Q

2 S ∧ P A, Q

220



In the justification column of the subproof, "Q" is written after the assump-
tion. This is to indicate that this is the goal of this subproof. This is the wff
that we want to derive so that we can use → I . Next, we need to derive
Q. Notice that line 1 is Q ∧ P . As such, we can use ∧E to derive Q in the
subproof. If you want to derive a

conditional φ→ ψ, assume
φ, derive ψ, then use→ I .1 Q ∧ P P, (S ∧ P ) → Q

2 S ∧ P A, Q
3 Q ∧E 1

Now since we have derived Q in the subproof, we can use → I to derive the
conclusion.

1 Q ∧ P P, (S ∧ P ) → Q

2 S ∧ P A, Q
3 Q ∧E 1
4 (S ∧ P ) → Q → I 2-3

The proof is complete! What it illustrates is that if you want to derive a con-
ditional φ→ ψ, consider the introduction rule that you would need to use to
"introduce" into the proof that conditional. This is → I . When we examine
this rule, we now have clear direction about how to take the next step in the
proof. When trying to derive a conditional φ→ ψ, → I requires assuming φ
(the antecedent), then deriving ψ (the consequent), then using → I .

Let's consider another example. Suppose we want to prove the following
entailment: Q ∨W,P ∧ S ` Q ∨ Z. Let's start by setting up the proof.

1 Q ∨W P
2 P ∧ S P, Q ∨ S

In this proof, our eyes might be initially attracted to line 1. This is because
line 1 contains Q, the conclusion contains Q, and we might believe that we
could use elimination rule that corresponds to disjunctions (∨E) to derive
our conclusion. Unfortunately, if you try to use line 1 and ∨E, you will
quickly find yourself stuck. Remember you can't derive

Q from Q ∨W . This
would be like reasoning "I
have a dog or a cat.
Therefore, I have a dog."

Rather than using the forward strategy, let's try to use the backward strategy.
In this case, the conclusion is a disjunction. As such, we should consider
using the introduction rule that corresponds to disjunctions (∨I). If wewere
to use ∨I to derive the conclusion, we would need to either have Q or Z in
the proof.
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1 Q ∨W P
2 P ∧ S P, Q ∨ S
? ?

? Q or S ?
? Q ∨ S ∨I , ?

Q ∨ Z

QZ

Now that we have worked backward one step in the proof, how to construct
the proof becomesmore apparent. We only need to deriveQ or S. We cannot
derive Q from line 1, but we can derive S from line 2. Let's use ∧E one line
2 to derive S and complete the rest of the proof.

1 Q ∨W P
2 P ∧ S P, Q ∨ S
3 S ∧E 2
4 Q ∨ S ∨I 3

The proof is complete! What it illustrates is that if you want to derive a dis-
junction φ ∨ ψ, consider the introduction rule that you would need to use
to "introduce" into the proof that disjunction. This is ∨I . When we examine
this rule, we now have clear direction about how to take the next step in the
proof. When trying to derive a disjunction φ ∨ ψ, ∨I requires either φ or ψ
in the proof.

Let's consider one more example. Consider the following entailment P ∧
(¬Z ∧ ¬P ) `W . Let's start by setting up the proof.

1 P ∧ (¬Z ∧ ¬P ) P, W

Now let's consider our backward strategy. This strategy says to consider
what rule we would need to use to derive the conclusion. In this case, the
conclusion isW , an atomic wff. As such, we should consider what rule (or
rules) would allow for deriving an atomic wff. In this case, there are several.
If there was a conjunction containingW , then we could use ∧I to deriveW .
However, notice that there is no conjunction containingW . Alternatively, if
there was a conditional containing W as a consequent (e.g., P → W ) and
we had P , then we could use→ I to deriveW . However, notice that there is
no conditional containingW . Finally, if there was a biconditional containing
W , then we could use ↔ I to derive W . However, notice that there is no
biconditional containingW .

But now consider ¬E. This rule contends that if you assume ¬(φ), derive a
wff and its literal negation ψ,¬(φ), then you can derive φ. Let's try to use ¬E
to deriveW .Again, take things

step-by-step. Here we are
assuming "the opposite" of
our conclusion in the hopes

that ¬E will give us our
conclusion.
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1 P ∧ (¬Z ∧ ¬P ) P, W
2 ¬W A, ψ,¬(ψ)

In the justification column of the subproof, ψ,¬(ψ) is written after the as-
sumption. This is to indicate that this is the goal of this subproof. Let's re-
turn to the forward strategy. Notice that line 1 is a conjunction. As such, we
can use ∧E to derive P and ¬P (a wff and its literal negation). Once these
two wffs are in the subproof, ¬E can be used to deriveW .

1 P ∧ (¬Z ∧ ¬P ) P, W
2 ¬W A, ψ,¬(ψ)
3 P ∧E 1
4 ¬Z ∧ ¬P ∧E 1
5 ¬P ∧E 4
6 W ¬E 2-5

The Forward-looking
strategy amounts to
charging up the mountain
without a clear direction,
while the backward-looking
strategy amounts to
looking down from the
mountain and determining
(in broad strokes) the best
paths.

In sum, there are twoprincipal strategies for constructingproofs: (1) forward-
working strategies and (2) backward-working strategies. Forward-working
strategies beginwith the premises andwork toward the conclusion. Backward-
working strategies begin with the conclusion andwork toward the premises.
In constructing proofs, neither strategy should be relied upon exclusively
as each has its own advantages. In the forward-strategy, one "simplifies"
the proof by "breaking down" the premises into smaller, more flexible parts.
However, the strategy can often reach a dead-end when the conclusion is
complex. In the backward-strategy, one gets a broader view of the proof by
considering what rule would be needed to derive the conclusion. It offers
general guidelines rather than giving fine-grained directions about which
rules should be used at each step.

To conclude, let's consider part of a proof that many students often initially
struggle to construct. Consider ¬(¬P ∧ ¬Q) ` P ∨ Q. Let's start by setting
up the proof.

1 ¬(¬P ∧ ¬Q) P, P ∨Q

At first glance, it is not clear how to solve this proof. Consider the forward-
looking strategy. This strategy says to considerwhat elimination rules can be
used. Line 1 is a negated conjunction, but there are no apparent elimination
rules that can be used to "break down" the negated conjunction into simpler
wffs. Now consider the backward-looking strategy. This strategy says to
consider what rule can be used to derive the conclusion and try to work
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backward toward the premises. The conclusion is a disjunction and so trying
to derive either P or Q and then using ∨I seems like a good strategy.

P ∨Q

PQ

But how do we derive P or Q? One option is to try to assume ¬P , derive a
wff φ and ¬(φ), and then use ¬E to derive P .

1 ¬(¬P ∧ ¬Q) P, P ∨Q
2 ¬P A, φ,¬φ

But, at this point, it is not clear how to derive φ and ¬φ. Trying this with
¬Q leads to a similar dead end. So, let's try to use the backward-looking
strategy again. Another approach is to try to not the negation of P or Q but
the negation of the entire conclusion. That is, since our conclusion is P ∨Q,
let's move forward in the proof by assuming ¬(P ∨Q).

1 ¬(¬P ∧ ¬Q) P, P ∨Q
2 ¬(P ∨Q) A, φ,¬φ

3
...

The subgoal at this point is to derive a wff φ and its literal negation ¬(φ).
It is still not clear how to do this. So, let's try to use the backward-looking
strategy again. Consider line 2 and note that if we were able to derive P ∨Q,
we could use P ∨ Q with line 2 to derive a contradiction. But how do we
derive P ∨ Q? One option is to try to assume P and then use ∨I to derive
P ∨Q.

1 ¬(¬P ∧ ¬Q) P, P ∨Q
2 ¬(P ∨Q) A, P,¬P
3 P A
4 P ∨Q ∨I , 3

With P ∨Q in the proof, let's reiterate line 2 and then use ¬I to derive ¬P .

1 ¬(¬P ∧ ¬Q) P, P ∨Q
2 ¬(P ∨Q) A, P,¬P
3 P A
4 P ∨Q ∨I , 3
5 ¬(P ∨Q) R 2
6 ¬P ¬I 3-5

This is a key step in the proof. Notice that we have derived ¬P in the sub-
proof. Try to complete the rest of your proof yourself.
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Exercise 5.61

1. P → Q,¬Q ` ¬P
2. R ` ¬(D ∨ L) → R
3. ¬(P ∨R) ` ¬P ∧ ¬R
4. ¬(¬P ∧ ¬Q) ` P ∨Q
5. (¬P ∧ L) → ¬Q, (M ∧ T ) ∧ (¬R ∧ L), (M ∧ ¬R) → (Z ∧ ¬P ) `

¬Q ∨ (A↔ B)
6. ¬R ` P ∨ ¬W → (Q ∨ ¬R)
7. ` ¬(W ∧ ¬W )
8. P, (P ∨W ) → (R ∧ T ), (T ∨ ¬V ) ↔ (¬R ∧ T ) ` S
9. ¬P ∨R ` P → R

10. P → R ` ¬P ∨R

5.6 Additional Derivation Rules

The set of 10 intelim rules form PD. At this point, we have three options.
First, we might end our discussion of proofs. PD is "complete". This means
that PD is capable of proving any valid argument in PL (more exactly, for
any semantic entailment Γ |= φ, there is a proof that Γ ` φ). Second, we
might add additional derivation rules to our proof system. We might add
these rules because either (1) they make solving proofs much easier or (2)
they are "natural" and so adding them to our system would give us a proof
system that better tracks how we reason. Recall that we added the reitera-
tion ruleR because it simplified (shortened) proofs. A third option is to con-
sider alternative proof systems. For example, instead of developing a system
of natural deduction, we might consider a Hilbert deductive system. In our
intelim natural deduction system, we said that Γ ` φ means that there is a
proof of φ from Γ, where the members of Γ were taken to be the "premises"
of the proof. In this sense, the intelim system is a "premise-based" system.
In contrast, in a Hilbert system, instead of starting with premises or assump-
tions, themembers ofΓwould consist of "logical axioms" and, quite typically,
a single "logical rule of inference" (conditional elimination). In this sense, a
Hilbert system is an "axiom-based" system.

In the remainder of this chapter, our focus will be on the second option. We
will consider adding additional derivation rules to our intelim system. In
the next section, we will consider adding additional derivation rules to our
intelim system because they are "natural" and so adding them to our system
would give us a proof system that better tracks how we reason.
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5.6.1 Additional Derivation Rules: Naturalness

To distinguish the core derivation rules from our deductive apparatus, let's
say that PD refers to our ten intelim rules and PD+ consists of PD plus any
additional rules added beyond those ten rules. At this point then, only reit-
eration (R) distinguishes PD from PD+. In this section, we will add three
additional derivation rules to our intelim system because they are "natural"
and so adding them to our system would give us a proof system that bet-
ter tracks how we reason. One condition we will place on the addition of a
new rule, however, is that it must be possible to derive the new rule from the
existing rules.

Our approach to introducing these three derivation rules will differ slightly.
We will list all three new rules together and then consider each rule in turn.

Definition 5.6.1: Disjunctive Syllogism (DS)

φ ∨ ψ,¬(ψ) ` φ or φ ∨ ψ,¬(φ) ` ψ

Definition 5.6.2: Modus Tollens (MT)

φ→ ψ,¬(ψ) ` ¬(φ)

Definition 5.6.3: Hypothetical Syllogism (HS)

φ→ ψ,ψ → χ ` φ→ χ

Let's startwith disjunctive syllogism (DS). Suppose Tek andLiz have adaugh-
ter named Pat. Tek and Liz are discussing Pat's future. Tek says "either Pat
will go to college or Pat join the military." Liz says "Pat will not join the mil-
itary." From this, Liz concludes that Pat will go to college. In this example,
Tek utters an "or-proposition", Liz utters the negation of one of the sides
of the "or-proposition", and then Liz concludes the other side of the "or-
proposition" follows. This is the basic idea behind disjunctive syllogism. If
there is a disjunction φ∨ψ, the negation of one of the sides of the disjunction
(either ¬(φ) or ¬(ψ)), then DS permits the derivation of the other side of the
disjunction.

Let's consider an example. Consider the entailmentP∨(R∧S),¬(R∧S) ` P .
The proof of this entailment is as follows:
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1 P ∨ (R ∧ S) P
2 ¬(R ∧ S) P
3 P DS 1, 2

Notice that at line 1 there is a disjunction, at line 2 there is the negation of
the right side of the disjunction, and at line 3 there is the left side of the
disjunction. In citing the justification, since DS uses two lines (wffs), the
line number of each line is used along with "DS" for the justification.

Recall that our criteria for adding new rules is that the reasoning the rule
represents must be "natural" and it must be capable of being derived with
our existing set of rules. Surely, DS is a natural rule. But is it capable of
being derived with our existing set of rules? Yes. To illustrate, let's show
that φ ∨ ψ,¬(ψ) ` φ can be derived using our existing rules.

1 φ ∨ ψ P
2 ¬(ψ) P, φ
3 φ A
4 φ R, 3
5 ψ A
6 ¬φ A
7 ψ R, 5
8 ¬ψ R, 6
9 φ ¬E, 6-8

10 φ ∨E 1, 3-4, 5-9

Next, let's consider modus tollens (MT). Suppose Tek and Liz are returning
home from work. Tek is the worrisome sort and says "if we left the stove on,
then the housewill have burned down."When they arrive home, Liz sees the
home is intact and says "the house did not burn down." From this, Tek and
Liz conclude that they did not leave the stove on. In this example, Tek utters
a proposition of the form "if P, then Q". Liz utters the negation of Q, and
then they both conclude that the negation of P follows. This is the basic idea
behind modus tollens. If there is a conditional φ → ψ, the negation of the
consequent of the conditional (i.e. ¬(ψ)), then MT permits the derivation of
the negation of the antecedent of the conditional (i.e. ¬(φ)). Solving proofs is like

solving a puzzle.
Let's consider another example. Consider the following argument expressed
in standard form:

• P1: If sight occurs because our eyes send out particles that illuminate
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objects and are reflected back to us, then we would be able to see in
complete darkness.

• P2: It is not the case that we are able to see in complete darkeness.
• C: Therefore, it is not the case that sight occurs because our eyes send

out particles that illuminate objects and are reflected back to us.

Translating the argument into PL and putting it into a proof results in the
following:

1 S → D P
2 ¬D P
3 ¬S 1,2 MT

Let's consider an example. Consider the entailment P → Q,¬(Q) ` ¬(P ).
The proof of this entailment is as follows:

1 P → Q P
2 ¬Q P
3 ¬P MT 1, 2

In above proof, notice that the conclusion is the literal negation of the an-
tecedent of the conditional P → Q. The conditional P → Q is the first
premise and the literal negation of the consequent ¬Q is the second premise.
The conclusion is derived usingMT and then citing the lines of both the con-
ditional and its literal negation.

Let's consider another example of MT. First, consider the following entail-
ment: P → (S ∨R),¬(S ∨R) ` ¬P .

1 P → (S ∨R) P
2 ¬(S ∨R) P
3 ¬P MT 1, 2

Notice that in the above example, line 1 is a conditional. This conditional
has S ∨ R as its consequent. In order to use MT on this conditional, it is
necessary to have the literal negation of S∨R. This would be ¬(S∨R). With
the conditional at line 1 and its literal negation at line 2, MT can be used to
derive the literal negation of the antecedent at line 3.

Let's consider one more example of MT. Consider the following entailment:
(P ∨R) → ¬S,¬¬S ` ¬(P ∨R).

228



1 (P ∨R) → ¬S P
2 ¬¬S P
3 ¬(P ∨R) MT 1, 2

Notice that in the above proof, line 1 is a conditional. This conditional has
¬S as its consequent. In order to use MT on this conditional, it is necessary
to have the literal negation of ¬S. This would be ¬¬S. With the conditional
at line 1 and its literal negation at line 2, MT can be used to derive the literal
negation of the antecedent at line 3. Note that the literal negation of the
antecedent is the negation of a disjunction ¬(P ∨R) rather than the negation
of the disjuncts in that disjunction. That is, using MT would allow us to
derive ¬(P ∨R) but not ¬P ∨ ¬R and not ¬P ∨R.

Again, if we want to add MT to our system, we need to show that it can be
derived from our existing rules. Consider the following derivation of φ →
ψ,¬(ψ) ` ¬(φ)

1 φ→ ψ P
2 ¬(ψ) P
3 φ A
4 ψ → E 1, 3
5 ¬(ψ) R 2
6 ¬φ ¬I 2-5

Finally, let's considerHS. Suppose Liz and Tek are thinking about going to a
large arts festival. Tek has a habit of buying little items whenever he attends
such festivals. Tek says "if I attend this festival, then I will buy several items".
Liz responds, "if you buy several items, then you will have to carry them."
Tek and Liz then draw the following conclusion: "if I attend this festival,
then I will have to carry several items." In this example, Tek utters an "if P,
then Q" proposition. Liz utters an "if Q, then R" proposition. From this, Tek
and Liz conclude that from these two "if-then" propositions, a third "if-then"
proposition follows: "if P, then R". This is the basic idea behind hypothetical
syllogism. If there are two conditionals φ→ ψ and ψ → χ, then HS permits
the derivation of the conditional φ→ χ. Let's consider a MWE of HS. In this
example, we will provide a proof for P → R,P → Q ` Q→ R.

1 P → R P
2 Q→ R P
3 P → R HS 1, 2
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In the above proof, notice that before using HS, there are two conditionals in
the proof. The first premise is a conditionalP → Q and the secondpremise is
a conditionalQ→ R. Notice how the consequent ofP → Q is the antecedent
of Q → R. When this is the case, then HS allows for deriving a conditional
consisting of the antecedent of the first conditional and the consequent of
the second conditional. Let's consider another example of a proof involving
HS. Consider the following entailment: ¬R→ Q,S → ¬R ` S → Q.

1 ¬R→ Q P
2 S → ¬R P
3 S → Q HS 1, 2

In this section, we added three additional rules to PD+: DS, MT, and HS.
We added these rules because they are "natural" and so adding them to our
systemwould give us a proof system that better tracks howwe reason. In the
next section, we will add three additional rules to PD+ because they make
solving proofs much easier.

Exercise 5.62

1. (R ∧ T ) ∨ ¬W,S ∧ ¬¬W ` R ∧ T
2. (P ∧ S) →W,¬W ∧ T ` ¬(P ∧ S)
3. (R ∧ T ) → ¬W,M → (R ∧ T ),¬W → (S ∧R) `M → (S ∧R)
4. P ∨ ¬(R ∨ S), R, L→ ¬P ` ¬L
5. Challenge: Show that P → Q,Q → R ` P → R can be derived

using only intelim rules and R.
6. Challenge: Create another derivation to add to PD+ and then

use the intelim rules to show that this rule can be proven with
the existing stock of derivation rules.

7. Translate the following argument into PL, then prove it: "Either
my client is guilty or innocent. If my client is guilty, then there
is evidence my client is guilty. If there is evidence that my client
is guilty, then the prosecution has presented that evidence. The
prosecution has not presented evidence that my client is guilty.
Therefore, my client is innocent."

5.6.2 The Replacement Rules

All of the previous derivation rules have been expressed as one-direction
derivation rules. That is, they allow for deriving a proposition of one form
from a proposition of another form. For example, ∨I permits deriving a
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disjunction φ∨ψ from a disjunct φ, but it does not permit deriving a disjunct
φ from a disjunction φ ∨ ψ. In this section, we will consider adding three
additional derivation rules to PD+ that are two-direction derivation rules.
These rules are known as replacement (or equivalence) rules. Replacement
rules are derivation rules that allow for interchanging certain formulas or
sub-formulas in a proof.

φ ψ

replace

replace

Similar to the additional ruleswe added toPD+ in the previous section, each
of the replacement rules that we will add in this section are capable of being
derived using PD.

5.6.2.1 Double Negation

The first replacement rule that we will add to PD+ is the double negation
rule. This rule allows for taking any wff φ and replacing it with its dou-
bly negated form ¬¬φ or taking any wff ¬¬φ and replacing it with a wff
that removes both negations φ. The double negation rule is a two-direction
derivation rule. It allows for deriving ¬¬φ from φ and it allows for deriving
φ from ¬¬φ. There are two ways to express this fact. First, we might express
the rule as follows: φ ` ¬¬φ and ¬¬φ ` φ. Second, we might express the
rule more compactly as follows: φ a` ¬¬φ. The symbol a` is known as a
"turnstile" and it is used to express the fact that a rule is two-directional.

Definition 5.6.4: Double Negation (DN)

¬¬(φ) a` φ

Let's consider examples ofDN. First, consider the following entailment: P →
R ` ¬¬(P → R). The proof of this entailment is as follows:

1 P → R P, ¬¬(P → R)

2 ¬¬(P → R) DN 1

Notice that the conclusion is the doubly negated form of the conditionalP →
R at line 1. To cite a use of DN, we can cite the abbreviation for the rule
"DN" along with the line of the proof to which the rule is applied (line 1 in
the above example). It is important to note that replacement rules can be
applied not only to the entire wff φ but any subformula ψ of φ. For example,
consider the use of DN in the following proof:

1 P ∨ (R ∧ S) P, (P ∨ (R ∧ S))
2 (P ∨ (R ∧ ¬¬S)) DN 1
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Notice that the use of DN in the above proof is applied to the subformula S
of the formula P ∨ (R∧S) at line 1. But, be careful! DN involves replacing a
wffwith its doubly negated form. It does not involve adding one negation to
one part of a wff and another negation to another part of a wff. For example,
consider the following proof:

1 P ∨ (R ∧ S) P, (P ∨ (R ∧ S))
2 ¬P ∨ (¬R ∧ S), NO! DN 1

In the above example, notice that rather than replacing say P with ¬¬P or
R with ¬¬R, the subformula P is replaced with ¬P and the subformula R
is replaced with ¬R. This would not be a correct use of DN.

5.6.2.2 De Morgan's Laws

The next rule we will add to our deductive system is "De Morgan's Laws" (a
pair of rules named after 19th centurymathematician and logicianAugustus
De Morgan).

Definition 5.6.5: De Morgan’s Laws (DeM)

¬(φ ∨ ψ) a` ¬(φ) ∧ ¬(ψ)
¬(φ ∧ ψ) a` ¬(φ) ∨ ¬(ψ)

In the case of DeM, you can interchange a negated disjunction ¬(P ∨Q)with
a conjunctionwhose conjuncts are negated¬P∧¬Q (and vice versa) and you
can interchange a negated conjunction ¬(P ∨Q)with a disjunction ¬P ∨¬Q
whose disjuncts are negated (and vice versa).DeM is like a game of leap

frog. The¬ "leaps" over the
parentheses and "lands" on
the negated propositions.

¬(φ ∨ ψ). The ¬ "leaps" over the parentheses and "lands" on the φ and ψ.
Now the wff is ¬(φ) ∧ ¬(ψ).

¬ (φ ∨ ψ)

¬φ ∧ ¬ψ

De Morgan's laws are probably not the most intuitive ("natural") rules, but
they are very useful for solving proofs. Because they are so useful, let's con-
sider several examples of DeM. First, let's consider a MWE of DeM. Rather
than solving a proof, let's consider the use of DeM in a proof:
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1 ¬(P ∨Q) P
2 ¬P ∧ ¬Q DeM 1
3 ¬(P ∨Q) DeM 2

Notice that above proof begins with a negated disjunction. Using DeM on
that negated disjunction allows for deriving a conjunction with two negated
conjuncts. This is ¬P ∧¬Q at line 2. When using DeM, we cite DeM and the
line of wff towhich DeM is applied. In looking at lines 2-3, recall that DeM is
a rule of replacement. So, not only can we reason from a negated disjunction
¬(P ∨Q) to the corresponding conjunction ¬P ∧¬Q, but we also can reason
from that conjunction back to the negated disjunction ¬(P ∨Q).

Since DeM is a pair of rules (one involving negated disjunctions, the other
involving negated conjunctions), let's consider a MWE of the other rule.

1 ¬(P ∧Q) P
2 ¬P ∨ ¬Q DeM 1
3 ¬(P ∧Q) DeM 3

This proof illustrates a use of DeM. First, notice that the proof begins with a
negated conjunction ¬(P ∧ Q). Using DeM on that negated conjunction al-
lows for deriving a disjunction with two negated disjuncts. This is ¬P ∨¬Q
at line 2. In looking at lines 2-3, again recall that DeM is a rule of replace-
ment. So, not only can we reason from a negated conjunction ¬(P ∧ Q) to
the corresponding disjunction ¬P ∨ ¬Q, but we also can reason from that
disjunction back to the negated conjunction ¬(P ∧Q).

Now that we have the basic idea of how to use DeM in a proof, let's consider
somemore complicated examples. Consider the following entailment: ¬(A∧
B) ` B. The proof is set up as follows:

1 ¬(A ∧B) P, B

Since line 1 is a negated disjunction, there is not a whole lot we can do with
this wff. We cannot apply ∧E to it as it is not a conjunction. We might try to
assume ¬B and tried to derive φ,¬φ in the hopes of deriving B. But, once
we assume ¬B, it is not immediately obvious what we would do next. So,
let's try using DeM on line 1. This would allow us to derive a conjunction
with two negated conjuncts. This is ¬A ∧ ¬B at line 2.

1 ¬(A ∧B) P, B
2 ¬A ∧ ¬B DeM 1
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Now that we have a conjunction with two negated conjuncts, we can apply
∧E on line 2 to derive¬B at line 3. Thiswould complete the proof. This proof
highlights an important tip. When there is a negated disjunction ¬(P ∨ Q)
or a negated conunction ¬(P ∧ Q), it is a good idea to use DeM as these
rules derive conjunctions and disjunctions. Conjunctions and disjunctions
can then be used to apply rules like ∧E, ∨E, or DS.

Let's consider another example involving DeM. Consider the following en-
tailment: P → (R ∨Q),¬R ∧ ¬Q ` ¬P . The proof is set up as follows:

1 P → (R ∨Q) P
2 ¬R ∧ ¬Q P

As mentioned earlier, generally, it is a good idea to consider using DeM to
negated conjunctions and negated disjunctions. However, it is important to
remember that DeM is a two-directional rule. It can be used on the conjunc-
tion in line 2 to derive the negated disjunction ¬(R∨Q). From there, MT can
be used to derive the conclusion.

1 P → (R ∨Q) P
2 ¬R ∧ ¬Q P
3 ¬(R ∨Q) DeM 2
4 ¬P MT 1, 3

5.6.2.3 Implication

The final rule that we will add to PD+ is "implication" (IMP).

Definition 5.6.6: Implication (IMP)

φ→ ψ a` ¬(φ) ∨ ψ

In the case of IMP, you can replace a negated conditional P → Q with a
disjunction ¬P ∨ Q, and vice versa. Similar to the illustration of DeM, let's
consider an example of IMP where we are more focused on how to use the
rule in a proof rather than solving a proof.

1 P → Q P
2 ¬P ∨Q IMP 1
3 P → Q IMP 2

In the above example, the proof beginswithP → Q. Since this wff is a condi-
tional, IMP can be used to derive the disjunction ¬P ∨Q at line 2. In looking
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at lines 2-3, again recall that IMP is a rule of replacement. So, not only canwe
reason from a conditional P → Q to the corresponding disjunction ¬P ∨Q,
but we also can reason from that disjunction back to the conditional P → Q.
As IMP is applied to only one line of the proof, we cite the line of the proof
to which IMP is applied.

Next, let's consider an example of IMP where we are solving a proof. Con-
sider the following entailment: ¬(P → Q) ` ¬Q. The proof is set up as
follows:

1 ¬(P → Q) P, ¬Q

Since IMP is a replacement rule, it can be applied to the subformula of a
wff. In this case, IMP can be applied to the subformula P → Q of the wff
¬(P → Q) at line 1. This would allow for deriving the disjunction ¬(¬P ∨Q)
at line 3.

1 ¬(P → Q) P, ¬Q
2 ¬(¬P ∨Q) 1IMP

Since line 3 is a negated disjunction, we can complete the proof by using
DeM and then ∧E.

1 ¬(P → Q) P, ¬Q
2 ¬(¬P ∨Q) IMP 1
3 ¬¬P ∧ ¬Q DeM 2
4 ¬Q ∧E 3

In this section, we added three replacement rules to PD+: DN, DeM, and
IMP. We added these rules, not because they are necessarily natural or intu-
itive, but because they make solving proofs much easier.

Exercise 5.63

1. ¬¬(¬¬P → Q) ` P → ¬¬Q
2. ¬(¬P ∨Q) ` P
3. S → ¬Q ` ¬S ∨ ¬Q
4. ¬¬P → R,P,¬¬R→ (W ∧ Z) ` ¬¬(W ∧ ¬¬Z)
5. ¬(P ∨R) → (¬Z ∨ ¬W ),¬P ∧ ¬R ` ¬(Z ∧W )
6. (P → R), (¬P ∨R) → (Z → ¬R) ` ¬Z ∨ ¬R
7. ¬P ∨R,¬(P → R) ` S
8. P → ¬(Z ∨ S),¬(P → R) ` ¬Z ∨W
9. P,¬(¬P ∧ ¬R) → ¬(S → T ) ` S
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10. P ↔ (R ∨ S), P ∧ ¬S,Q→ ¬R ` ¬Q
11. R ∨ (M ∧ T ),¬R ∧ ¬W,L→W ` ¬L
12. (R ∨M) ∨ ¬(S ∨ T ), (S ∨ T ) ∨ (Z ∧ E),¬(R ∨M) ` E
13. ¬(P ∨R),¬P → ¬(M ∨ S),¬R→ ¬Q ` ¬M ∧ ¬Q
14. ¬(P → R), P → Z,¬R→M ` Z ∧M
15. ¬(¬P → ¬R), Z → P ` ¬Z ∧R
16. ` ¬(P → R) → (S → ¬R)
17. ` ¬(P ∨R) → [(Z → R) → ¬Z]
18. ` [¬(P →M) ∧ ¬(T → S)] ∨ (P ∨ ¬P )
19. Recall that in an earlier section, two principal strategies for solv-

ing proofs were introduced. How would you incorporate DN,
DeM, and IMP into those existing strategies?

5.7 Additional Exercises

This section provides additional exercises for practice. The exercises are or-
ganized by difficulty. The first set of exercises are easy. The second set of
exercises are medium. The third set of exercises are hard. The fourth set of
exercises are that do not have any premises (zero-premise proofs) and so
will begin with an assumption.

5.7.1 Easy

Exercise 5.64

1. P ∧ ¬Q,T ∨Q ` T
2. P → Q,Q→ R,¬R ` ¬P
3. A→ C,A ∧D ` C
4. [(A ∧B) ∧ C] ∧D ` A
5. A ` B → (B ∧A)
6. ¬(A ∨B) ` ¬A ∧ ¬B
7. ¬(¬A ∨B) ` ¬¬A ∧ ¬B
8. (P ∨Q) ∨R, (T ∨W ) → ¬R, T ∧ ¬P ` Q
9. A ∨ (¬B → D),¬(A ∨B) ` D

10. ¬A ∨ ¬B ` ¬(A ∧B)
11. A ∨ (¬B → D),¬(A ∨D) ` B
12. (¬B ∧ ¬D),¬(B ∨D) → S ` S
13. (B ↔ D) ∨ S,¬S,B ` D ∨W
14. ¬A→ Q, (A ∨D) → S,¬S ` Q
15. R ∨R ` R
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16. ¬(¬R ∨R) `W
17. A→ B,B → C,¬C ` ¬A
18. A→ B,B → C,A ` C
19. A→ B,A ∨ C,¬C ` B
20. A→ (B → C), A, C → D ` B → D
21. A→ B,C → D,B → C ` A→ D
22. A→ (B → C), A,¬C ` ¬B ∨ (W → S)
23. M ∨ (Q ∧D),M → F, (Q ∧D) → F ` F ∨ S
24. P ` (¬Q ∨ P ) ∨ ¬W
25. (C ∧D) → (E ∧Q), C,D ` Q
26. P → (Q ∧ ¬S), F → S,R→ P,R,¬F → ¬M ` ¬F ∧ ¬M
27. P,Q ∧ F, (P ∧ F ) → (W ∨R),¬R,Q→ S `W ∧ S
28. P → Q,Q→W,P `W
29. P → ¬(Q ∨ ¬R), P ` ¬Q
30. ¬(¬P ∧ ¬Q),¬Q ` P
31. ¬(W ∨ (S ∨M)) ` ¬W ∧ ¬M
32. ¬(P ∨ (S ∧M)),M ` ¬P ∧ ¬S

5.7.2 Medium

Exercise 5.65

1. (S ↔ D) → T, P ↔ (S ∧D), P ` T
2. ¬(P ∨Q),¬(¬A ∨ ¬B) ` ¬P ∧B
3. B → ¬(S ∨ T ),¬(A ∨ ¬B),¬S →W `W
4. P ` ¬P → ¬S
5. ¬(A ∧B), B, (¬A ∨ S) → ¬(D ∧ T ) ` ¬D ∨ ¬T
6. P, (P ∨Q) →W,¬W ` ¬(P ∨Q)
7. G→ M ` ¬M → ¬G
8. A→ ¬(B → C),¬B ` ¬A
9. (B → C) → ¬(D → E), C ` ¬E

10. (S ∨W ) →M, (S ∧ T ) ↔ (R ∨ P ), R `M
11. L ∧ (Y ∧ ¬B), P, (P ∨ ¬R) → Z, [Z ∨ (S ∧ T )] →W `W ∨ ¬M
12. R ∧ (S ∧ T ), (T ∨M) →W, (W ∨ ¬P ) → (A ∧B) ` B
13. B → D,¬D ` ¬B ∨D
14. ¬P ∨ (¬Q ∨R),¬P → (W ∧ S), (¬Q ∨R) → (W ∧ S) ` S
15. ¬W → (R ∨ S),M → ¬W,¬S ∧M ` R
16. A↔ B ` A→ B
17. [P ↔ (L ∨M)] →W,P,L ∨M `W
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18. A,B ` A↔ B
19. A→ B,¬A→ C ` ¬B ∨ C
20. (B → C) → ¬(D → E), C ` ¬E
21. (S ∨W ) →M, (S ∧ T ) ↔ (R ∨ P ), R `M
22. L ∧ (Y ∧ ¬B), P, (P ∨ ¬R) → Z, [Z ∨ (S ∧ T )] →W `W ∨ ¬M
23. R ∧ (S ∧ T ), (T ∨M) →W, (W ∨ ¬P ) → (A ∧B) ` B
24. B → D,¬D ` ¬B ∨D
25. ¬P ∨ (¬Q ∨R),¬P → (W ∧ S), (¬Q ∨R) → (W ∧ S) ` S
26. ¬W → (R ∨ S),M → ¬W,¬S ∧M ` R
27. (A ∨B) → ¬D,¬(¬A ∨ ¬B) → R ` D → R
28. ¬W → (R ∨ S),M → ¬W,¬S ∧M ` R
29. P ` ¬¬P ∨ P
30. (Q ∨B) ` (B ∨Q)
31. (A ∧B) ∧ C ` A ∧ (B ∧ C)
32. ¬(A ∨B) → D,¬D ` A ∨B
33. ¬[(A ∧B) ∧ C] → R,¬R ` (B ∧A) ∧ C
34. R↔ [(M → T ) → Z], S ∧ [¬P ∧ (¬Q ∧ ¬S)] ` Z
35. P ∧ [S ∧ (R ∧ ¬P )], R→ [(M → T ) →W ] `W
36. ¬¬(¬R→ ¬R) ∨B ` (R→ R) ∨ ¬¬B

5.7.3 Difficult

Exercise 5.66

1. ¬ (A ∨ [¬(B → R) ∨ ¬(C → R)]) ,¬A↔ (B ∨ C) ` R
2. (A→ A) → B ` B
3. A ∨B,R ∨ ¬(S ∨M), A→ S,B →M ` R
4. ¬B ∧ C ` ¬(B ∨ ¬C) ∨ (F →M)
5. A ` ¬(¬A ∧ ¬B)
6. ¬¬(C ∨ ¬¬D),¬D ` ¬(¬C ∧ F ) ∨M
7. A→ B,D → E, (B ∨ ¬E) ∧ (¬A ∨ ¬B) ` ¬A ∨ ¬D
8. A → ¬B,D → ¬E,F → ¬G,H → ¬J,D → G,E → B,F ∨ A `

¬D ∨ ¬E
9. (A∨B) → (D∨E), [(D∨E)∨F ] → (G∨H), (G∨H) → ¬D,E →

¬G,B ` H
10. A→ B,A ∨ (B ∨ ¬D),¬B ` ¬D ∧ ¬B
11. A → (B → D),¬(D → Y ) → ¬K, (Z ∨ ¬K) ∨ ¬(B → Y ) `

¬Z → ¬(A ∧K)
12. ¬(A→ B), A→ D,E → B ` ¬(D → E)
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13. ¬(P → Q) ` (P ∧ ¬Q)
14. (P → Q) ` ¬(P ∧ ¬Q)
15. P ∨Q ` Q ∨ P
16. P ∧Q ` Q ∧ P
17. P ∨ (Q ∨R) ` (P ∨Q) ∨R
18. P ∧ (Q ∧R) ` (P ∧Q) ∧R
19. P ∨ (Q ∧R) ` (P ∨Q) ∧ (P ∨R)
20. P ∧ (Q ∨R) ` (P ∧Q) ∨ (P ∧R)
21. (P ∧Q) → R ` P → (Q→ R)
22. P → Q ` ¬Q→ ¬P
23. S → R,P ∨ S, P → R ` R ∨M
24. P →W,W → S, S → T,¬T ` ¬P
25. A→ B ` (¬A ∨B) ∨R
26. ¬(A→ B) ` (A ∧ ¬B) ∨R
27. F ` ¬F →W
28. (¬A ∧ ¬B) → ¬C,¬A ` ¬B → ¬C
29. (¬A ∧ ¬B) → ¬D,¬A ` D → B
30. A ↔ (B → C), A, (¬B ∨ C) → D,S → ¬(D ∨ E), (¬S ↔ A) →

L ` L
31. P ` [P ↔ (P ∨Q)] ↔ P
32. ¬(A→ R) ∨ ¬(R→ A) ` A ∨R
33. [(P → L) ∨ S] → (R↔ S), L,R ` S ↔ L
34. Z ` [P → (Z ∨ ¬Z)] ↔ [Q→ (Z ∨ ¬Z)]
35. Z ↔ F ` (Z → F ) ∧ (F → Z)
36. P, (P ∨Q) → (Z ∧S), (Z ∧P ) ↔W, (W →W ) → (L∨M), L→

O,M → O,¬(O ↔ P ) ` U
37. Try to solve the following only using the introduction and elim-

ination rules (and R): ¬E ∨D, (E → F ) ↔ G,D → F ` L→ G

5.7.4 Zero-Premise

Exercise 5.67

1. ` P → P
2. ` P ∨ ¬P
3. ` ¬(P ∧ ¬P )
4. ` (A ∧B) → A
5. ` A→ ¬(B ∧ ¬B)
6. ` ¬A→ (A→ B)
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7. ` A→ (A ∨ ¬A)
8. ` P → (¬Q→ P )
9. ` [(P → Q) → P ] → P

10. ` ¬[(A→ ¬A) ∧ (¬A→ A)]
11. ` A→ (A ∧A)
12. ` [(A→ B) ∧ (A→ D)] → [A→ (B ∧D)]
13. ` ¬P → ¬[(P → Q) → P ]
14. ` [P → (Q→ R)] → [(P → Q) → (P → R)]
15. ` (A→ B) ∨ (B → D)
16. ` A→ [A→ (A ∨A)]
17. ` ¬(P ∧ ¬P )
18. ` [(¬A ∨B) ∧ (¬A ∨D)] → [¬A ∨ (B ∧D)]
19. ` [(P → Q) → R] → (¬R→ P )
20. ` (A→ B) → [¬(B ∧D) → ¬(D ∧A)]
21. ` (A ∧B) → A
22. ` ¬¬A→ A
23. ` A→ (B → A)
24. ` (A ∨B) → [(¬A ∨B) → B]
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Part III

Predicate Logic

241





6 QL Language

6.1 The language of quantification logic (QL)

The language of PL has at least four strengths and one weakness. Let's be-
gin by considering its strengths. First, the language of PL offers a more pre-
cise way of defining the informal idea of a conclusion "following from" its
premises and the informal idea of a valid argument. Second, for any argu-
ment that is valid in PL, there is a corresponding valid argument in English.
This means that some of the arguments that we wish to represent and the
reasoning we do in English can be represented in the more precise language
of PL. Third, there are ways to identify valid arguments in PL. This we saw
in chapters 3 and 4 with the use of the truth-table and truth-tree methods.
Fourth, not only do we have a way to identify good arguments but also con-
struct them using a proof system (PD). That is, we have a codified set of
rules that justify various derivations or moves forward in arguments.

While there are many weaknesses of PL, one of the main weaknesses is that
there are valid arguments in English that are not identified as valid in PL.
Let's consider this weakness in context before looking at a specific example.
First, recall from chapter 1 that one of the goal's of logic is to identify good
and bad arguments. In order to do this, we (1) developed a formal language
that is expressive enough to capture the validity of arguments and (2) de-
veloped methods (table and tree) for identifying valid arguments in that
formal language. What seems evident is that if an argument is valid in our
formal language, then it is valid in English. But this does not seem to satisfy
the logician's larger goal of identifying good and bad arguments since there
are valid arguments in English that are not identified as valid in our formal
language.

Valid argument

Invalid in PL

trans.

Next, let's illustrate this weakness with an example. Consider the following
argument:

• P1: All humans are mortal.
• P2: Socrates is a human.
• C: Socrates is mortal.

Intuitively, this is a valid argument. If each and every human being is mortal
and Socrates is amember of the larger class of human beings, then Socrates is
mortal. This is a valid argument in English. However, this argument, when
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translated into PL, the argument is not valid argument in PL. Let H stand
for "All humans are mortal", S stand for "Socrates is a man", andM stand for
"Socrates is mortal". The result of our translation is the following argument:

• P1: H
• P2: S
• C: M

Notice that the above argument is not valid inPL. The interpretationI (H) =
T,I (S) = T,I (C) = F is such that the premises of the above argument are
true and the conclusion is false. Thus, the argument is invalid in PL, but not
valid in English. If the goal of logic is to develop criteria for identifying and
constructing good and bad arguments, then some modification or extension
of PL is needed.

In this chapter, we take a step toward this goal by building our the language
of propositional logic. We extend this language by creating a new language
that we will call "the language of predicate logic" (also known as "the logic
of relations", or "quantificational logic", or "first-order predicate logic"). We
will abbreviate this language as QL. One key aspect of the language of QL
is that it is more expressive than the language of PL in that it allows us to
capture the validity of arguments that are not valid inPL(like the one above).
QL is capable of doing this because it allows us to analyze sentences at the
sub-sentential level. That is, it allows us to analyze the logical relationships
between parts of sentences or propositions.

6.2 QL Symbols

First, we begin with the symbols of QL:

1. names: Lower case letters, a through vwith or without numerical sub-
scripts.

2. n-place predicates: Upper case letters, A through Z with or without
numerical subscripts.

3. variables: Lower case letters, w through z with or without numerical
subscripts.

4. operators: ¬,∧,∨,→,↔
5. parentheses: (, )
6. quantifiers: ∀, ∃

At this point, these symbols do not have meaning nor do we have any rules
for how to combine said symbols together into grammatically correct expres-
sions. We will turn to these issues in the following sections.
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Exercise 6.68

Determine what kind of symbol the following symbols are:
1. a
2. c
3. g
4. z
5. x
6. →
7. ∀
8. ∃

6.3 QL Syntax

With the symbols of QL specified, we now turn to the syntax of QL. That is,
the proper way of combining these symbols.

6.3.1 QL: Formation Rules

The central concept for QL syntax is the idea of a well-formed formula (wff).
In rough terms, a wff is a grammatically correct expression in QL. That is,
it is a combination of QL symbols put together in the "correct" order. What
defines whether something is or is not put together in the "correct" order are
a set of grammatical rules known as "formation rules".

Definition 6.3.1: Well-formed Formula in QL

A well-formed formula (or wff) φ is any combination of QL symbols
capable of being constructed through some combination of the forma-
tion rules in Definition 6.3.2.

It is clear that the key idea for determiningwhether something is awff are the
formation rules. In what follows, we will first define these formation rules
and then illustrate how they can be used to determine whether something is
or is not a wff.

Definition 6.3.2: Formation Rules for QL

Let P be a placeholder for an n-place predicate and x be a placeholder
for a variable. The formation rules for QL are as follows:

1. an n-place predicateP followed by n terms (names or variables)
is a wff in QL, where n ≥ 0.
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2. If φ is a wff in QL, then ¬(φ) is a wff in QL.
3. If φ and ψ are wffs in QL, then (φ ∧ ψ), (φ ∨ ψ), (φ → ψ), and

(φ↔ ψ) are wffs in QL.
4. If φ is a wff containing a variable x, then (∀x)(φ) and (∃x)(φ) are

wffs in QL provided that there is no other quantifier containing
x in φ (that is, (∃x) and (∀x) are not already in φ).

5. Nothing else is a wff in QL except that which can be formed by
repeated applications of the above.

With the formation rules defined, let's explain and offer illustrations for each
rule. Rule 1 states that an n-place predicate followed by n terms is a wff.
Thus, if P is a one-place predicate, then Pawould be aQL-wff. Similarly, Px
would also be aQL-wff. Both arewffs since if wewrite a one-place predicate,
then the creation of a wff requires one term (name or variable) written to its
immediate right. If P is a one-place predicate, then both P and Pab are not
QL-wffs. P by itself does not have a term to its immediate right and Pab has
two terms (rather than one) to its immediate right.

Suppose thatQ is a two-place predicate. Provided there are two terms to the
right ofQ, then the resulting formula is a wff. So,Qaa,Qab,Qba,Qax,Qxx,
and Qzy are all wffs. However, Qa is not a wff since there is only one term
to the right of Q. Similarly, Qabc is not a wff since there are three terms to
the right of Q.

Finally, if an n-place predicate is a 0-place predicate, then it is a propositional
letter. For example, suppose S is a zero-place predicate. In this case, S is a
wff. However, Sa is not a wff since there is a term to the right of S. We will
treat 0-place predicates as PL propositional letters.

Rules 2 and 3 are the same as the formation rules from PL. They specify that
if there is a wff φ, then ¬(φ) is a wff and if there are two wffs φ and ψ, then
(φ ∧ ψ), (φ ∨ ψ), (φ→ ψ), and (φ↔ ψ) are wffs.

Rule 4 tends to be the most difficult to understand and different logic text-
books present this rule differently. In our presentation, we say that if there
is a wff φ and φ has a variable x, then a quantifier with an x to its immediate
right can be prefixed to (put to the left of) φ. Thus, if φ has the variable y in
it, then formulas of the form (∃y)(φ) and (∀y)(φ) are wffs. More concretely,
suppose F is a one-place predicate. If F is a one-place predicate, then Fx is
a wff. Since the wff Fx contains a variable x, a quantifier with x to its imme-
diate right can be prefixed to Fx. That is, if Fx is a wff, then (∀x)(Fx) and
(∃x)(Fx) are wffs.
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Let's consider the use of the formation rules to show that ((∀y)(Pyy)∧(∃x)(Fx))
is a wff.

1. Pyy is a wff (rule 1)
2. Fx is a wff (rule 1)
3. If Pyy is a wff, then (∀y)(Pyy) is a wff (line 1, rule 4)
4. If Fx is a wff, then (∃x)(Fx) is a wff (line 2, rule 4)
5. If (∀y)(Pyy) is a wff and (∃x)(Fx) is a wff, then ((∀y)(Pyy)∧(∃x)(Fx))

is a wff (line 3, 4, rule 3)

Now that we have considered some preliminary examples, let's turn to the
condition placed on the rule (4). The condition states that if φ is a wff con-
taining a variable x, then (∀x)(φ) and (∃x)(φ) are wffs provided there is not
already a quantifier with x to its immediate right in φ. For example, consider
the wff (∃x)Lxx. While (∃x)(Lxx) is a wff with variables, we might think
we could use the fourth formation rule to construct the wff (∀x)((∃x)(Lxx)).
Thiswouldnot be permitted given the restriction on this rule. Since (∃x)(Lxx)
contains the variable x, we cannot use the fourth formation rule to construct
(∀x)((∃x)(Lxx)).

Similarly, the condition prevents us from creating the wff (∃x)((∃x)(Lxx)).

Finally, rule (5) provides closure for our list of rules. It states that there are
no other rules that allow for the creation of wffs. That is, the only wffs that
can be created are those that can be created by repeated applications of the
above rules.

Exercise 6.69

Using the formation rules, show that the following propositions are
wffs in RL, where ‘Pxy’ is a two-place predicate while ‘Rx’ and ‘Zx’
are one-place predicates:

1. (Ra ∧ Paa)
2. (∀x)(Pxx)
3. (∃x)(Zx)
4. ¬((∃y)(Pyy))
5. (¬((∀x)(Pxx)) ∧ (∃x)(Zx))

6.3.2 Literal wffs

In later chapters, it will be useful to refer to a wff that is either a n-place
predicate followed by n-terms or the negation of such a wff. Let's define this
type of a predicate logic wff as a literal wff. That is, a literal or literal wff is a
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wff that is either a n-place predicate followed by n-terms or the negation of
such a wff.

Definition 6.3.3: Literal wff

A literal wff is a wff φ that is either a n-place predicate followed by
n-names or the negation of such a wff ¬(φ).

To illustrate, if P is a 1-place predicate, then Pa and ¬(Pa) are literal wffs.
Similarly, if R is a 2-place predicate, then Rax and Rab are both literal wffs;
so are ¬(Rax) and ¬(Rab). In contrast, (∃x)(Fx) is not a literal wff as it is not
simply an n-place predicate terms followed by n-terms, nor is it the negation
of such a wff. Similarly, (Pa ∧Qa) is also not a literal wff.

Exercise 6.70

State which wffs are literal wffs and which are not literal wffs.
1. Fb
2. ¬(Fb)
3. ¬(¬(Fb))
4. (∀x)(Fx)
5. Fb ∧ Fq

6.3.3 Scope of Quantifiers and Formula Simplification

Quantifiers have scope. To determine the scope of a quantifier, we can con-
struct the wff containing the quantifier using the formation rules. The scope
of the quantifier is the wff that is constructed when the quantifier is first
added to the construction. For example, consider the construction of (∀x)(Fx).
First, we start with Fx. Then, we add the quantifier (∀x) to the left of Fx.
The result of this construction is (∀x)(Fx). The scope of the quantifier is the
wff (∀x)(Fx).

To further illustrate, consider the wff ((∃x)(Fx) ∧ Gx). The construction of
the wff is as follows:

1. Fx is a wff.
2. Gx is a wff.
3. (∃x)(Fx) is a wff.
4. ((∃x)(Fx) ∧Gx) is a wff.

Notice that the existential quantifier is first introduced at line 3. As such,
the scope of the existential quantifier is (∃x)(Fx). That is, the scope is not
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the entire wff but only the subformula (∃x)(Fx). Let's contrast this example
with (∃x)((Fx ∧Gx)). The construction of this wff is as follows:

1. Fx is a wff.
2. Gx is a wff.
3. (Fx ∧Gx) is a wff.
4. (∃x)((Fx ∧Gx)) is a wff.

Notice that in this example, the existential quantifier is first introduced at line
4. As such, the scope of the existential quantifier is the entire wff (∃x)((Fx∧
Fx)).

While the scope of the quantifiers can always be determined by constructing
thewff, generally people do not construct everywff to determine the scope of
the quantifier. Instead, people make use of heuristics (shorthand methods)
for identifying the scope. Let's consider three such heuristics.

First, whenever a quantifier is introduced in constructing a wff, parentheses Tip: The scope of ∀,∃ is
the ∀,∃ and the wff in
parentheses to its
immediate right.

are added. The left parenthesis occurs immediately to the right of the quan-
tifier and the right parenthesis occurs at the end of the wff. The scope of the
quantifier is thus the quantifier itself and the wff between the left and right
parentheses. For example, consider the wff (∃x)((Fx∧Gx)). Notice that the
existential quantifier (∃x) is at the beginning of the wff. To the immediate
right of the existential quantifier is a left parenthesis and this parenthesis
has its closing counterpart at the end of the wff. The scope of the quantifier
(∃x) extends to the wff between the left and right parentheses. In this case,
the scope of the existential quantifier is the entire wff (∃x)((Fx ∧ Gx)). In
contrast, the scope of the quantifier in ((∃x)(Fx) ∧ Gx) is only (Fx) as the
left parenthesis closes before the end of the wff.

Before introducing the other heuristics, let's introduce two rules for simpli-
fying the writing of wffs. First, we will make use of the simplification con-
ventions from propositional logic. These include the general principle that
we do not need to include the presence of parentheses that do not play a role
in disambiguating the scope of an operator. So, for example, the parentheses
in (P ∧Q) can be dropped and the wff can be rewritten as P ∧Q. Similarly,
¬((P ∧Q)) can be simplified to¬(P ∧Q). In addition, wewill make use of the
convention that the scope of the operator for negation is the smallest subfor-
mula to its immediate right unless parentheses are used to extend its scope.
So, for example, the scope of negation in ¬P ∧ Q is ¬P , while the scope of
negation in ¬(P ∧Q) is the entire wff. The final simplification for parenthe-
ses in propositional logic was that we can omit the presence of parentheses
when negations are stacked. So, for example, ¬(¬(¬(P ))) can be simplified
as ¬¬¬P .
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Let's add a simplification convention for wffs containing quantifiers. Our
convention for simplificationwill also allow for omitting certain parentheses
in wffs containing quantifiers. Just as we said that the scope of the negation
operator is the negation itself and the smallest subformula to its immediate
right unless parentheses are used to extend the scope, we will say that the
scope of a quantifier is the quantifier itself and the smallest subformula to its imme-
diate right unless parentheses are used to extend the scope. Secondly, just as we
can omit the presence of parentheses when negations are stacked, we will
also omit parentheses when quantifiers are stacking.

Let's illustrate these simplifications with a few examples. First, since the
scope of (∃x)(Fx) is (∃x)plus the smallest subformula to its immediate right,
which is (Fx), we can simplify (∃x)(Fx) as (∃x)Fx, we can simplify thewrit-
ing of this wff to (∃x)Fx. This is because our convention is that the quantifier
applies to the smallest subformula to its immediate right (unless parenthe-
ses are used to extend its scope). With this convention (∃x)(Fx) and (∃x)Fx
to be read the same way, so we can simplify the writing of the wff. Second,
since the scope of (∃x)((Fx ∧ Gx)) is the entire wff (including the conjunc-
tion), the additional set of parentheses around the Fx ∧Gx does not play a
role in disambiguating the scope of the quantifier. Therefore, the wff can be
simplified to (∃x)(Fx ∧Gx).

Next, in the casewhere quantifiers are stacked, the presence of certain paren-
theses can be omitted. For example, consider the wff (∃x)((∀y)(Fx ∧ Gy)).
The scope of the existential quantifier is the entire wff, while the scope of the
universal quantifier is (∀y)(Fx∧Gy). Let's allow the parentheses around the
universal quantifier to be omitted. That is, let's allow the wff to be written as
(∃x)(∀y)(Fx ∧Gy). In other words, (∃x)(∀y)(Fx ∧Gy) and (∃x)((∀y)(Fx ∧
Gy)) can be read as the same wff.

These procedures for simplification allow for introducing a second way of
articulating how the scope of a quantifier is identified. The scope of a quanti-
fier is the quantifier itself and the smallest subformula to its immediate right
unless parentheses are used to extend the scope. So, for example, consider
the smallest subformula to the immediate right of (∃x)Fx∧Gx is Fx. There-
fore, the scope of (∃x) is (∃x)Fx. In contrast, notice that in (∃x)(Fx ∧ Gx),
there are parentheses to the right of the quantifier (∃x). This indicates that
the scope of the quantifier for (∃x) extends to the point where the left paren-
thesis closes. Since the left parenthesis closes at the end of the wff, the scope
of (∃x) is the entire wff: (∃x)(Fx ∧Gx).

In addition, these simplificationprocedures also allow for introducing a third
way to identify the scope of a quantifier. Namely, a parallel can be drawn
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between the scope of the quantifier and the scope of the negation operator.
Recall that the scope of the negation operator is the smallest subformula to
its immediate right unless parentheses are used to extend the scope. For ex-
ample, notice the distinction between ¬P ∧ Q and ¬(P∧). In ¬P ∧ Q, the
negation has narrow scope. It only applies to ¬P . In contrast, in ¬(P ∧ Q),
the negation has wide scope. It applies to the entire wff. This is parallel to
the contrast between (∃)Fx∧Gx and (∃x)(Fx∧Gx). In (∃)Fx∧Gx, the quan-
tifier has narrow scope, only extending to (∃x)Fx while in (∃x)(Fx ∧ Gx),
the quantifier has wide scope, extending to the entire wff.

Let's notice a second parallel between the scope of negation and the scope
of quantifiers. In wffs where negations are stacked, the further left the nega-
tion has in the stacking, the more scope it has. So, for example, in the wff
¬¬¬P , the scope of leftmost negation is ¬¬¬P (the entire wff), the scope of
the negation in the middle is ¬¬P , and the rightmost negation has the least
scope (only extending to ¬P ). The same is true with respect to wffs with
stacked quantifiers. For example, in the wff (∃x)(∀y)(∃z)Rxyz, the scope of
the leftmost quantifier is (∃x)(∀y)(∃z)Rxyz (the entire wff), the scope of the
quantifier in the middle is (∀y)(∃z)Rxyz, and the rightmost quantifier has
the least scope (only extending to (∃z)Rxyz).

To conclude, let's consider the wff (∃x)(∀y)(Px → Ry) ∧ (∃z)Pz. Let's start
by constructing the wff using the formation rules. The construction is as
follows:

1. Px,Ry, Pz are wffs.
2. Px→ Ry is a wff.
3. (∀y)(Px→ Ry) is a wff.
4. (∃x)(∀y)(Px→ Ry) is a wff.
5. (∃z)Pz is a wff.
6. (∃x)(∀y)(Px→ Ry) ∧ (∃z)Pz is a wff.

The scope of each quantifier is the wff constructed when the quantifier is in-
troduced into the construction of thewff. The scope of (∃x) is (∃x)(∀y)(Px→
Ry). Since there is a case of stacked quantifiers, the wff is similar to ¬¬(P →
R)∧P where the scope of the leftmost negation is ¬¬(P → R). In the case of
our quantifiedwff, (∃x)has (∀y)within its scope. Notice that since the paren-
theses associated with (∃x) do not extend to the end of the wff, the scope of
(∃x) does not include (∃z)Pz. Next, the scope of (∀y) is (∀y)(Px → Ry).
The scope of (∀y) does not include (∃x)Px. Again, this is similar to how the
rightmost negation in ¬¬(P → R) is ¬(P → R) rather than ¬¬(P → R).
Finally, the scope of (∃z) is (∃z)Pz.
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Exercise 6.71

In the following wffs, determine the scope of each quantifier.
1. (∀x)Px
2. (∃x)Rx
3. (∃x)¬Rx
4. (∀x)Px→ Rx
5. (∀x)(Px→ Rxy)
6. ¬(∀x)(∃y)Rxy

6.3.4 The Main Operator

In the previous section, the scope of a quantifierwas clarified and illustrated.
In this section, we utilize this idea to define and illustrate the notion of the
main operator of a wff.

As in proposition logic, the main operator of a wff can be defined in several
equivalent ways. First, the main operator of a wff φ can be defined with
respect to the construction of a wff. That is, the main operator of φ is the last
operator introduced in the construction of φ. Second, it can be defined as the
operator that has the widest (or most) scope. Third, it can be defined as the
operator whose scope is the entire wff.

Let's consider two examples. First, consider the wff (∃x)Px ∧ (∃y)Qy. The
construction of this wff is as follows:

1. Px and Qy are wffs.
2. (∃x)Px is a wff.
3. (∃y)Qy is a wff.
4. (∃x)Px ∧ (∃y)Qy is a wff.

Notice that (1) the last operator introduced in the construction was the con-
junction operator, (2) the scope of the conjunction operator has more scope
than the other operators, and (3) the scope of the conjunction operator is the
entire wff. As such, the main operator of (∃x)Px∧ (∃y)Qy is the conjunction
operator.

Next, consider the wff (∃x)(∀y)((Px ∧ Qy) → (∃z)Pz). The construction of
this wff is as follows:

1. Px,Qy, Pz are wffs.
2. (∃z)Pz is a wff.
3. (Px ∧Qy) is a wff.
4. ((Px ∧Qy) → (∃z)Pz) is a wff.
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5. (∀y)((Px ∧Qy) → (∃z)Pz) is a wff.
6. (∃x)(∀y)((Px ∧Qy) → (∃z)Pz) is a wff.

Notice that in the above example, the last operator introduced in the con-
struction of the wff is (∃x). Second, notice that this operator has the scope of
all other operators within its scope. Third, notice that the scope of this oper-
ator is the entire wff. Therefore, the main operator of (∃x)(∀y)((Px∧Qy) →
(∃z)Pz) is (∃x).

Exercise 6.72

Determine the main operator of the following wffs:
1. (∀x)(Px ∨Qx)
2. (∃y)(Py) ∧ (∃z)(Pz)
3. ¬(∃y)(Py) ∧ ¬(∃z)(Pz)
4. ¬(∃y)(Py) ∨ ¬(∃z)(Pz)
5. ¬(∃y)(Py ∧ (∀z)Pz)
6. (∀x)(Px→ (Qx ∧Mx))
7. (∃x)Px ∧ ((∃y)Py ∨ (∀z)Qz)
8. ¬(∀x)((Pb→ Qb) ↔ Px)
9. (∀x)(∃y)¬(∀z)(Px→ Qyz)

10. (∀x)(∀y)(∀z)(Pxyz ∧Rxyz) → (∃x)Px

6.3.5 Free Variables and Bound Variables

Quantifiers always appear with a variable to their immediate right. For this
reason, it is commonplace to refer to the quantifier along with the variable
that occurs to its immediate right as the quantifier itself. When an occur-
rence of a quantifier that contains a variable x has within its scope other
occurrences of x, those variables are said to be bound variables.

Definition 6.3.4: Bound Variable

A variable x is bound if and only if it is in the scope of an occurrence
of a quantifier that has that variable to its immediate right.

For example, consider the following wff: (∀x)Fx. The variable x in Fx is a
bound variable in the scope of quantifier that has x to its immediate right:
(∀x). It is common to say that the variable is "bound by" the quantifier. And
so, x in Fx is bound by the (∀x) in (∀x)Fx. Another way to put this is that
if we want to determine whether a variable is bound or not, we check two
things:
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1. Is the variable in the scope of a quantifier?
2. Does the quantifier have the variable to its immediate right?

If the answer to both of these questions is "yes", then the variable is bound. If
the answer to either of these questions is "no", then the variable is not bound.
If a variable is not bound, then it is a free variable.

Definition 6.3.5: Free Variable

A variable is free if it is not bound.

Let's consider a few example to further clarify the distinction between a
bound versus free variable. Consider the following wff: (∃x)Fx∧Gx. There
are two occurrences of the variable x and so there is the question about each
of these variables as to whether they are bound or free. In the case of the x
in Fx, this variable is bound as (1) it is in the scope of a quantifier and (2)
the quantifier has x to its immediate right. However, what about x inGx? To
determine whether this occurrence is bound or free, we again check to see if
that x is in the scope of a quantifier that has x to its immediate right. In this
case, notice that x inGx is not in the scope of a quantifier. Since the variable
x is not in the scope of a quantifier that has x to its immediate right, the x in
Gx is not bound. And, since x in Gx is not bound, it is a free variable.

Second, consider (∃x)(Rx ∧ Lx). In this wff, there are two occurrences of
the variable x: one in Rx and one in Lx. Notice that the x in Rx is in the
scope of a quantifier that has x to its immediate right. Therefore, x in Rx
is bound. Similarly, since the scope of the quantifier (∃x) is the entire wff
(∃x)(Rx ∧ Lx), the x in Lx is also bound.

Third, consider (∀x)Lxy. In this wff, there are two variables: the x and y
in Lxy. We can thus consider whether each variable is bound or free. First,
notice that both variables are in the scope of the quantifier (∀x). However,
notice that only x in Lxy is in the scope of a quantifier that x to its immediate
right. As such, only x is bound. The y in Lxy is not bound as it is not in the
scope of a quantifier that has y to its immediate right. As such, y is a free
variable.

Exercise 6.73

Identify the bound and free variables in the following wffs:
1. (∃x)(Rx→ Ga)
2. (∀y)(Mx→ Py) ∨Ga
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3. (∃x)Mx ∨ (∀x)Rx
4. Rz ∧ (∀z)((Rz ∧My) → Qz)
5. Pa ∧ (∃w)(V w ∧ Lx)
6. ¬(∃x)(Fx) ∧ (∃x)(Fx)
7. (∃x)(¬Fx) ∧ (∃x)(Fx)
8. (Tb ∧Qa) → (∀x)(Fx→ Gy)
9. Tb ∧ ¬Tb

10. Rx→ (∀x)Px

6.3.6 Open and closed formulas

In this section, we will introduce the notion of an open and closed formula.
When a wff contains a free variable, it is an open formula.

Definition 6.3.6: Open formula

An open formula is a wff containing at least one free variable.

For example, Fx, (∃x)Fx ∧ Fx, and (∀x)Lxy are all open formulas as each
contains a free variable. In contrast, when a wff does not contain any free
variables, the wff is a closed formula.

Definition 6.3.7: Closed formula

A closed formula is any wff that does not contain a free variable.

For example, (∀x)Fx, (∃x)Fx∧ (∃x)Fx, and (∀x)(∀y)Lxy are all closed wffs
as there are no free variables in each wff.

Let's consider some of these examples in more detail. Compare Fx with
(∀x)Fx. In Fx, the x is not within the scope of a quantifier, and so the vari-
able x is free. Since it is free, the wff is an open wff. In contrast, (∀x)Fx is a
closed wff as the x in Fx is within the scope of a quantifier that has x to its
immediate right (∀x). Therefore, the variable is bound. Since x in Fx is the
only variable, there are no other variables that are free. Therefore, (∀x)Fx is
a closed wff.

Next, let's compare (∃x)Fx∧Fx and (∃x)Fx∧(∃x)Fx. In the case of (∃x)Fx∧
Fx, there are two instances of the variable x. The first instance of x is bound
as it is in the scope of (∃x). However, notice that the second instance of
x is not in the scope of a quantifier. As such, it is a free variable and so
(∃x)Fx ∧ Fx is an open wff. In contrast, notice that both instances of x in
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(∃x)Fx ∧ (∃x)Fx are bound. The leftmost x is bound by the first quantifier
while the rightmost x is bound by the second quantifier. Since all of the
variables are bound, there are no free variables, and so the wff is a closed
wff.

Next, let's compare (∀x)Lxy and (∀x)(∀y)Lxy. In (∀x)Lxy, the variable x is
bound by the quantifier (∀x). However, notice that while y is in the scope of
the quantifier (∀x), it is not in the quantifier that has y to its immediate right.
Therefore, y is free and so (∀x)Lxy is an open wff. In contrast, x and y are
both bound in (∀x)(∀y)Lxy since x is bound by the quantifier (∀x) and y is
bound by the quantifier (∀y). Since all of the variables in this wff are bound,
the wff itself is a closed wff.

Finally, let's consider a wff that sometimes gives new students a pause. Con-
sider the wff Pb. Some individuals are inclined to say that Pb is an open wff.
They reason in one of two ways.

First, they reason that since b is not within the scope of a quantifier for b, it
follows that b is a free variable and so the wff Pb is an open wff. This is not
correct since notice that b is not a variable. Rather, it is a name. Since a closed
wff is defined as a wff that contains no free variables and Pb contains no free
variables (it only contains the predicate P and b), Pb is a closed formula.

Second, they reason that a closed wff is a wff containing only bound vari-
ables. Since b is not bound, it follows that Pb is an open wff. This is also not
correct. The source of the confusion stems from a misunderstanding of the
definition of a closed wff. A closed wff is not a wff that only contains bound
variables. Rather, it is a wff that contains no free variables. Again, since Pb
contains no free variables, it is a closed wff.

Exercise 6.74

State whether the followingwffs are open or closed. If the wff is open,
identify any free variables.

1. Px
2. Lxx
3. (∀x)Lxx
4. (∀x)Lxy
5. (∀x)Px ∧ Pa
6. Lab
7. (∃x)(∀y)(∀z)(Pxy → Lz)
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6.4 QL Semantics

In the semantics of PL, single propositional letters are assigned truth values
(T or F) by an interpretation function while wffs in PL are assigned truth
values by a valuation function. The semantics of QL is more complex in
that the elementary symbols of QL express parts of propositions rather than
complete propositions.

The articulation of the semantics of QL requires three things:

1. the domain of discourse
2. an interpretation function
3. a valuation function

(1) and (2) are known as a ``model''. What is a model?

Definition 6.4.1: model

A QL-model (M) is a two-part structureM = 〈D,I 〉 where
• D is a non-empty set
• I is an interpretation function that

1. assigns objects of D to names
2. assigns sets of n-tuples from D to n-place predicates

Notice that a model consists of two parts. The first part is D, which is called
the "domain". The second part isI which is an interpretation function. Let's
consider each part of the model in turn.

6.4.1 Domain of discourse

The first part of the model is the domain of discourse.1 This part of the
model is abbreviated as D. A D is simply a set (or collection) of items. The
items of the domain are known as its members or items. The domain can
consist of anything that can be put into a set. Perhaps more intuitively, the
domain of discourse is just a collection of all of the things we wish to talk
about. You can think about it as a collection of objects in the world.

Often the domain of discourse is more restricted than all of the objects in the
world. We can specify what items are in theD by writingD : and then either

1. individually listing each item in the domain
2. indicating some property that belongs to every item in the domain
3. indicating some method for determining every item in the domain.
1Sometimes simply called the ``universe of discourse'' or simply ``the domain''.
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Let's consider some illustrations of these different ways of specifying a do-
main. First, let's consider the method of listing each item in the domain (the
method of enumeration). Suppose my family consists of the following three
people: David, Liz, Renna. The domain can be specified by listing each item:

• D : David, Liz, Renna

Similarly, if we wanted to talk about only the even integers from 2-10, we
could list each of these items as follows:

• D : 2, 4, 6, 8, 10

Second, let's consider the method of indicating some property that belongs
to every item in the domain (the method of set-building). In the case of my
family, we could indicate that each item in the domain is a member of my
family. In the case of the even integers, we could indicate that each item in
the domain is an even integer between 2 and 10.

• D : {x | x is an immediate member of my family}
• D : {x | x is an even integer between 2 and 10}

The method of indicating some property has at least three advantages over
the method of listing each item. The first is that it is more economical to in-
dicate a property than to list each item when there the size of the domain is
large (or infinite). For example, it is easier to specify the property of being
an even integer from 2-100 than to list each item. The second advantage is
that the method of indicating some property allows us to specify an infinite
domain. For example, we can specify the domain of all even integers as fol-
lows: D : {x | x is an even integer }. In short, this method is more expressive
power when it comes to specifying a domain. The third is that it allows for
the possibility of specifying a domain where we do not know all of the items
in the domain. For example, suppose we wanted to specify a domain con-
sisting of all the human beings on earth. We could specify this domain as
follows: D : {x | x is a human being}. Notice that we do not know all of the
human beings on earth (some of themmay be living in remote locations "off
the grid"), but we can still specify the domain in terms of a property that all
of the items in the domain have.

The third and final way of specifying a domain is probably the least men-
tioned, least used, and is possibly not distinct from the second way of speci-
fying a domain. On this third way, the domain is specified through a recipe
or set of instructions of how to determine each item in the domain. For ex-
ample, suppose I have buried a chest of golden coins in the woods. I have
left a map or set of instructions to the treasure in my will. I could have listed
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each item in the domain (each individual golden coin) or I could have indi-
cated some property that each item in the domain has (being a golden coin).
However, I have chosen to specify the items belonging to the domain in terms
of a set of instructions for finding the items in the domain. In this case, the
domain is specified as follows: D : {x | where x is what you will discover if
you enter such-and-such woods, walk 40 yards, take a left by a tree with a
star carved into it, then take 40 steps, and dig 2 feet. }.

One advantage over the method of specifying a common property of items
(the set-builder method) is that this method is less abstract. Items from the
domain can be constructed or created by following a recipe or rules for pro-
ducing the items in the domain or offers a path for its users to be put in direct
contact with the items from the domain. One limitation of such a method is
that domains constructed in this way can often be rather limited. For sup-
pose we wanted to talk about cakes. On the one hand, we might specify the
items in this domain as follows D : {x | x is a cake}. On the other hand, we
might specify the items in this domain as follows: D : {x | x is what you will
discover if you follow the following recipe ... }. In the latter case, it is not
clear that our instructions can produce all of the cakes in the domain since
there may be some ways of making cakes that we fail to consider.

6.4.2 Interpretation of QL

The second part of the model is the interpretation of QL or the interpretation.
This part of the model is abbreviated as I and its role (intuitively speaking)
is to ``give meaning'' to the formal language QL. In other words, it ``gives
meaning'' to the names and n-place predicates.

A little more precisely, the I function does two things:

1. it takes names in QL and assigns them to items in the domain.
2. it takes n-place predicates in QL and assigns them to sets of n-tuples.

That is, an interpretation or QL gives meaning to the names in QL by assign-
ing each name an object in D and meaning to predicate terms by assigning
each predicate term a set of items from D.

Definition 6.4.2: Interpretation of QL

An interpretation (I ) of QL is a function that
1. assigns single elements (items, members) inD to a name in QL,

and
2. assigns a set of n-tuples in D to n-place predicate terms.
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Let's consider each task of the interpretation function.

First, for each name in the formal language QL, it refers to the correspond-
ing object in the domain. More simply, an interpretation gives each name
(a, b, c, d) a corresponding referent or item in the domain. Just as proper
names in English, e.g. ``George Washington'', refer to people in our world,
names in QL refer to objects in the domain.2

We abbreviate the interpretation of names as follows:

• I (a) = a, this says the name ``a'' is interpreted as the object a in the
domain D

• I (Mark) = Mark, this says the name ``Mark'' is interpreted as the
objectMark in the domain D

• I (b) = b, this says the name ``b'' is interpreted as the object b in the
domain D

It is important to note that what is being interpreted is a name in terms of an
item in the domain. Thus, an interpretation of the name ``George Washing-
ton'' is given in terms of the person George Washington. That is, I (George
Washington) = George Washington. Thus, I (a) = a says that the name
``a'' is interpreted in terms of an object a in the domain.

Second, an interpretation also assigns each n-place predicate in QL a set of
objects in the domain. More simply, if we are thinking about the 1-place
predicate ``is red'' or R, the interpretation simply assigns that predicate all
of the red objects in the domain. In other words, R or ``is red'' just refers to
all of the red things. For example, consider the modelD = a, b, c, d. Suppose
that the 1-place predicate R is interpreted as the set of objects a, b. That is,
I (R) = {a, b}. What this says is that the predicate ``R'' is interpreted as the
set of objects a, b in the domain. More naturally, the meaning of ``x is red''
or ``red'' is just the red things it refers to in the domain.

Part of the definition of an interpretation, however, reads as follows: the
interpretation ``assigns sets of n-tuples of objects ofD to n-place predicates.''
What is an n-place predicate? What is an n-tuple?

An n-place predicate is just a predicate term with n number of places where
we might fill-in names of objects. Or, it is a predicate term with n number of
places where it is necessary to fill-in a name so that the predicate becomes a

2For example, if a is a name in QL, an interpretation function would assign it a single
object in D as follows: I (a) = a. What this says is the name ``a'' is assigned the object a in
the domain of discourse. More naturally, the name ``David'' refers to the object David in the
world.
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proposition (something that can be true or false). So, for example, ``x is red''
is a one-place predicate since there is one place (where the x is) where if we
were to fill-in a name of an object, the expression would express a proposi-
tion.

If R is a one-place predicate term, an interpretation function assigns a set of
items in D as follows: I (R) := {a, b, c, d}. What this says is the predicate
term ``R'' is assigned a group of objects a, b, c, d from the domain. More nat-
urally, the meaning of ``x is red'' or ``red'' is just the red things it refers to in
the domain.

What is an n-tuple? Technically, an n-tuple refers to an ordered set with
n elements. However, more simply, you might think of n-place predicates
picking out different kinds of collections of objects. In the case of ``x is red'',
when we interpret this predicate, we simply pick out all of the single red
things. For example, this umbrella is red, that book is red, this pen is red,
and so on. However, consider the two-place predicate ``x is taller than y''. In
this case, the predicate doesn't just pick out tall objects. Instead, it picks out
a collection of pairs of objects where the first object is taller than the second.
Where each of the single objects picked out by ``is red'' is a 1-tuple, the pairs
of objects are known as 2-tuples.

• ``x is tall'' is a 1-place predicate that is interpreted as a set of 1-tuples.
• ``x is taller than y'' is a 2-place predicate that is interpreted as a set of

2-tuples.
• ``x is standing between y and z'' is a 3-place predicate that is interpreted

as a set of 3-tuples.

When interpreting predicate two, or three, or n-place predicate terms, we
can make clear that we are referring to a pair of objects, or triplet, or n-tuple
by using angle brackets. That is, to express the interpretation of ``x is taller
than y'', we might write the following: I (T ) := {〈a, b〉, 〈b, c〉, 〈a, c〉}. What
this says is that the ``taller than'' two-place predicate is interpreted in terms
of pairs of things where the first object in the pair is taller than the other.

Exercise 6.75

Create a model for the following languages:
1. A language consisting of the following names (Jon, Liz) and

two-place predicate (loves)
2. A language consisting of the following names (Jon, Liz, Ryan)

and the following one-place predicate (loves, likes)
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3. A language consisting of the following names (a, b) and the fol-
lowing one-place predicate (L).

4. A language consisting of the following names (a, b, c, d), the fol-
lowing one-place predicate (L, R), and the following two-place
predicates (S,M).

6.4.3 Valuation function

At the beginning of section 6.4, it was noted thatQL-semantics contains three
key notions:

1. the domain of discourse
2. an interpretation function
3. a valuation function

With the notion of a model (domain and interpretation) clarified, a valua-
tion function can be used to determine the truth value of closed wffs.

Definition 6.4.3: QL-valuation

Let α1, . . . , αn be any series of names (not necessarily distinct), P be
any n-place predicate, and φ, ψ be wffs in RL. Relative to a model (a
domain D and an interpretation I ), a valuation function (v or V ) of
a wff in QL is a function that assigns one and only one truth value (T
or F) to each closed wff in QL in such a way:
1. if Pα1 . . . αn is an atomic wff in RL, then vM(Pα1 . . . αn) = T iff

〈I (α1), . . . ,I (αn)〉 ∈ I (P ), otherwise vM(Pα1 . . . αn) = F
2. vM(¬(φ)) = T iff vM(φ) = F
3. vM(φ ∧ ψ) = T iff vM(φ) = T and vM(ψ) = T
4. vM(φ ∨ ψ) = T iff vM(φ) = T or vM(ψ) = T
5. vM(φ→ ψ) = T iff vM(φ) = F or vM(ψ) = T
6. vM(φ↔ ψ) = T iff vM(φ) = vM(ψ).
7. vM(∃x)φ = T iff vMφ(α/x) = T for at least one name a in QL.
8. vM(∀x)φ = T iff vMφ(α/x) = T for every name α in QL.

Let's consider each clause of the valuation function in turn. First, clause (1)
states that the truth value of wffs of the form P (α1 . . . αn) are determined
by whether the n-tuple 〈I (α1), . . . ,I (αn)〉 is in the set of n-tuples assigned
to P by the interpretation function. To illustrate, let's consider the following
model:

D = {1, 2, 3, 4}
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I (a) = 1,I (b) = 2,I (c) = 3,I (d) = 4,
I (E) = {2, 4},I (O) = {1, 3},
I (G) = {〈2, 1〉, 〈3, 1〉, 〈3, 2〉, 〈4, 1〉, 〈4, 2〉, 〈4, 3〉}

Intuitively, we can think of this model as talking about four numbers (1, 2, 3,
4), the n-place predicate ``is even'' (E), the n-place predicate ``is odd'' (O),
and the n-place predicate ``is greater than'' (G). As we can see, the interpre-
tation function assigns the set of even numbers to the predicate ``is even''
(E), the set of odd numbers to the predicate ``is odd'' (O), and it assigns the
set of pairs of numbers where the first number is greater than the second to
the predicate ``is greater than'' (G).

With this model in place, let's consider whether the wff Ea is true or false.
According to clause (1) of the valuation rule, v(Ea) = T if and only ifI (a) ∈
I (E), viz., the value given by the interpretation of a is in the value given
by the interpretation of E. Since, I (a) = 1 and I (E) = {2, 4}, we only
need to check whether 1 ∈ {2, 4}. However, since 1 /∈ {2, 4}, it follows that
v(Ea) = F . In contrast, consider the wff Eb. According to clause (1) of the
valuation rule, v(Eb) = T if and only if I (b) ∈ I (E). Since, I (b) = 2 and
I (E) = {2, 4}, it follows that v(Eb) = T .

Let's consider one more example. Take the wffGab. According to clause (1)
of the valuation rule, v(Gab) = T if and only if 〈I (a),I (b)〉 ∈ I (G). That
is, the pair consisting of the interpretation of "a" and the interpretation of "b"
are in the interpretation of "G". Since, I (a) = 1, I (b) = 2, we only need to
check whether the pair 〈1, 2〉 is in I (G). Notice that while 〈2, 1〉 is in I (G),
it is not the case that 〈1, 2〉 is in I (G). Another way of putting this is if we
think of G as expressing "greater than" and Gab as expressing "a is greater
than b", notice that the item from the domain that "a" picks out (1) is not
greater than the item from the domain that "b" picks out (2). Therefore, it
follows that v(Gab) = F .

Clauses (2)-(6) are the same as the clauses in the valuation function for PL.
That is, the truth values for negated wffs, conjunctions, disjunctions, condi-
tionals, and biconditionals are determined the same way as in PL. However,
clauses (7) and (8) are new. Let's begin with clause (7), which defines how
todetermine the truth value of existentially quantifiedwffs. Clause (7) states
that the truth value of a wff of the form (∃x)φ is true if and only if the truth
value of φ(α/x) is true for at least one name α in QL. To illustrate, let's con-
sider an example using the model we used for clause (1), but we will make
two small additions:

D = {1, 2, 3, 4}
I (a) = 1,I (b) = 2,I (c) = 3,I (d) = 4,
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I (E) = {2, 4},I (O) = {1, 3},
I (G) = {〈2, 1〉, 〈3, 1〉, 〈3, 2〉, 〈4, 1〉, 〈4, 2〉, 〈4, 3〉},
I (L) = ∅,
I (N) = {1, 2, 3, 4}

Notice that we have added two new predicate terms: L andN . The interpre-
tation of L is the empty set (symbolized by ∅). This signifies that there are
no items from the domain in the interpretation of L. The second predicate
term is N , which is the set of all items in the domain.

Let's consider whether (∃x)(Lx) is T or F. According to clause (7) of the
valuation rule, v((∃x)Lx) = T if and only if v(L(α/x)) = T for at least one
name α in QL. Let's see if we can find such a wff by using the following
procedure:

1. Write (∃x)(Lx)
2. Remove the quantifier: Lx
3. Replace the variables it binds with a name, e.g., Lx⇒ La.
4. Check whether the wff is true for every replacement of the variable by

a name.

Let's apply the above procedure. In applying steps (1)-(3) repeatedly, we
obtain the following wffs:

1. La
2. Lb
3. Lc
4. Ld

Notice that it is not the case that at least one of these wffs are true. Therefore,
(∃x)(Lx) is F. In other words, notice that for our model, there is no name α
that would make L(α/x) true. This is because the interpretation of L is the
empty set. Therefore, it follows that v((∃x)Lx) = F .

In contrast, consider thewff (∃x)Ox. According to clause (7) of the valuation
rule, v((∃x)Ox) = T if and only if v(O(α/x)) = T for at least one name α
in QL. That is, there is at least one name α that, were it used to replace
the variable x in Ox, would make the resulting wff true. Notice that for our
model, there is at least one name α that wouldmakeO(α/x) true: v(Oa) = T
and v(Oc) = T . Therefore, it follows that v((∃x)Ox) = T .

Let's consider one more example involving clause (7). Consider (∃x)Gax.
According to clause (7) of the valuation rule, v((∃x)Gax) = T if and only
if v(G(α/x)) = T for at least one name α in QL. That is, there is at least
one name α that, were it used to replace the variable x in Gax, would make
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the resulting wff true. Notice that for our model, there is no name that we
could use to replace x in Gax that would make the resulting wff true. This
is because the interpretation of G is the set of pairs of numbers where the
first number is greater than the second. Since I (a) = 1, there is no pair of
numbers in the interpretation of G where the 1 is greater than the second
number. Therefore, (∃x)Gax is false.

Let's turn our attention to clause (8). This clause deals with universally
quantified wffs. Clause (8) states that the truth value of a wff of the form
(∀x)φ is true if and only if the truth value of φ(α/x) = T for every name α
in QL. To better understand this rule, let's consider a few examples. Con-
sider our previous model (see above) and the wff (∀x)Nx. Using clause
(8), this wff is true provide x can be replaced by every name in Nx and the
resulting wff is true. Notice that for our model, this is the case. That is,
v(Na) = T , v(Nb) = T , v(Nc) = T , and v(Nd) = T . Therefore, it follows
that v((∀x)Nx) = T . In contrast, consider (∀y)Ey. Again, using clause (8),
this wff is true provide y can be replaced by every name in Ey and the re-
sulting wff is true. However, notice that for our model, this is not the case.
When replacing y with a, the resulting wff is false. That is, v(Ea) = F since
I (a) 6∈ I (E). Since we have at least one replacement where Ey is false, it
follows that v((∀y)Ey) = F .

Let's consider one final example. Consider (∀x)Gax. According to clause
(8) of the valuation rule, v((∀x)Gbx) = T if and only if v(G(bα/x)) = T
for every name α in QL. That is, were we to replace the variable x with any
name α in our model, the resulting wff Gb(α/x) would be true. Let's run
through each replacement to check whether each of the resulting wffs are
true. In the first case, we might replace x with a (that is, Gb(a/x)). On this
replacement, v(Gba) = T since 〈2, 1〉 ∈ I (G). In the second case, we might
replace x with b (that is, Gb(b/x)). On this replacement, v(Gbb) = F since
〈2, 2〉 6∈ I (G). At this point, we can stop since we have found a replacement
where the resulting wff is false. Therefore, it follows that v((∀x)Gax) = F .

Exercise 6.76

Let D = {a, b, c},I (a) = a,I (b) = b,I (c) = c,I (Hx) =
{a, b, c},I (Lxy) = {〈a, a〉, 〈b, c〉}. Determine whether the following
wffs are T or F relative to this model.

1. Ha
2. (∃x)Hx
3. (∀x)Hx
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4. ¬(∀x)Hx
5. (Ha ∧Hb) ∧Hc
6. Lab
7. ¬Laa
8. Lba
9. (∃x)Lxx

10. (∀x)Lxx
11. (∃x)Lxx ∨ (∃x)(∃y)Lxy

6.4.4 Two simplifications

In the previous section, the valuation rules for QL were introduced. In ad-
dition, we looked at some simple examples of how to use these rules to de-
termine the truth value of wffs. In this section, we will look at two simplifi-
cations that were made in the previous section.

The definition of our valuation rule involves two simplifications. First, the
domain of the valuation function is limited to closed RL-wffs. That is, the
valuation function takes as input a closed wff (a wff without any free vari-
ables) and returns a truth value. This simplification leaves the truth value
of open RL-wffs (wffs with free variables, e.g. Px) undefined. That is, our
system of logic has a syntax that produces formulas that are wffs but the se-
mantic system does not state whether these wffs are true or false. There is
a solution to this problem, however, and it involves the notion of a variable
assignment function. This solution is considered in a later chapter (see ??).

The second assumption that the valuation function makes is that it assumes
that there is an RL-name for every item in the domain of discourse. This
assumption allows for specifying the truth value of existentially and uni-
versally quantified wffs in terms of non-quantified wffs involving names.
For example, vM(∀x)φ = T iff vMφ(α/x) for every name α in RL. This sim-
plification may be taken to be problematic for what guarantee is there that
everything in the domain is named (even if we have an infinite number of
names)? To state this clearly, the problem with this assumption is that even
with an infinite number of names, there is no guarantee that each item in the
domain is named. And if this is the case, then v(∀x)Px = T even though
some unnamed item u1 ∈ D is not in the interpretation of P .

6.4.5 Further examples of the valuation function

Let's consider a few more examples of the valuation function. Consider the
following model (we used this model in an earlier example):
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D = {1, 2, 3, 4}
I (a) = 1,I (b) = 2,I (c) = 3,I (d) = 4,
I (E) = {2, 4},I (O) = {1, 3},
I (G) = {〈2, 1〉, 〈3, 1〉, 〈3, 2〉, 〈4, 1〉, 〈4, 2〉, 〈4, 3〉},
I (L) = ∅,
I (N) = {1, 2, 3, 4}

Now consider the wff (∀x)(Ox → Nx). This wff is true provided for every
name α, the wff O(α/x) → N(α/x) is true. Let's consider each replacement
in turn.

1. Replace x with a. The result is: Oa → Na. On this replacement,
v(Oa) = T and v(Na) = T since a is in O and N , respectively. Since
both sides of the conditional are true: v(Oa→ Na) = T .

2. Replace x with b. The result is: Ob → Nb. On this replacement,
v(Ob) = F since I (b) 6∈ I (O). Since the left side of the conditional is
false, it follows that v(Ob→ Nb) = T .

3. Replace x with c. The result is: Oc → Nc. On this replacement,
v(Oc) = T since I (c) ∈ I (O). In addition, v(Nc) = T since I (c) ∈
I (N). Since both sides of the conditional are true, it follows that v(Oc→
Nc) = T .

4. Replace x with d. The result is: Od → Nd. On this replacement,
v(Od) = F since I (d) 6∈ I (O). Since the left side of the conditional is
false, it follows that v(Od→ Nd) = T .

Notice that for every name α, the wff O(α/x) → N(α/x) is true. Therefore,
v((∀x)(Ox→ Nx)) = T .

Let's consider a similar wff. This wff is (∀x)(Nx → Ox). We can determine
whether this wff is true or false in the sameway as above. Let's consider each
replacement in turn.

1. Replacexwith a. On this replacement, v(Na) = T sinceI (a) ∈ I (N).
Similarly, v(Oa) = T . Since the antecedent is true and the consequent
is true, it follows that v(Na→ Oa) = F .

2. Replace xwith b. On this replacement, v(Nb) = T since I (b) ∈ I (N).
However, v(Ob) = F . Since the antecedent is true and the consequent
is false, it follows that v(Nb→ Ob) = F .

It is not necessary to consider the final two replacements sincewe have found
a replacementwhere thewffN(α/x) → O(α/x) is false. Therefore, v((∀x)(Nx→
Ox)) = F .

Let's consider two additional examples, both involving existentially quanti-
fied wffs. First, consider (∃x)(Ox∧Nx). This wff is true provided there is at

267



least one name α such that the wff O(α/x) ∧ N(α/x) is true. Let's consider
each replacement of variables with names until we find a replacementwhere
the wff is true.

1. Replace xwith a. On this replacement, v(Oa) = T since I (a) ∈ I (O).
In addition, v(Na) = T since I (a) ∈ I (N). Since both conjunctions
are true, it follows that v(Oa ∧Na) = T .

It is not necessary to consider the remaining three replacements since we
have found a replacement where thewffO(α/x)∧N(α/x) is true. Therefore,
v((∃x)(Ox ∧Nx)) = T .

Let's consider onemore example. Consider (∃x)(Ex∧Ox). In examining this
wff, notice that both (∃x)Ex and (∃x)Ox are true. However, (∃x)(Ex ∧ Ox)
is false. This is because there is no name α such thatE(α/x)∧O(α/x) is true.
To see this, let's consider each replacement in turn.

1. Replace xwith a. On this replacement, v(Ea) = F sinceI (a) 6∈ I (E).
Since v(Ea) = F , it follows that v(Ea ∧Oa) = F .

2. Replace xwith b. On this replacement, v(Eb) = T since I (b) ∈ I (E).
However, v(Ob) = F . Since it is not the case that both conjuncts are
true, v(Eb ∧Ob) = F .

3. Replace xwith c. On this replacement, v(Ec) = F since I (c) 6∈ I (E).
Since v(Ec) = F , it follows that v(Ec ∧Oc) = F .

4. Replace xwith d. On this replacement, v(Ed) = F since I (d) 6∈ I (E).
Since v(Ed) = F , it follows that v(Ed ∧Od) = F .

Since there is no name α such that E(α/x) ∧ O(α/x) is true, it follows that
v((∃x)(Ex ∧Ox)) = F .

Exercise 6.77

Let D = {1, 2, 3}. I (a) = 1,I (b) = 2,I (c) = 3.
I (Ex) = {2},I (Ox) = {1, 3},I (Nx) = {1, 2, 3}, I (Gxy) =
{〈2, 1〉, 〈3, 1〉, 〈3, 2〉} Determine whether the following wffs are T or F.

1. (∀x)(Ex→ Nx)
2. (∀x)(Ex ∨Ox)
3. (∀x)(Ex→ ¬Ox)
4. (∃x)(Ex ∧Nx)
5. (∃x)(Ex ∨Ox)
6. (∃x)¬Ex ∧ (∃x)¬Ox
7. (∀x)Gxx
8. (∃x)Gxa
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9. (∃x)(∀y)Gxy

6.5 QL Translation

In this section, let's consider how to translate English sentences into quan-
tified formula in QL and vice versa. The first step to any translation is to
construct a translation key. The translation key has three parts:

1. a domain of discourse,
2. an assignment of English names to QL names.
3. an assignment of English predicates and relations to QL n-place pred-

icates.

In short, the translation key specifies the objects thatwe are talking about, the
names that we use to refer to these objects, and the properties and relations
that these objects have. Here is an example of a translation key:

• D : Living human beings
• a: Annie
• j: Jon
• f: Frank
• Txy: x is taller than y.
• Hx : x is happy.

Using the above translation key various English sentences can be translated
into QL and closed wffs in QL can be translated into English sentences. Let's
consider how this is done in four subsections. In the first subsection, we
will consider how to translate QLwffs that do not contain quantifiers. In the
second subsection, we will consider how to translate QL wffs that contain a
single quantifier. In the third subsection, we will consider how to translate
QL wffs that involve overlapping quantifiers. Finally, we will consider some
more complex examples of translation.

6.5.1 Translating wffs without quantifiers

Let's consider several QL wffs that do not contain quantifiers and how to
translate them into English. Consider the following wffs:

1. Ha
2. Taj
3. Tjf
4. Tfj
5. Tjj
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In order to translate thesewffs intoQL, we need a translation key. Let'smake
use of the translation key introduced in the prior section. Next, let's take the
first wff and consider what would happen if (1) write out the English pred-
icate that corresponds to the predicate term in the wff and then (2) replace
any QL-names with English-names

1. Ha
1a. x is happy
1b. Anne is happy

Notice that in the above example, we have thewffHa. We start bywriting out
the English predicate that corresponds to the one-place predicateHx. This is
"x is happy." The wff that we are translating, however, is notHx butHa. So,
let's replace the QL-name a with the English name "Anne". Therefore, the
wff Ha translates into the English sentence "Anne is happy." Let's consider
the second wff Taj.

2. Taj
2a. x is taller than y
2b. Annie is taller than y
2c. Annie is taller than Jon

Again, notice that in the above example, we have the wff Taj. We start by
writing out the English predicate that corresponds to the two-place predicate
Txy. This is "x is taller than y." Next, we replace the QL-names a and j with
the English names "Annie" and "Jon". Therefore, the wff Taj translates into
the English sentence "Annie is taller than Jon."

Finally, consider the next two examples.

3. Tjf : Jon is taller than Frank:
4. Tfj: Frank is taller than Jon:

With respect to (3) and (4) notice that the order of the names in the wff
matters. That is, Tjf is not the same as Tfj. If Txy is "x is taller than y",
then Tjf is "Jon is taller than Frank" and Tfj is "Frank is taller than Jon".

Let's consider (5) Tjj. If we take the predicate "x is taller than y", and replace
the first x with j (Jon) and the second x with j (Jon), then the resulting
English sentence is "Jon is taller than Jon".

Finally, our approach to considering how to translate a QL wff into English
has been mostly syntactic. That is, we have been considering the structure
of the wff and how to translate the structure into English. However, another
approach is to consider the truth conditions of the wff and then to find a
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corresponding English sentence that has the same truth conditions. This is
the semantic approach to translation. For example, considerHa. This wff is
true if and only if the interpretation of a is in the interpretation ofH . That is,
v(Ha) = T iff I (a) ∈ I (H). Using our translation key, a can be translated
as "Annie" and H can be translated as "is happy". An appropriate English
sentence that has the same truth conditions as Ha is "Anne is happy". This
is because the English sentence "Anne is happy" is true if and only if our
interpretation of "Annie" (its referent) is in the set of living human beings
that are happy.

Let's consider onemore example using the semantic approach to translation.
Recall (3) and (4) from above. In the case of (3), the wff Tjf is true if and
only if the pair consisting of the interpretation of j and the interpretation
of f is in the interpretation of T . That is, v(Tjf) = T iff 〈I (j),I (f)〉 ∈
I (T ). So, an English sentence that is true under the same conditions would
be one where the referent of "Jon" is taller than the referent of "Frank". What
English sentence is true just in the case where Jon is taller than Frank? Quite
obviously, it is the sentence "Jon is taller than Frank". So, we can translate
Tjf as "Jon is taller than Frank."

In contrast to Tjf , there is the wff Tfj. Note that unlike the previous wff,
v(Tfj) = T iff 〈I (f),I (j)〉 ∈ I (T ). That is, this wff is true if the pair
consisting of Frank and Jon are in the taller than interpretation. With this
and our translation key in mind, we can translate Tfj as "Frank is taller than
Jon".

It is worth pointing out that while the syntactic approach to translation is
more straightforward, the semantic approach is more precise. Aswewill see
later, the grammatical structure of a sentence can bemisleading. In addition,
when attempting to translate from one language to another, the primary is
typically to capture what the sentence says (its meaning) rather than how it
is said (its syntax).

Exercise 6.78

Translate the following wffs into English sentences using the transla-
tion key provided here: D : Living human beings, a: Ann, b: Bob, c:
Chris, Sx: x is sad, Hx: x is happy, Fxy: x is friends with y.

1. Sa
2. ¬Sa
3. Sb ∧ Sc
4. Fab
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5. ¬Fba
6. Fab ∧ ¬Fbc
7. (Ha ∧Hb) → Fab

6.5.2 Translating wffs with a single quantifier

In this subsection, we consider how to translate QLwffs that contain a single
quantifier (either the universal or existential quantifier) into English. Let's
begin with QL wffs where the main operator is the universal quantifier.

6.5.2.1 Translating with the Universal Quantifier

First, let's make use of the following translation key:

• D : human beings (living or dead)
• Hx: x is happy
• Zx: x is a zombie
• Mx: x is mortal
• Rx: x is murderer
• Wx: x is wrong

Next, let's consider the following predicate wffs:

1. (∀x)Hx
2. (∀x)(Hx ∧ Zx)
3. (∀x)(Zx→ Hx)
4. (∀x)(Zx→ ¬Hx)
5. ¬(∀x)(Zx→ Hx)

Let's start by considering a syntactic approach to translatinguniversally quan-
tified wffs. On this approach, translate QL-predicate terms in the usual way
and replace the universal quantifier followed by the variable xwith "For ev-
ery x". Thus, we can translate (∀x)Hx as follows:

1. (∀x)Hx
2. (∀x), x is happy.
3. For every x, x is happy.

Once we have this pseudo-English sentence, we can then translate it into
something more colloquial. For example, we can translate "For every x, x is
happy" as "Everyone is happy" or "All people (living or dead) are happy."

The above approach is syntactic. We first create a pseudo-English sentence
by reading theQL-wff in a particular way. Whenever we encounter a univer-
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sal quantifier (∀x) we read it as "for every x" and whenever we encounter a
predicate term Pxwe read it as "x is P". The resulting sentence is sometimes
called a "bridge translation". The next step in the process is to translate the
pseudo-English sentence into a more natural English sentence. On this step,
we need to make use of the translation key. We replace the QL-names with
English names and the QL-predicates with English predicates.

Before considering additional examples, let's consider how to translate (1)
from a semantic perspective. First, consider the truth conditions for univer-
sally quantified wffs in general. A wff (∀x)φ is true if and only if φ(α/x)
is true for every replacement of x with a name α. Now let's consider these
truth conditions with respect to wff (1). The wff (∀x)Hx is true if and only
if Ha,Hb,Hc and so on are true. Using our translation key, we can say that
(∀x)Hx is true if and only if Al is happy, Bob is happy, Chris is happy, and
so on. Rather than specifying the truth conditions for (∀x)Hx by specifying
all of its possible substitutions, we can more simply say that (∀x)Hx is true
if and only if "Everyone is happy".

Let's consider some additional examples involving universally quantified
wffs. Consider (2), the wff (∀x)(Hx ∧ Zx). We can translate this wff us-
ing a bridge translation as "For every x, x is happy and x is a zombie." From
here, we can translate this into a more natural English sentence. Using our
translation key, (2) says that "everyone is a happy zombie".

Consider (3), the wff (∀x)(Zx → Hx). We can translate this wff using a
bridge translation as "For every x, if x is a zombie, then x is happy." From
here, we can translate this into a more natural English sentence. Some peo-
ple, however, find it difficult to determine what a natural translation of this
sentence should be. In fact, some individuals translate (3) in a way simi-
lar to (2). Namely, they contend that the correct translation is "everyone is
a happy zombie." However, this is not the correct translation. The correct
translation is "every zombie is happy". There are at least twoways to see this
more clearly.

Thefirstway to see this is to consider the truth conditions for thewff (∀x)(Zx→
Hx). If (∀x)(Zx → Hx) is true, then Za → Ha,Zb → Hb,Zc → Hc and so
on are true. These conditionals are not saying that a or b or c or any named
item in the domain is a zombie. Instead, they are saying that (1) if a is a
zombie, then a is happy, (2) if b is a zombie, then b is happy, and so on.

A second approach to seeing why this wff should be translated in this way is
to consider an expanded version of the bridge translation of (3). The bridge
translation of (3) is "For every x, if x is a zombie, then x is happy." However,
we might expand upon the bridge translation as follows:
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Choose any object you please in the domain of discourse, if that
object is a zombie, then it will be also be happy.

With (3) expanded in this way, it becomes clearer that the correct sentence is
not that everyone is a happy zombie, but instead that every zombie is happy.

Next, consider (4). This is the wff (∀x)(Zx → ¬Hx). We can translate this
wff using a bridge translation as "For every x, if x is a zombie, then x is not
happy." Again, it is not entirely clear what the natural English translation of
this wff should be. Some individuals incorrectly translate this wff as "ev-
eryone is an unhappy zombie." Our approach to resolving this uncertainty
can be similar to the approach we took with (3): considering the truth con-
ditions or expanding on the bridge translation. Since the wff is true if and
only if Za→ ¬Ha,Zb→ ¬Hb,Zc→ ¬Hc and so on are true, the wff is true
provided there are no cases where a named object is a zombie and happy.
We thus can translate (4) as "no zombie is happy". An expanded bridge
translation of (4) would be "Choose any object you please in the domain
of discourse consisting of human beings (living or dead), if that object is a
zombie, then it will not be happy."

Finally, consider (5). This is the wff ¬(∀x)(Zx → Hx). Notice that in this
example, the main operator is not the universal quantifier. Instead, the main
operator is negation. One way to translate this wff is to first translate the wff
(∀x)(Zx→ Hx). This wff is translated as "every zombie is happy". Next, we
can translate the negation in this wff by prefixing the entire sentence with
"It is not the case that". Thus, (5) can be translated as "It is not the case that
every zombie is happy" or "Not every zombie is happy."

Exercise 6.79

Translate the following wffs into English sentences using the transla-
tion key provided here: D: human beings, Fx: x is friendly, Gx: x is a
ghost, Hx: x is happy, Lxy: x loves y.

1. (∀x)Fx
2. (∀x)(Fx→ Gx)
3. (∀x)(Gx→ Fx)
4. (∀x)(Gx→ ¬Fx)
5. ¬(∀x)(Gx→ Fx)
6. (∀x)(Fx ∧Gx)
7. (∀x)(Fx ∨Gx)
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6.5.2.2 Translating with the Existential Quantifier

In the previous section, we considered how to translate QL wffs that contain
a single quantifier where the main operator was the universal quantifier. In
this section, we will consider how to translate QL wffs that contain a single
quantifier where the main operator is the existential quantifier. We will use
the translation key from the earlier section and consider the following wffs:

1. (∃x)Hx
2. (∃x)¬Zx
3. ¬(∃x)Zx
4. (∃x)(Zx ∧Hx)
5. (∃x)Zx ∧ (∃x)Hx

Similar to our approach to universally quantified wffs, we can approach
translation involving existentially quantified wffs from a syntactic point of
view. Our approach then is to translate QL-predicate terms in the usual
way and to replace the existential quantifier followed by the variable xwith
"There is at least one x such that" or "For some x,". Thus, we can translate
(∃x)Hx as "There is at least one x such that x is happy" or "For some x, x is
happy". Once we have this pseudo-English sentence, we can then translate
it into something more natural. For example, we can translate this sentence
into any of the following expressions:

1a. At least one person is happy.
1b. There is at least one person that is happy.
1c. Someone is happy.
1d. There is at least one happy person.
1e. A happy person exists

In addition, we can also approach the translation of (1) semantically. The
wff (∃x)Hx is true if and only if there is at least one wffH(α/x) is true. That
is, v(Ha) = T or v(Hb) = T or v(Hc) = T and so on. Using our translation
key, we can say that (∃x)Hx is true if and only if Al is happy, Bob is happy,
Chris is happy, and so on. Rather than specifying the truth conditions for
(∃x)Hx by specifying all of its possible substitutions, we can more simply
say that (∃x)Hx is true if and only if "Someone is happy".

Next, let's consider (2). Again, we can use a bridge translation, "For some
x, x is not a zombie." This is saying that there exists some item in the do-
main of discourse that is not a zombie. More naturally, this can be expressed
as "Someone is not a zombie" or "There is at least one person that is not a
zombie".
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In the case of (3), note that negation has wide scope. Our approach to trans-
lating this wff then is to first translate the existentially quantified wff and
then to prefix it with "It is not the case that". Thus, we can translate ¬(∃x)Zx
as "It is not the case that someone is a zombie." Notice that (2) and (3) say
something distinct. (2) says that something exists that is not a zombie, while
all (3) says is that zombies do not exist.

Finally, let’s consider (4) and (5) together. The bridge translations for (4)
and (5) are as follows:

4B. For some x, x is a zombie and x is happy.
5B. For some x, x is a zombie, and for some x, x is happy.

Notice that these two propositions do not say the same thing. (4) asserts
that there is something that is both a zombie and happy, while (5) asserts
that there is a zombie and there is someone who is happy.

Exercise 6.80

Let the domain D be people and Px: x is poor; Lx: x is lazy; Rx: x is
rich. Translate the following into QL and English.

1. (∀x)Px
2. (∀x)(Px→ Lx)
3. (∀x)Px ∧ (∀x)Lx
4. (∀x)(Px ∧ Lx)
5. (∀x)(Px→ ¬Lx)
6. (∀x)(Px ∨ Lx)
7. (∃x)Px
8. (∃x)Px ∧ (∃x)Rx
9. (∃x)(Px ∧Rx)

10. (∃x)(Px ∨Rx)
11. ¬(∃x)(Px ∧Rx)
12. (∃x)¬(Px ∧Rx)

6.5.3 Translating Wffs with Overlapping Quantifiers

When dealing with wffs with quantifiers whose scope overlaps, does the or-
der of the quantifiers matter? Consider the following eight wffs (let Lxy
express the two-place English expression ``x loves y''). Let the domain con-
sists of living human beings.

1. (∀x)(∀y)Lxy
2. (∀y)(∀x)Lxy
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3. (∃x)(∃y)Lxy
4. (∃y)(∃x)Lxy
5. (∀x)(∃y)Lxy
6. (∃y)(∀x)Lxy
7. (∀y)(∃x)Lxy
8. (∃x)(∀y)Lxy

(1) says "for every x, for every y, x loves y." More simply, it says "everyone
loves everyone." Now consider (2). It says "for every y, for every x, y loves x."
In other words, it also says "everyone loves everyone." That is, (∀x)(∀y)Lxy
is equivalent to (∀y)(∀x)Lxy.

What about (3) and (4)? (3) says "there is at least one x and there is at least
one y such that x loves y". In other words, ``someone loves someone''. (4)
says the same thing. Thus, (∃x)(∃y)Lxy is equivalent to (∃y)(∃x)Lxy.

In summary, for (1)-(4), the order of the quantifiers does not impact the
truth or falsity of the wff or how we ought to translate the wff into English.
This is not the case with (5)-(8) where the quantifiers are mixed rather than
the same.

First, let's consider (5): (∀x)(∃y)Lxy. Thiswff states that for every individual
x, there is an individual y such that x loves y. Here is another way of putting
it.

Take any person you please from the domain of discourse (let's
call them x), once you have that person, then there is at least one
person y that x loves.

Let's characterize each in terms of a scenario. (5) is what I will call the
``crush'' scenario. To illustrate, suppose there are three people: Jon, Tek,
Liz. (5) states that each one of these people will love at least one person.

1. Jon loves someone, and
2. Tek loves someone, and
3. Liz loves someone

What our sentence is committed to is everyone loves at least one person
(their "crush"). The wff says (most compactly) that everyone loves someone.

Two additional clarifications. First, (5) should not be translated as "everyone
is loved by someone". The truth of (5) does not require that for each indi-
vidual in the domain is loved. For example, suppose that there is one person
that everyone loves, let's call them y. If that were the case, then it would be
true that "everyone loves someone" since y would be that someone. How-
ever, it would not be true that "each person is loved by someone" since there
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would be many people who are unloved. Second, (5) also does not say that
there is some single person who is loved by all. Consider the scenario where
there are two people Tek and Liz and where all people love Tek and no one
else or Liz and no one else. In such a scenario, "everyone loves someone"
would be true but it would be false that "someone is loved by everyone."

(6) is (∃y)(∀x)Lxy. This wffs states that there is at least one person y such
that for every x, x loves y. In otherwords, there exists someone that everyone
loves. Even more compactly put, "someone is loved by everyone."

This wff is likely not true since there does not exist someone that every single
person loves. One possible candidate would be "Santa Claus", a person that
everyone loves. Here is another way of putting it.

Go through the entire domain of discourse and you will eventu-
ally find a person y. Now that person y bears a special relation
to all people in the domain of discourse, including themselves.
To see this relation more clearly, go through the entire domain
again and select any person you please (let's call them x). You
will find that x loves y.

Wff (6) is similar to (5) in that it implies that everyone loves at least one
person. However, they are importantly different. In (5), every single per-
son loves at least one person, but the loved person can differ from person
to person. For example, in a scenario consisting of Jane, John, and Sally, (5)
would be true if Jane loves John and John loves Jane and Sally loves herself.
In contrast, (6) is true just in the case that there is at least one person loved
by everyone, e.g. John loves Jane, Sally loves Jane, and Jane loves Jane.

(7) is what I will call the "Secret Admirer scenario". (∀y)(∃x)Lxy says that
"for every y, there exists an x, such that x loves y". In short "everyone is loved
by someone". This wff is true provided there is one person who loves you.
Here is another way of putting it.

Take any person you please from the domain of discourse (let's
call them y), once you have that person, then go through the do-
main again and you eventually find one person x (the Secret Ad-
mirer) that loves y.

So, if we consider a small domain consisting of Jane, John, and Sally, (7)
is true in the case that, beginning with Jane, we can find at least one other
person who loves Jane (e.g. John, but it could be anyone) and one person
who loves John and one person who loves Sally. Note that the person doing
the loving need not be the same person in each case, nor is it the case that
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everyone loves someone. (7) differs from (5) in that it doesn't imply that
everyone loves at least one other person. (7), in contrast, is be true if John
loves Sally and Jane and himself (he would secretly admire several people),
but neither Sally nor Jane love anyone. (7) also differs from (6) in that it
doesn't imply that there is some person who is secretly admired by all.

(8) is what I will call the ``Loving God scenario''. We can read this wff as
saying "there exists an x such that for every y, x loves y." More naturally,
it can be translated as "someone loves everyone". Here is another way of
putting it.

Look through your domain and you will find a person x. Now
go through the domain again and x will be in a relation to any
person y you might select. Namely, that xwill love any person y
you select.

I call the scenario that represents (8) the "Loving God Scenario" since a Lov-
ing God would love every single person. A few clarifications. First, in con-
trast to (5), (8) does not imply that everyone loves at least one other person.
Suppose God loves everyone but most of the people God loves do not love
anyone. In that scenario (8) is true but (5) is false. In contrast to (6), (8) does
not imply that there is at least one person loved by everyone. God may love
everyone but there may be no person who is loved by all (including God).
Finally, while (8) implies (7)--for if someone loves everyone, then everyone
is loved by at least one person--(7) does not imply (8). This is because (7)
can be true in a case where (8) is not, namely in the case where everyone is
loved by someone, but everyone is not loved by a single person.

1. (∀x)(∀y)Lxy. Everyone loves everyone.
2. (∀y)(∀x)Lxy. Everyone loves everyone.
3. (∃x)(∃y)Lxy. Someone loves someone.
4. (∃y)(∃x)Lxy. Someone loves someone.
5. (∀x)(∃y)Lxy. Everyone loves someone.
6. (∃y)(∀x)Lxy. Someone is loved by everyone.
7. (∀y)(∃x)Lxy. Everyone is loved by someone.
8. (∃x)(∀y)Lxy. Someone loves everyone.

Exercise 6.81

Using the following symbolization key, translate the following predi-
cate logic expressions into English: D: living humans, Hxy: x hates y,
s: Sally, b: Bob, Lxy: x loves y

1. (∀x)Lxb
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2. (∃x)Hxs
3. (∀x)(Lxb→ ¬Hxs)
4. (∃x)(Lxb ∧Hxs)
5. [(∃x)(Lbs ∧Hbx)] → Lbs
6. (∀x)Lxx ∧ (∃y)Hyb
7. (∃x)Lxx ∧ (∀y)Hyy
8. [(∃x)Lxb ∧ (∃x)Lxs] ∧ [(∃x)¬Lxb ∧ (∃x)¬Lxs]
9. (∃x)Lxb ∧ (∃x)Lbx

10. [(∃x)(¬Hxs) ∧ (∃x)(Lxs)] ∧ (∀x)Lxb

6.5.4 Quantificational ambiguities

One benefit of learning a logical language is its use for identifying and re-
solving ambiguities in natural language. In contrast to natural language, the
language of predicate logic does not contain any ambiguity. Names refer to
exactly one item in the domain, each n-place predicate picks out a set of n-
tuples in the domain, operators have a fixed meaning, and the scope of the
various operators is precise. In contrast, natural language is rife with ambi-
guity. In some cases, the existence of ambiguity influences our evaluation of
an argument. For example, consider the following argument:

P1. All stars are in outer space.
P2. Socrates is a star.
C. Therefore, Socrates is in outer space.

In the above example, theword "star" is ambiguous. It has twodistinctmean-
ings. A "star" can refer to a celestial body that produces light and heat, or it
can refer to a celebrity. Noting this ambiguity, consider three different ways
in which the argument can be evaluated.

First, we take "star" to have the same meaning in both premises. For the sake
of the example, let's suppose it means "a celestial body that produces light
and heat". If this is the case, then the argument is valid. However, notice
that the validity of the argument comes at a cost. If "star" means "a celestial
body that produces light and heat", then P2 is false. Socrates is not a star
in this sense (he is a philosophical celebrity). So, the argument is valid but
unsound.

Second, we take "star" to have different senses in the two premises. In P1,
"star" refers to a class of celestial bodies that produce light and heat. In P2,
"star" refers to a celebrity. If this is the case, then the premises of the ar-
gument are true, but the argument is invalid. This way of evaluating the
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argument is certainly the most natural and reasonable.

Third, when evaluating the argument for validity, we take "star" to have the
same meaning in both premises and so the argument is valid. However,
when we evaluate the truth of the premises, we take the different instances
of "star" to have different meanings (in P1 "celestial body", in P2 "celebrity").
If this is the case, then the argument has true premises. The argument then is
said to be sound (valid and true premises), although this comes at the cost
of an inconsistency since we are saying the two occurrences of "star" have
different meanings but also the same meaning.

1. Approach 1: Argument is valid but at least one premise is false.
2. Approach 2: Argument is invalid but has true premises.
3. Approach 3: Argument is sound (valid and true premises), but one

has to accept an inconsistency.

It is clear then that the existence of ambiguity in natural language can have
an impact on the evaluation of arguments. Insofar as one of the above ap-
proaches is more plausible than the others, it is important to be able to iden-
tify and resolve ambiguities in natural language.

What sort of ambiguities exist in natural language that can be revealed us-
ing predicate logic? Let's consider a type of ambiguity that we will call a
"quantificational ambiguity".

Definition 6.5.1: quantificational ambiguity

A quantificational ambiguity is an ambiguity that ariseswhen a sentence
is ambiguous about the presence or scope of a quantifier.

There are at least two types of quantificational ambiguities: quantificational
presence ambiguities and quantificational scope ambiguities. The first type
involves a sentence where the sentence suggests the presence of a quanti-
fier, but it is ambiguous as to which quantifier is present. The second type
involves a sentence where the sentence is ambiguous as to the scope of a
quantifier.

Let's begin with quantificational presence ambiguities. One simple example Quantificational presence
ambiguitiesinvolves the following sentence:

Birds fly.

How should we translate this sentence into predicate logic? There appear
to be two different possibilities. The first possibility is that "Birds fly" means
"All birds fly" and so we would translate the sentence using the universal
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quantifier as follows: (∀x)(Bx → Fx). The second possibility is that "Birds
fly" means "Some birds fly" and so we would translate the sentence using the
existential quantifier as follows: (∃x)(Bx ∧ Fx).

Birds fly

All birds fly
(∀x)(Bx→ Fx)

Some birds fly
(∃x)(Bx ∧ Fx)

Our attempt to translate "Birds fly" into predicate logic reveals that the sen-
tence is not explicit about which quantifier is present. Since both interpre-
tations of the sentence are possible and these interpretations are not equiv-
alent, an ambiguity is present. As mentioned, this type of ambiguity may
impact how arguments are evaluated. Consider the following argument:

• P1. Birds fly.
• C. Therefore, penguins fly.

If "birds fly" expresses "all birds fly", then the above argument is valid but
unsound. P1 would be false since penguins are birds, but do not fly. In
contrast, if "birds fly" expresses "some birds fly", then while P1 is true, the
argument is invalid. Finally, someone might contend that the argument is
sound (valid and has true premises), but they would do so at the cost of
inconsistency: they would be saying that "birds fly" expresses "all birds fly"
and "some birds fly".

Our previous example involving birds is straightforward and few people fail
to recognize that there is something fishy about the sentence itself. In what
follows, let's consider a similar, but real-life example of a quantificationally
ambiguous sentence. Consider the following sentence:

The truth of thematter is that prettymuch anywhere in theworld
men tend to think that they are much smarter than women.[qtd
in 9]

Similar to the previous example, the sentence "men think that they are smarter
thanwomen" is quantificationally ambiguous. First, it is indeterminate about
how many man think they are smarter than women (all, some, most, etc.).
We might try to resolve this ambiguity by prefixing a different quantifica-
tional expression ("all" or "some") to each sentence.

1. All men think that they are smarter than women.
2. Some men think that they are smarter than women.

In prefixing a quantifier to "men think they are smarter than women", we
havemade explicit the ambiguity concerning the presence of a quantifier. The
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sentence itself does not contain any quantificational expression, but the in-
terpretation of the sentence requires the addition of some quantificational
expression. However, note that even after we have made explicit the am-
biguity concerning the presence of a quantifier, there still remains another
quantificational ambiguity. That is, not only is there an ambiguity concern-
ing howmany men think a certain way, but there is also ambiguity concerning
what they think. To keep things somewhat simple, let's suppose that the au-
thor is attempting to characterizewhat all rather than some ormostmen think.
We can then ask, what is it that each man thinks? Each man thinks "men are
smarter than women". This sentence however has two quantificational pres-
ence ambiguities since "men are smarter than women" can mean any of the
following:

1. All men are smarter than all women.
2. All men are smarter than some women.
3. Some men are smarter than all women.
4. Some men are smarter than some women.

Each of these sentences has a corresponding translation in QL and each of
these translations is distinct.

1. (∀x)(Mx→ (∀y)(Wy → Sxy))
2. (∀x)(Mx→ (∃y)(Wy ∧ Sxy))
3. (∃x)(Mx ∧ (∀y)(Wy → Sxy))
4. (∃x)(Mx ∧ (∃y)(Wy ∧ Sxy))

Making the quantificational ambiguity that is present in this sentence ex-
plicit is helpful for evaluating arguments containing this sentence. Consider
the following argument:

• P1: Men think that they are smarter than women.
• C: Men are chauvinistic.

Depending on how P1 and P2 are interpreted in the above argument influ-
ences how the argument is evaluated. For example, let's consider just two
different interpretations of P1 and P2, noting how it impacts the truth of the
premises and the argument's validity:

1. If P1 is read as "all men think that all men are smarter than all women"
and C is read as "all men are chauvinistic", then the argument is valid
but unsound due to the falsity of P1.

2. If P1 is "some men think they are smarter than some women" and C is
read as "all men are chauvinistic", then P1 is true but the argument is
invalid.
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Thefirst type of quantificational ambiguitywe considered involved sentencesQuantificational scope
ambiguity that were ambiguous about the presence of a quantifier. The interpretation of

the sentence requires the addition of some quantificational expression (e.g.,
"some", "all", "many") but the sentence itself does not contain any such ex-
pression. The absence of the quantifier gives rise to the ambiguity. Let's now
turn to a second type of quantificational ambiguity. This second type con-
cerns sentences that are ambiguous about the scope of a quantifier. Consider
the following sentence:

Everyone loves someone.

This sentence is ambiguous between two readings. First, this can be inter-
preted as saying that take any person you want, there is at least one person
(not necessarily the same person) that they love. So, imagine a domain con-
sisting of Jon, Tek, and Sal. On this reading, such a sentence would be true
if the following is true:

1. Jon loves someone (e.g., Jon)
2. Tek loves someone (e.g., Jon)
3. Sal loves someone (e.g., Tek)

Notice that every single person loves at least one person from the domain.
However, notice that it is not the same person (although if they loved the
same person, this would also make that reading true).

On a second reading of "everyone loves someone", the reading is more re-
strictive. On this reading, everyone is taken to love one and the same person.
That is, everyone loves the same person. Alternatively, wemight express this
by saying there is someone that everyone loves. Such a reading is translated
as (∃x)(∀y)Lyx.

Everyone loves someone.

(∀x)(∃y)Lxy
Every x loves some y

(∃x)(∀y)Lyx
There some x, every y loves

What we see then is that the sentence "everyone loves someone" is ambigu-
ous about the scope of the quantifiers. In the first reading, the universal
quantifier has wide scope. In the second reading, the existential quantifier
has wide scope.

Let's consider another example of a quantificational scope ambiguity. Our
previous example involved a case where it was ambiguous whether the uni-
versal or existential quantifier had wide scope. In this example, we will con-
sider a case where it is ambiguous whether the negation or the universal
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quantifier has wide scope. To set up this type of ambiguity, let's consider the
following sentence:

Every student passed.

The translation of this sentence into QL is straightforward. Let Sx express
the English expression ``x is a student'' and let Px express the English ex-
pression ``x passed the exam''. The sentence is then translated as (∀x)(Sx→
Px). With this translation in mind, let's consider the following sentence:

Every student did not pass.

This sentence is ambiguous between two readings. First, the sentence can
be read as "it is not the case that every student passed". On this reading,
the sentence is translated as ¬(∀x)(Sx → Px), the negation operator hav-
ing wide scope. Equivalently, this sentence says that "there is a student who
did not pass", translated as (∃x)(Sx ∧ ¬Px). Second, the sentence can be
read as "no student passed". On this reading, the sentence is translated as
(∀x)(Sx → ¬Px). The negation operator having narrow scope. Equiva-
lently, this sentence says that "there does not exist a student that passed",
translated as ¬(∃x)(Sx ∧ ¬Px).

Every student did not pass.

¬(∀x)(Sx→ Px)

(∃x)(Sx ∧ ¬Px)

(∀x)(Sx→ ¬Px)

¬(∃x)(Sx ∧ Px)

It is sometimes remarked that both of these readings are not suggested by
the sentence. That is, the sentence "every student did not pass" only refers to
one of these readings. To see how the sentence is capable of suggesting both
readings, consider the following two scenarios. First, suppose that a group
of students are standing around comparing their scores on their logic exam.
Tek begins, saying that he passed the exam with flying colors. He says he
received a 100%. Liz also says that she passed the exam. She says that it
actually was one of the easiest exam she has ever taken. With a sad look on
her face, the professor informs the students that while she's happy they did
so well, it would be a good idea not to be too vocal about their scores since
"every student did not pass the exam." On this reading, the sentence "every
student did not pass the exam" means "it is not the case that every student
passed the exam": ¬(∀x)(Sx→ Px).

Second, suppose again that a group of students are standing around compar-
ing their scores on their logic exam. Tek begins, complaining that this exam
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was really hard, noting he failed. Liz also says that she failed. She says that
the exam was actually one of the hardest exams she has ever taken. With a
sad look on her face, the professor apologizes to the students. The professor
says that the exam was indeed very difficult and that "Every student did not
pass the exam." On this reading, the sentence means "no student passed the
exam.".

In this section, we considered how ambiguity can arise in natural language
sentences and impact how arguments are evaluated. In particular, we con-
sidered two types of quantificational ambiguities: quantificational presence
ambiguities and quantificational scope ambiguities. The first type involves
a sentence where the sentence suggests the presence of a quantifier, but it
is ambiguous as to which quantifier is present. The second type involves a
sentence where the sentence is ambiguous as to the scope of a quantifier.

Exercise 6.82

Identify the types of quantificational ambiguity present in the follow-
ing sentences (involving presence or involving scope). What are the
two readings of the sentence? Translate each reading into QL.

1. Criminals are bad.
2. All criminals are not greedy.
3. Smokers are not bad.
4. All fetuses are not persons.
5. Athletes are not heroes.
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7 Dummy Chapter

This chapter is a placeholder for a chapter.
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8 QL Derivations

8.1 Derivations using QL

In a previous chapter, it was noted that there are two different ways that
we can understand what it means for a conclusion to follow from a set of
premises. The first way is semantically. A conclusion follows from a set of
premises semantically if and only if it is impossible for the premises to be true
and the conclusion false. Understood semantically, we can check whether a
conclusion follows from a set of premises using a table or tree. The second
way is syntactic. A conclusion follows from a set of premises syntactically
if and only if there is a derivation of the conclusion from the premises. Un-
derstood syntactically, we can show that a conclusion follows from a set of
premises by providing a proof. While we have previously elaborated on the
concept of syntactic entailment, in this chapter we redefine this notion for
the language of predicate logic (QL). In addition, we introduce a new set of
rules of derivation for QL that allow us to construct proofs in the language.

8.2 QL Derivation Terminology

When discussing propositional logic proofs, we presented definitions for the
concepts of a deductive apparatus, a derivation, and a syntactic entailment
(consequence). These definitions remain the same for forQLwith one small
change. The definitions only need to be modified to reflect that the deduc-
tive apparatus forQL involves predicate logic wffs rather than propositional
logic wffs. To illustrate, consider the definition of syntactic consequence:

Definition 8.2.1: syntactic consequence of φ in RL

A formula φ is a syntactic consequence of a set Γ of QL wffs if and
only if there is a derivation of φ from Γ. To express that φ is a syntactic
consequence of Γ, we write Γ `RL φ or Γ ` φ for short.

Notice that the above definition is substantially the same as the definition
of syntactic consequence for propositional logic. As mentioned, the only
difference is that the deductive apparatus for QL involves predicate logic
wffs rather than propositional logic wffs.

What does, however, need substantial elaboration are the additional rules
of derivation that are needed for QL. In propositional logic, the deductive
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apparatus is PD which consists of a set of introduction-elimination rules.
In addition, some derived and equivalence rules were added to make the
completion of proofs more natural and/or simpler. The deductive apparatus
for predicate logic consists of all of the introduction-elimination rules form
propositional logic as well as five new rules.

8.3 QL Four Quantifier Rules

Let's refer to the deductive apparatus (or proofs system) forQL asRD. This
proof systemwill consist ofPD+ (the introduction-elimination rules forPD
along with several additional rules) and all of the introduction-elimination
quantifier rules articulated in this chapter.

As a reminder, recall that in an introduction-elimination system of proof,
there are two types of rules: introduction rules and elimination rules. An
introduction rule for a operator allows you to derive a wff that contains that
operator as its main operator. For example, in propositional logic, the con-
junction introduction rule (∧I) allows for deriving a wff of the form φ ∧ ψ.
An elimination rule for an operator allows you to derive a wff from a wff
that contains that operator as its main operator. For example, in proposi-
tional logic, the conjunction elimination rule (∧E) allows for deriving a wff
of the form φ from a wff of the form φ ∧ ψ.

In what follows, four introduction-elimination rules will be articulated: uni-
versal introduction (∀I), universal elimination (∀E), existential introduc-
tion (∃I), and existential elimination (∃E). These rules will be used to con-
struct proofs in QL.

8.3.1 Universal Elimination

Let's introduce the universal elimination rule by defining it, then illustrat-
ing it with a schematic example, and finally illustrating it with a minimal
working example (MWE).

Definition 8.3.1: Universal Elimination (∀E)

From any universally quantified wff (∀x)φ(x1, . . . xn), the wff
φ(a1 . . . an/x1 . . . xn) can be derived.
(∀x)φ(x1 . . . xn) ` φ(a1 . . . an/x1, . . . xn)∀E

Here is a schematic use of the rule:

1 ∀xφ(x1 . . . xn) P
2 φ(a1 . . . an) ∀E 1
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Here is a MWE of the rule:

1 (∀x)Px P
2 Pa ∀E 1

The basic idea behind ∀E is that if you have a universally quantified wff
(∀x)φ, you can move forward a step in the proof with a wff φ(a/x) that is the
result of removing the universal quantifier and uniformly replacing each of
the variables that is bound by the universal quantifier with any name of your
choosing. So, for example, in the prior example, x in (∀x)Px was replaced
with the name a to yield Pa. However, the name a could have been replaced
with any name of your choosing, e.g., b or c. To illustrate this, consider the
following example where ∀E is used three times to derive Pa, Pb, and Pc.

1 (∀x)Px P
2 Pa ∀E 1
3 Pb ∀E 1
4 Pc ∀E 1

One important feature of ∀E is that when using it to replace more than one
instance of a bound variable, the replacement of the variables with names
must be done uniformly. For example, consider the following proof:

1 (∀x)Rxx P
2 Raa ∀E 1
3 Rbb ∀E 1

In the above example, line 1 contains two instances of the variable x bound
by the universal quantifier. When ∀E is used to derive a wff from line 1, each
instance of the variable must be replaced by the same name. In line 2, the
two instances of x are replaced by two instances of a. Similarly, in line 3, the
two instances of x are replaced by two instances of b.

To contrast this correct use of ∀E where instances of variables are replaced
uniformly, let's consider an incorrect use of the rule where instances of vari-
ables are not replaced uniformly:

1 (∀x)Rxx P
2 Rab ∀E 1, NO!

This use of ∀E is incorrect since the two instances of x are replaced by two
different names, a and b. That is, the replacement of variables with names is
not done uniformly.
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With our basic understanding of how to use ∀E in place. Let's consider some
examples of how to use ∀E in a proof. First, let's consider an example of
its use in an English argument and then that same argument in the formal
language of predicate logic.

P1 Everyone is a person. P
P2 If Alfred is a person, then Bob is a zombie. P
IC Therefore, Alfred is a person from P1
C Therefore, Bob is a zombie from P2, IC, "if-elim"

Next, let's translate the above argument into predicate logic:

1 (∀x)Px P
2 Pa→ Zb P
3 Pa ∀E 1
4 Zb → E 2, 3

For our purposes, the key part of the above proof is line 3. In the above ex-
ample, since line 1 states that everyone is a person, the use of ∀E on line 1
justifies the new proposition (or wff) that Alfred is a person on line 3 (the
IC). While we could have derived several other propositions (wffs) using
∀E, e.g., "Bob is a person" or "Frank is a person", "Alfred is a person" is de-
rived since deriving this proposition (wff) allows the use of line 2 and → E
to obtain the conclusion that Bob is a zombie.

Recall that one key consideration involved when using ∀E is that instances
of variables must be uniformly replaced with names. To see this more clearly,
consider an English argument where ∀E is used correctly and incorrectly.

• P1: Everyone loves themselves.
• C1: Therefore, Tek loves Tek. Correct use of ∀E
• C2: Therefore, Tek loves Jon. Incorrect use of ∀E

While C1 follows from P1 in the above argument, C2 does not. Just because
every individual x loves themselves x, it does not follow that one person
Tek loves another person Jon. Similarly, when using ∀E, the replacement
of variables with names must be done uniformly. From (∀x)Lxx, wffs like
Laa, Lbb, Lcc and so forth may be derived since the variables are replaced
uniformly (with the same name). The rule does not permit deriving wffs
such as Lab, Lba, Lac and so other (where the names are different).

Let's consider another example involving ∀E. Consider the following entail-
ment: (∀x)(Px→ (∀y)(Qx→Wy)), P b,Qb `Wt.
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1 (∀x)(Px→ (∀y)(Qx→Wy)) P
2 Pb P
3 Qb P
4 Pb→ (∀y)(Qb→Wy) ∀E 1
5 (∀y)(Qb→Wy) → E 2, 4
6 Qb→Wt ∀E 5
7 Wt → E 3, 6

In the above example, the proof begins by using ∀E on line 1, uniformly re-
placing each xwith the name b. This is possible because the wff at line 1 has,
as its main operator, the universally quantifier (∀x). As the proof continues,
notice that ∀E is not used on the conditional at line 4. This is because ∀E can
only be used on universally quantified wffs. However, once the universally
quantified wff (∀y)(Qb → Wy) is derived at line 5, ∀E can be used on it to
derive line 6.

One question that is commonly askedwhen using ∀E is the following: When
using ∀E, I know that I can uniformly replace bound variables with any
name of my choosing. However, which name should I choose? The choice of
names is guided by two considerations. First, it is guided by names already
occurring in the proof. Second, it is guided by names in the conclusion. Let's
consider an example involving both cases.

Let's consider each one of these considerations. First, consider the entailment
(∀x)Px, Pc→ Qd ` Qd. The first step is to set up the proof:

1 (∀x)Px P
2 Pc→ Qd P, Qd

Next, while we can derive Pa, Pb, Pc, Pd and so on from (∀x)Px at line 1, a
more economical choice is to replace x with c since c already occurs in the
proof at line 2. In addition, choosing c allows for writing Pc in the proof and
this wff can be used with the conditional at line 2.

1 (∀x)Px P
2 Pc→ Qd P, Qd
3 Pc ∀E 1
4 Qd → E 3, 2

Next, let's illustrate the second consideration. Consider the entailment (∀x)Px `
Pc ∧ (Pd ∧ Pe). The first step is to set up the proof:
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1 (∀x)Px P

Notice that the wff we want to derive contains the names c, d, and e. This
helps guide what names we should use when using ∀E. Since the wff we
wish to derive is Pc ∧ (Pd ∧ Pe), we can use three separate instances of ∀E
to derive Pc, Pd, Pe and then use ∧I twice to derive Pc ∧ (Pd ∧ Pe).

1 (∀x)Px P
2 Pc ∀E 1
3 Pd ∀E 1
4 Pe ∀E 1
5 Pd ∧ Pe ∧I 3, 4
6 Pc ∧ (Pd ∧ Pe) ∧I 2, 5

In this section, we considered the use of ∀E in a proof. As this is an elim-
ination rule, this derivation rule allows for deriving wffs from universally
quantified. In the next section, we consider our first introduction rule: ∃I .

Exercise 8.83

Focusing on ∀E, solve the following proofs.
1. (∀x)Px, (∀z)Qz ` Pa ∧Qa
2. (∀x)¬Px, (∀x)Px ` ¬Pa ∧ ¬Pb
3. Lab→ Sa, (∀x)(∀y)Lxy ` Sa
4. (∀x)(∀y)Pxy, (∀y)Pay → (∀z)Qzz ` Qbb
5. (∀x)(∀y)(∀z)(Lxy ∧ Syz) ` Laa

8.3.2 Existential Introduction

The next rule we will consider allows for deriving existentially quantified
wffs. This rule is known as "existential introduction".

Definition 8.3.2: Existential Introduction (∃I)

From φ(an), an existentially quantified wff (∃x)φ(xi/an) can be de-
rived, where (1) i ≤ n and (2) the variable xi is not in the original
φ(an), viz., xi is not a variable already bound by a quantifier.
φ(an) ` (∃x)φ(xi/an)

The idea is that if you have a non-quantified proposition that contains a
name, you can replace that name with an existentially quantified variable.
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1 φ(an) P
2 (∃x)φ(xi/an) ∃I

In the above example, some number n of instances of the name ‘a’ is re-
placed with instances of the existentially quantified variable ‘x’. In making
this point, it is important to note that the number of instances of the name
‘a’ that are replaced with instances of the existentially quantified variable ‘x’
is not specified. That is, the number of instances of the name ‘a’ that are re-
placed with instances of the existentially quantified variable ‘x’ can be one
or more. However, there are two important things to note. First, whatever
number of instances of the name ‘a’ that are replaced with instances of the
existentially quantified variable ‘x’, the replacement must be uniform. That
is, if an instance of ∃I is used to replace more than one name, then it must
be the same name. Second, whatever variable is used to replace the name,
that variable must not already be bound by a quantifier.

Let's consider a minimal working example (MWE) of ∃I .

1 Pa P
2 (∃x)Px ∃I1

In the above example, there is a wff Pa and from this wff, the existentially
quantified wff (∃x)Px is derived. This is done by replacing at least one in-
stance of the name awith the existentially quantified variable x.

Now that we have defined ∃I , considered a schematic use of the rule, and
looked at a MWE, let's consider some examples of how to use ∃I in a proof.
First, let's consider an example of its use in an English argument and then
that same argument in the formal language of predicate logic. Consider the
following argument:

P1 Rick is a zombie. Prem
C Therefore, someone is a zombie. ∃I , from 1

The above example involves reasoning from an expression involving a sen-
tence containing a name "Rick". In order to derive the conclusion, the name
"Rick" is replaced by a sentence that specifies a quantity of individuals that
have the property of being a zombie. In this case, the sentence is "someone
is a zombie". In formal logic, our argument looks like this:

1 Zr P
2 (∃x)Zx ∃I 1
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In the above example, the wff Zr is a wff with a name r. The ∃I derivation
rule allows for deriving an existentially quantified wff (∃x)Zx from this wff
Zr: where r has been replaced with x and an existential quantifier with x is
now binding the x.

There are two key conditions placed on ∃I . The first is that it permits the
replacement of more than one instance of a namewith an existentially quan-
tified variable provided that the replacement is uniform. What this means
that if more than one name is replaced in a single use of ∃I , the same name
must be replaced with the same variable. For example, consider the follow-
ing proof:

1 Lbb P
2 (∃x)Lxx ∃I 1

Notice that the use of ∃I on line 2 replaces two instances of the name bwith
two instances of the existentially quantified variable x. This is permitted
since the same name b is being replacedwith the same variable x. What is not
occurring is that the name b is being replaced with two different variables,
e.g., x and y, or there are two different names, e.g., a and b, being replaced
with the same variable x in a single use of ∃I . Concerning this condition,
note that the condition does not require that each name be replaced with an
existentially quantified variable. Rather, it says that if more than one name
is replaced, each name must be replaced in a uniform manner. For example,
consider the following proof:

1 Lbb P
2 (∃x)Lbx ∃I 1
3 (∃x)Lxb ∃I 1

Notice that in the above example, the name b is replacedwith the existentially
quantified variable x in two different ways. In the first instance, the name b is
replacedwith the existentially quantified variable x in the first position of the
wff Lbx. In the second instance, the name b is replaced with the existentially
quantified variable x in the second position of the wff Lxb. This is permitted
since the name b is replaced with the same variable x in both instances. This
proof also illustrates that the condition does not require that each name be
replaced with an existentially quantified variable.

To further instill understanding of this condition, consider the following
proof that contains some incorrect uses of ∃I . As you read through the proof
try to identify where ∃I is used incorrectly.
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1 Lab P
2 Rbb P
3 (∃x)Lax ∃I 1
4 (∃x)Lxb ∃I 1
5 (∃x)Lxx ∃I 1
6 (∃x)Rxx ∃I 2
7 (∃x)Rxy ∃I 2

There are two errors in the above proof. The first is located at line 5. In using
∃I at line 5, the replacement of names with variables is not done uniformly.
Notice that there are two different names, a and b, being replaced with the
same variable x. The second error is located at line 7. In using ∃I at line 7, the
replacement of names with variables is also not done uniformly. If you look
at line 7, you will notice that both names, b, are replaced with two different
variables, x and y, with y being a free variable.

Finally, the second condition placed on ∃I is that the variable used to replace
the name must not already be bound by a quantifier. For example, consider
the following proof:

1 (∀x)Lxb P
2 (∃x)(∀x)Lxx ∃I 1. Incorrect!
3 (∃y)(∀x)Lxy ∃I 1. Correct!

Notice that line 1 contains an quantified variable x in it. Since it contains
the quantified variable x, the rule does not permit replacing the name bwith
x. Doing so would result in the case where it is unclear which quantifier is
binding the variable x in the wff (∃x)(∀x)Lxx. That is, does (∃x)(∀x)Lxx say
"some loves themselves" or "everyone loves themselves" or "someone loves
everyone" or "everyone loves someone". To avoid this ambiguity, the rule re-
quires that the variable used to replace the namemust not already be bound
by a quantifier. This is why the use of ∃I at line 3 is permissible. In this case,
the name b is replaced with the existentially quantified variable y which is
not already bound by a quantifier in the wff to which ∃I is being applied.

Finally, let's conclude this section on ∃I with a general guideline on when
and how you should try to use ∃I in a proof. First, as a general reminder,
much like other introduction rules, you want to consider using ∃I when you
want to derive an existentially quantified wff. If the conclusion of an argu-
ment is (∃x)Px, then you should consider using ∃I if possible. Second, and
perhaps more helpful advice, since ∃I requires replacing a name with an ex-
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istentially quantified variable, another goal you may have is to try to derive
a wff that contains the name you want to replace. For example, if you want
to derive (∃x)Px, then you should try to derive a wff that contains the name
a that you want to replace. Let's illustrate this second suggestion with an
example. Consider the setup of the following proof

1 (∀x)(Px ∧Rx) P
2 . Pa→Wb P, (∃x)Wy

.

.

k

k+1 (∃x)Wy ∃I k

In examining the above proof, it would be nice if there were a wff that we
could immediately use ∃I on to derive the conclusion (∃x)Wy. However,
if we were to use ∃I on line 2, we would be using it on a conditional. This
would result in a wff like (∃y)(Pa→Wy). This wff is not the conclusion we
want. What we would like then isWb because if we hadWb on its own, we
could use ∃I on it to derive (∃x)Wy. With that in mind, let's work backward
one step in our proof.

1 (∀x)(Px ∧Rx) P
2 Pa→Wb P, (∃x)Wy

.

.

k Wb ?
k+1 (∃x)Wy ∃I k

The question then is how to deriveWb. The line that stands out is line 2, the
conditional Pa → Wb. Since we want to deriveWb, we will need Pa on its
own line. We can get this wff by using ∀E on line 1. We can now complete
the proof as follows:

1 (∀x)(Px ∧Rx) P
2 Pa→Wb P, (∃x)Wy

3 Pa ∀E 1
4 Wb → E 2, 3
5 (∃x)Wy ∃I 4

In short, once you have the idea that you would like to use ∃I to derive an
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existentially quantified wff, it is helpful to focus your attention on trying to
derive a wff that contains the name you want to replace. Let's conclude this
section with one more example of this strategy for using ∃I . Consider the
following: (∀x)Px, (∀y)Zy ` (∃x)(Px ∧ Zx).

1 (∀x)Px P
2 (∀y)Zy P

Since thewff thatwewant to derive is the existentially quantifiedwff (∃x)(Px∧
Zx), we should try to derive a wff that contains the name a. The question
then is what wff dowewant to derive to ultimately use ∃I on? Let's consider
one incorrect approach:

1 (∀x)Px P
2 (∀y)Zy P
3 Pa ∀E 1
4 Zb ∀E 2
5 Pa ∧ Zb ∧I 3, 4

In the above example, we derived Pa∧Zb. While we can use ∃I on this wff,
we cannot use ∃I on this wff to derive (∃x)(Px ∧ Zx) since replacement of
names with variables must be uniform. Since Pa ∧ Zb contains two distinct
names a and b, they cannot be replacedwith the same variable x. This is why
the tip for thinking about which wff you would like to ultimately use ∃I on
is helpful. Since we want to use ∃I on a wff that contains two instances of
the same name, our initial approach in the proof should be to derive a wff
like Pa ∧ Za or Pb ∧ Zb. Let's redo the proof with this in mind:

1 (∀x)Px P
2 (∀y)Zy P
3 Pa ∀E 1
4 Za ∀E 2
5 Pa ∧ Za ∧I 3, 4
6 (∃x)(Px ∧ Zx) ∃I 5

In the above example, we benefited from the use of a strategy associatedwith
∃I . Namely, if you want to derive an existentially quantified wff, direct your
attention not to the wff you want to derive, but to a wff that, if you were to
use ∃I on it, would result in the wff you want to derive.
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Exercise 8.84

Focusing on ∃I and, to a lesser extent ∀E, solve the following proofs.
1. Pa,Rb ` (∃x)(Px ∧Rb)
2. Pa,Rb ` (∃x)Px ∧ (∃x)Rx
3. (∃x)Rx→Mc,Ra ` (∃x)Mx
4. Pa,Rb ` (∃x)(∃y)(Px ∧Ry)
5. (∀y)Lay, (∃x)(∀y)Lxy → Ra ` (∃x)Rx

8.3.3 Universal Introduction

In the previous sections, we considered the use of universal elimination (∀E)
and existential introduction (∃I). Universal elimination allows for deriving
a wff from a universally quantified wff, while existential introduction allows
for deriving an existentially quantified wff from a wff that contains a name.
In this section and the next, we consider the introduction and elimination
version of these two rules. In this section, we consider universal introduction
(∀I), a rule that will, provided certain strict conditions are met, allow for
deriving a universally quantified wff from a wff. Let's begin by stating the
rule.∀I

Definition 8.3.3: Universal Introduction (∀I)

Let α be any name. From a wff φ(α1 . . . αn), a universally quanti-
fied wff (∀x)φ(x1 . . . xn/α1 . . . an) can be derived where (1) the name
α does not occur in a wff as premise or as an assumption in an
open subproof, (2) the name α does not occur in the derived wff
(∀x)φ(x1 . . . xn/α1 . . . αn), and (3) where x is not a variable in φ.
φ(α1 . . . αn) ` (∀x)φ(x1 . . . xn/α1 . . . αn)

The above rule is rather complex so let's consider its parts. The essence of
universal introduction is that it is a derivation rule that allows for deriving
a universally quantified wff from a wff that contains a name. So, in essence,
if there is a wff Pa, it allows for deriving a wff (∀x)Px. However, this rule
has three restrictions, viz., three situations in which ∀I cannot be used. Let's
consider these three restrictions before examining some correct uses of ∀I .

The first restriction on the use of ∀I is that the name α does not occur in a
wff as a premise or an assumption in an open subproof. In short, if the wff
Pa is in premise or an assumption, we cannot use ∀I to derive (∀x)Px. Let's
illustrate this restriction with the following English argument.
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• P1: John won the lottery.
• C: Therefore, everyone won the lottery.

The above argument is clearly invalid. Just because a single individual won
the lottery does not mean that everyone won the lottery. Translating this
argument into predicate logic results in the following proof:

1 Wj P
2 (∀x)Wx ∀I 1. Incorrect!

In the above example, the argument attempts to use ∀I to derive (∀x)Wx
fromWj. However, this is not permitted since it violates the restriction that
∀I cannot be used to replace a name j that occurs in a premise.

The first restriction states that ∀I cannot be used on a wff that contains a
name that occurs in a premise or in an assumption in an active subproof. In
other words, if you have an active subproof where you have assumed a wff
that contains a name, you cannot use ∀I on any wff containing that name
until the subproof is closed. Let's first consider an English argument where
this restriction is violated and then consider the same argument in predicate
logic.

1 Let's assume John won the lottery. A
2 Therefore, everyone won the lottery. ∀I 1, Incorrect!

The above example is clearly invalid. It does not follow from the assumption
that John won the lottery that everyone won the lottery. Translating this
argument into predicate logic results in the following:

1 Wj A
2 (∀x)Wx ∀I 1, Incorrect!

In the above example, the wff Wj is assumed at line 1. This wff contains
the name j. Since the subproof is still open, ∀I cannot be used on a wff that
contains j.

Universal introduction is a rule that allows for deriving a universally quan-
tified wff from a wff that contains a name provided certain strict conditions
are met. As we saw, the first restriction on using ∀I is that the name α does
not occur in a wff as a premise or an assumption in an open subproof. Let's
turn to the second restriction.

To understand this restriction, it is helpful to state when ∀I is used, it is used
on a wff containing a name. Again, providing certain restrictions are met,
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∀I can be used on a wff like Pa to derive (∀x)Px. One way this rule can be
understood is that the name a is being replaced by a universally quantified
variable. In our example from Pa to (∀x)Px, the name a is being replaced
by the variable x in the wff (∀x)Px. With this in mind, the second restriction
states that when using ∀I on a wff φ(α1 . . . αn), the name α cannot occur in
the derived wff (∀x)φ(x1 . . . xn/α1 . . . αn). To put this more simply, when-
ever universal introduction is used on a wff containingmore than one name,
replacement of a name with a variable must be comprehensive. Even more
simply, if ∀I were to be used on Laa (replacing a with x), both a's would
need to be replaced. That is, (∀x)Lxx could be derived, but not (∀x)Lax.
Let's illustrate this restriction with the following English argument.

• John loves himself.
• Therefore, everyone loves John. Incorrect!

The above argument is clearly invalid. Just because John loves himself does
not entail that everyone loves John. Translating this argument into predicate
logic results in the following:

1 Ljj

2 (∀x)Lxj ∀I 1, Incorrect!

In the above example, the argument attempts to use ∀I to derive (∀x)Lxj
from Ljj. However, this is not permitted since it violates the restriction if ∀I
is used and the name j is to be replaced by a universally quantified variable
x, it cannot be the case that j that occurs in the derived wff. In short, if ∀I is
used on a wff containing more than one name of the same type, that name
must be completely replaced by universally quantified variables.

We have considered two of the three restrictions on ∀I . The final condition
states that when using ∀I on a wff φ to derive a universally quantified wff
(∀x)φ, the variable x cannot already be found in φ. This restriction is in place
to avoid ambiguity. Consider the following use of ∀I that violates this third
restriction:
1 (∃x)Lxa
2 (∀x)(∃x)Lxx ∀I 1, Incorrect!

Notice that thewff (∃x)Lxa contains a name a but also a variable x. The third
restriction states that if ∀I is used on this wff, it cannot be used to replace the
name awith the variable x. This is because the variable x is already present
in the wff (∃x)Lxa. This is why the use of ∀I at line 2 is incorrect.

Now thatwe have considered the three restrictions on ∀I , let's consider some
correct uses of ∀I . Consider the following proof:
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1 (∀x)Lxx P
2 Laa ∀E 1
3 (∀y)Lyy ∀I 2

Notice that a is not in a premise or in an assumption of an open subproof
(restriction 1), each a is replaced by y in the derived wff so there are no as in
the resulting universally quantified wff (restriction 2), and y is not already
in the wff (∀x)Lxx (restriction 3). Since this proof does not violate any of
the three restrictions, it is a permissible use of ∀I .

Before looking at additional correct uses, let's address one possible concern.
Suppose we were to translate the above proof into English. Translating this
argument would result in the following:

1 Everyone loves themselves P
2 Al loves Al ∀E 1
3 Everyone loves themselves ∀I 2

One concern then is that the above argument may appear to be invalid. How
can it follow from the proposition that "Al loves Al" that "Everyone loves
themselves"? The reason why this argument is valid is that the name a ('Al')
is arbitrarily-selected. The fact that Al loves Al is not unique to Al, but a
relation that could be applied to any item in the domain. For consider that
wemight have derived line 2 using any name b, c, d, and so on. That is, could
have reasoned to "Bob loves Bob", "Chris loves Chris", "David loves David"
and so on. The idea then is that if we can derived "Al loves Al" and we could
replace "Al"with anyname, it follows that "Everyone loves themselves". That
is, since we can derive Laa, and a in Laa could be any name, it follows that
(∀x)Lxx is true.

Let's consider another example of a correct use of ∀I .

1 Raa A
2 Raa R 1
3 Raa→ Raa → I 1-2
4 (∀x)(Rxx→ Raa) ∀I 3

In the above example, (∀I) is applied to line 3 even though a is in the as-
sumption. Doesn't this violate our first condition that ∀I cannot be used on
an assumption in an open subproof? The answer is "no" since the assump-
tion is closed at line 3. Since the name a is not a name in an assumption in
an open subproof (and no other restrictions are violated), it is permissible to
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use ∀I on Raa → Raa to derive (∀x)(Rxx → Raa). In addition, notice that
our selection of the name in tehe assumption is arbitrary. Since any name (b,
c, d, etc.) could have been selected, we could have derived a conditional of
the formRαα→ Rααwhere α is any name. So, since we could have derived
Rαα→ Rαα, it follows that (∀x)(Rxx→ Raa).

Let's consider another example of a correct use of ∀I . Consider the following
proof:

1 (∀x)(Pxc ∨Qx) P
2 (∀x)¬Qx P
3 Pac ∨Qa ∀E 1
4 ¬Qa ∀E 2
5 Pac DS 3, 4
6 (∀x)Pxc ∀I 5

Notice that the use ∀I at line 6 does not violate any of the restrictions. First,
a does not occur in any premise or open assumption in the proof. While c
does occur in a premise at line 1, at no point is name c being replaced with a
universally quantified wff. Second, there is not an a in (∀x)Pxc. Third, the
wff to which ∀I is being applied does not already contain the variable x.

Exercise 8.85

Provide proofs for the following entailments.
1. (∀x)Px ` (∀y)Py
2. (∀x)(Px ∧Rx) ` (∀x)Px
3. (∀x)Px ∧ (∀y)Sy ` (∀x)(Px ∧ Sx)
4. (∀x)(∀y)Lxy, (∀x)Lxx→ (∃x)(∃y)Lxy ` (∃x)(∃y)Lxy
5. ` (∀x)(Px→ Px)

8.3.4 Existential Elimination

The final intelim rule we will consider is existential elimination (∃E). This
rule allows for deriving awff from an existentially quantifiedwff. Let's begin
by stating the rule.∃E

Definition 8.3.4: Existential Elimination (∃E)

Let α be any name and x be any variable. From an existentially quan-
tified wff (∃x)φ, a wff ψ can be derived from (∃x)φ and a subproof
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that begins with φ(αn/xn) and ends with ψ, provided (1) the name
α does not occur in any premise or in an active proof (or subproof)
prior to its arbitrary introduction in the assumption φ(αn/xn) and (2)
the name α does not occur in ψ.

In other words, ∃E is a rule that allows you (provided certain restrictions
are met) to derive a wff ψ provided you have an existentially quantified wff
(∃x)φ and a subproof that begins with the assumption φ(α/x) and endswith
ψ in that subproof. The rule has the following form:

n (∃x)φ P
j φ(α/x) A

...
j+i ψ

j+(i+1) ψ ∃E, n, j-(j+1)

Let's clarify this rule by highlighting several key points. First, since ∃E is an
elimination rule, the rule requires an existentially quantified wff to exist in
the proof. Just as∧E derives awffψ or φ from a conjunction φ∧ψ, existential
elimination involves deriving a wff ψ from an existentially quantified wff
(∃x)φ. Second, the rule requires a subproof that begins with an assumption
that is related to the existentially quantified wff. That is, if the existentially
quantified wff is (∃x)φ, the assumption must be of the form φ(α/x). This
is an assumption where each name α has replaced each variable x in the
wff φ. Let's consider an illustration of this. Suppose we have the following
existentially quantified wff: (∃x)(Px ∧ Qx). The assumption that would be
required for ∃E would be a wff of the form (Pα∧Qα)where α is any name.
To illustrate further, consider the following:

1 (∃x)(Px ∧Qx) P
2 (Pb ∧Qb) A

In the above example, the existentially quantifiedwff is (∃x)(Px∧Qx). When
the assumption is made at line 2, each existentially quantified variable has
been uniformly replaced in the wff (Px ∧Qx) with the name b.

This feature of existential elimination takes us to our first restriction on the
use of the rule. Namely, that if we wish to use ∃E, the name α used in the
assumption φ(α/x) must not occur in any premise or in an active proof (or
subproof) prior to its arbitrary introduction in the assumption φ(α/x). An-
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other popular way of putting this restriction is that the name αmust be fresh
to the proof. Let's illustrate this restriction with an example.

1 Na P
2 Ma→ Aa P
3 (∃x)Mx P
4 Ma A, Incorrect if using ∃E later!

Let's consider another example of an incorrect use of ∃E that ignores this
restriction. In this example we'll look at an example where the name α is
used in an active subproof.

1 (∃z)Pzz P
2 Pbb→Wcc A
3 Pbb A
4 Wcc → E 2, 3
5 Wcc ∃E 2, 4-5 Incorrect!

In the above example, notice that the name b is found in the assumption of
an active subproof (line 2). According to the restriction, it is not permissible
to use ∃E on another subproof where b is used in the assumption. That is,
while it is permissible to assume Pbb at line 3, it is not permissible to use ∃E
on a subproof where b is used in the assumption.

The second restriction on ∃E is that the name α used in the assumption
φ(α/x) must not occur in ψ. Let's illustrate this restriction with an exam-
ple.

1 (∃x)Mx P
2 Mb A
3 Mb R 2
4 Mb ∃E 1, 2-3, Incorrect!

Notice that in the above example,Mb is derived at line 3. Since b is the name
used in the assumption at line 2, it cannot be used in the derived wff at line
4. To better see why this is the case, let's consider an English argument that
is analogous to the above proof. Suppose you are a detective and you have
come across a corpse. You have come to the conclusion that "someone is a
murderer". As you want to solve the case, you begin to reason as follows:
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1 Someone is a murderer. P
2 Assume Tek is a murderer. A
3 Tek is a murderer. R 2
4 Tek is a murderer. ∃E1, 2-3

The reasoning performed in the above example is clearly mistaken. While
it does follow from the assumption that Tek is a murderer, that he is a mur-
derer, this subproof alongwith the proposition that "Someone is amurderer"
does not entail that Tek is a murderer. Let's illustrate this same point with an-
other English argument.

1 Al is my neighbor. P
2 If Al is a murderer, then he should be arrested. P
3 Someone is a murderer. P
4 Assume Al is the murderer. A
5 Therefore, Al should be arrested. → E 2, 4
6 Al should be arrested. ∃E 3, 4-5

There are at least twoproblemswith the above proof. First, it violates the first
restriction that when using ∃E, the name used in the assumption should not
be found in a premise. This violation occurs at line 4. Second, it violates the
second restriction that the name used in the assumption (at line 4) should
not be found in the wff derived from the subproof. This violation occurs at
line 6.

At this point, the rule for ∃E has been defined and various restrictions on its
use have been clarified. To conclude this section, let's consider proofs where
∃E is used correctly. First, consider the following entailment: (∃x)Px `
(∃y)Py.

1 (∃x)Px P
2 Pa A
3 (∃y)Py ∃I , 2
4 (∃y)Py ∃E 1, 2-3

Notice that the above proof (while trivial) does not violate any of the restric-
tions on ∃E. The name a that is assumed at line 2 is not found in any premise
or in an active subproof prior to its arbitrary introduction in the assumption
at line 2. In addition, the name a is not found in the derived wff at line 4.
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Next, let's consider a slight variation on the prior proof. In this example, let's
provide a proof for (∃x)Px ` (∃x)(Px ∨Qx).

1 (∃x)Px P
2 Pa A
3 Pa ∨Qa ∨I 2
4 (∃x)(Px ∨Qx) ∃I 3
5 (∃x)(Px ∨Qx) ∃E 1, 3-4

Again, notice that none of the restrictions have been violated. The name
a is not found in any premise or in an active subproof prior to its arbitrary
introduction in the assumption at line 2. In addition, the name a is not found
in the derived wff at line 5.

Finally, let's consider a proof containing wffs where there are names in the
premises of the proof but where we avoid violating any of the restrictions on
∃E. That is, let's consider a proof for the following entailment: Ra, (∃x)(Px∧
Rx) ` (∃x)Px.

1 Ra P
2 (∃x)(Px ∧Rx) P
3 Pb ∧Rb A
4 Pb ∧E 3
5 (∃x)Px ∃I 4
6 (∃x)Px ∃E 2, 3-5

Notice that in the above proof, there is a name a in the premise at line 1.
Because this name is present, it is necessary to use a name other than a in
our assumption at line 3. For this reason, the name b is chosen (although
we could have, in this proof, selected any name other than a, e.g., c, d, etc.).
Since b this name is not found in any premise or in an active subproof prior
to its arbitrary introduction in the assumption at line 3 and because the name
b is not found in the derived wff at line 6, none of the restrictions on ∃E have
been violated.

Exercise 8.86

Provide proofs for the following entailments.
1. (∃x)Lxx ` (∃y)Lyy
2. (∃x)Lxx ` (∃y)(∃x)Lxy
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3. (∀x)Lax, (∃x)Px ` (∃y)Py
4. Pa, Pa→ (∃x)Qx ` (∃y)Qy
5. (∃x)(Bx→Mx), (∀x)(Mx→ Dxc) ` (∃x)(Bx→ Dxc)

8.4 Quantifier Negation

In addition to the four introduction and elimination rules for quantifiedpropo-
sitions, we will add one final rule. The final rule to our deductive apparatus
is an equivalence rule (or rule of replacement). This rule, known as "Quan-
tifier Negation", allows us to replace negated quantified subformulas with
non-negated quantified subformulas, and vice versa.

However, before we define this rule, let's consider two proofs. First, we will
prove that ¬(∀x)Px ` (∃x)¬Px.

1 ¬(∀x)Px P
2 ¬(∃x)Px A
3 ¬Pa A
4 (∃x)Px ∃I 3
5 ¬(∃x)Px R 2
6 Pa ¬E 3-5
7 (∃x)Px ∃I 6
8 ¬(∃x)Px R 2
9 (∃x)¬Px ¬E 2-8

In our second proof, we will show that (∃x)¬Px ` ¬(∀x)Px.

1 (∃x)¬Px P
2 ¬Pa A
3 (∀x)Px A
4 Pa ∀E 3
5 ¬Pa R 2
6 ¬(∀x)Px ¬I 3-5
7 ¬(∀x)Px ∃E 1, 2-6

Our two proofs collectively show that ¬(∀x)Px and (∃x)¬Px are interderiv-
able. More generally, they indicate that any wff of the form ¬(∀x)φ is inter-
derivable with (∃x)¬φ. With this in mind, we can define the rule of replace-
ment QN as follows: QN
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Definition 8.4.1: Quantifier Negation (QN)

¬(∀x)φ a` (∃x)¬φ
¬(∃x)φ a` (∀x)¬φ

The earlier two proofs showed thatQN is not strictly necessary (the proof of
the second version of QN is left as an exercise). That is, any proof making
use of QN can be solved without it. The second version of QN is proved
in a similar manner. Our addition to our proof system is largely due to two
reasons. The first reason is one of economy. Proofs involving QN are com-
monplace and we would like not to have to repeat these steps each time we
want to prove this entailment. Instead, we can use the rule of replacement
QN to derive this entailmentmore efficiently. Second,QN is a natural rule of
replacement. That is, it is a rule that is intuitive and easy to understand. That
is, since "It is not the case that everyone is a person" is equivalent to "There
is someone who is not a person", it is natural to allow for the replacement of
one with the other.

Let's conclude this section by considering a few proofs that makes use of
QN . Consider the following entailment: First, let's revisit an earlier proof
we completed in this section, but this time, let's make use of QN . Consider
the proof of the following entailment: ¬(∀x)Px ` (∃x)¬Px.

1 ¬(∀x)Px P
2 (∃x)¬Px QN 1

Notice thatQN is applied to the wff ¬(∀x)Px at line 2. SinceQN is an equiv-
alence rule, we could useQN on line 2 of the above proof to derive ¬(∀x)Px.

1 ¬(∀x)Px P
2 (∃x)¬Px QN 1
3 ¬(∀x)Px QN 2

Since (QN) is a rule of replacement, it can be applied to subformula of wffs.
For example, consider the following proof:

1 ¬(∀x)Px→ Pa P
2 (∃x)¬Px→ Pa QN 1

Notice that while line 1 is a conditional, it is permissible to use QN to "re-
place" or "swap" ¬(∀x)Px with (∃x)¬Px. Let's consider another example
where QN is used on a subformula. Consider the following wff:

1 ¬(∀x)¬(∃y)Rxy P
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Notice that the premise, with its negations and quantifiers, is somewhat dif-
ficult to read. We can simplify this premise by applying QN and DN until
we obtain a more manageable wff.

1 ¬(∀x)¬(∃y)Rxy P
2 (∃x)¬¬(∃y)Rxy QN 1
3 (∃x)(∃y)Rxy DN 2

Notice that the aboveproofmakes use ofQN andDN to simplify the premise.
The first step in the proof applies QN to the wff ¬(∀x)¬(∃y)Rxy to derive
(∃x)¬¬(∃y)Rxy. The second step applies DN to the wff at line 2 to derive
the much simpler to read (∃x)(∃y)Rxy.

Exercise 8.87

Prove the following entailments.
1. (∃x)¬Px,¬(∀x)Lxx ` ¬(∀x)Px ∧ (∃x)¬Lxx
2. (∀x)Pxx→ (∃x)Rx, (∀x)¬Rx ` (∃x)¬Pxx
3. (∀x)¬(∃y)Pxy → (∀x)Zx, (∀x)(∀y)¬Pxy ` (∀x)Zx
4. ¬(∃x)(∃y)Pxy, (∀x)(∀y)¬Pxy → (∀z)Zz ` (∀z)Zz
5. ¬(∀x)Px ` (∃x)(¬Px ∨ Zx)
6. ` (∃x)Px→ (∀x)(Px→ Px)
7. ` (∀x)(∀y)(Lxy → (Px→ Lxy))
8. (∀x)(∀y)Lxy, (∀x)Lxx→ (∃x)(∃y)Lxy ` (∃x)(∃y)Lxy
9. (∀x)(Pxx→ Pxx) → (∃x)Mx ` (∃x)(Mx ∧Mx)

10. ¬(∃x)Px a` (∀x)¬Px without using QN
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PL Board Races!

The following is a game to practice proofs. It can be played in a classroom
setting, with friends, or used to test your knowledge.

8.4.1 Instructions

1. Step 1 (Group Formation): Form a group of four or fewer.
2. Step 2 (Go to the Board): With your group, go to the board and write

your Group Number on the Board.
3. Step 3: Pick a proof difficulty: Easy, Medium, Hard or Zero Premise,

etc.
4. Step 4 (Solving the Proof): Each group will then be assigned a proof

from that category and will attempt to solve it.
5. Step 5 (Reviewing the Proof): If your proof contains no serious (this

is subject to instructor discretion) mistakes, then each member of your
group will receive the number of extra credit points corresponding to
the category of your proof (e.g., +1 for Medium).

8.4.2 Easy +0.5

1. (A ∧Q) ∧ ¬R,Z ∧Q ` Z ∧A
2. A ∧ F,A→ B,¬B → C,C → D ` D
3. (A ∧B) ∧ C,A→ D,B → E,C → F ` (D ∧ E) ∧ F
4. ((A ∧B) ∧ C) → F,A,B,C ` F ∧ C
5. (M ∧ T ) ∧ ¬L, (P ∨ S) ∧ Z ` T ∧ (P ∨ S)
6. W ∧ (T ∧ ¬R), (M → Q) ∧ (A ∧B) `W ∧B
7. H → Q,H → (Z ∧ T ),H ` Q ∧ T
8. (¬A ∧ S) →M,S → ¬R,¬A,S `M ∧ ¬R
9. (¬M ∧ Z) → (Q ∧ T ),¬M,Z ` Q ∧ ¬M

10. A↔ Q,A ∧ S ` Q
11. ¬B ↔M,M → Z,M ` ¬B
12. M,L↔ (M ∨ V ) ` L ∧M
13. (M ∨ L) → S, T ∧ (R ∧M) ` S ∨ ¬T
14. P → R,¬R ` ¬Z ∨ ¬P
15. T ∧ (A ∧B) ` P → A
16. (P ∧ S) ∧ Z, [(Z ∧ P ) ∨W ] → R,R→ V ` V
17. L, (L ∨M) → R,R→ S ` S ∨ ¬Z
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18. [(¬Z ∧R) ∧ ¬P ] ∧ (D ∧ S),¬Z → Q ` Q ∨ T
19. ¬M, [(¬M ∨ S) ∨ T ] → Q ` Q ∨ T
20. R ∧ (P ∧ S), S ∧ (¬T ∧M), (P ∧ ¬T ) → L ` L ∨ ¬¬V
21. S ∧R, T ∧R ` S ↔ T

8.4.3 Medium +1

22. R ∧ (S ∧ T ), (T ∨M) →W, (W ∨ ¬P ) → (A ∧B) ` B
23. L ∧ (Y ∧ ¬B), P, (P ∨ ¬R) → Z, (Z ∨ (S ∧ T )) →W `W ∨ ¬M
24. (¬Z ∨ L) →M,¬[P ∨ (Q ∨ Z)] `M
25. ¬[P ∨ (Z ∨Q)], (¬Z ∨ L) →M `M
26. M ∨ L,¬L,M → V ` V ∨ S
27. [(¬M ∧R) ∧ ¬P ] ∧D,¬M → Q ` Q ∨ T
28. ¬[P ∨ (Q ∨ Z)], (¬Z ∨ L) →M `M
29. Q ∨ ¬S,Q→ L,¬S → L ` (L ∨R) ∨ T
30. T →M,¬M,T ∨ (Q ∧W ),W → X ` X
31. P → (L→ Z), P ∨M,M → (L→ Z), L ` Z
32. ¬Q ∨ ¬R, (¬Q ∨ L) → (Z ∧ P ), (¬R ∨W ) → Z ` Z
33. ¬D,¬A→ D,¬B → D ` (A↔ B)
34. P ↔ (L↔ Z), P → Z,P ` Z ↔ P
35. ¬P ∨Q, (P → Q) → (M ∧ T ), T → [(¬P ∨Q) → Z] ` Z
36. (¬P ∨Q) → (W ∧ T ),¬¬P → Q,T → ¬(S ∨ ¬R) ` R
37. (¬S ∨ T ) → (V ∨ S), (B ∨M) → V,B ∨ ¬S ` V ∨ S
38. B,A→ (B → C) ` A→ C

8.4.4 Hard or Zero Premise +2

39. A ∨B ` B ∨A (without using ∨I)
40. C ∧ (D ∨B) ` (C ∧D) ∨ (C ∧B)
41. (C ∧D) ∨ (C ∧B) ` C ∧ (D ∨B)
42. ` (P → Q) → (¬Q→ ¬P )
43. ` (Q ∨ ¬Q) ∨ (P ∧ ¬P )
44. ` (¬Q→ ¬P ) → (P → Q)
45. ` (P ∧ S) → [(S → T ) → T ]
46. ` [(M → R) ∧ (R→ Z)] → (M → Z)
47. ` [¬(P →M) ∧ ¬(T → S)] ∨ (P ∨ ¬P )
48. ` (P → P ) ∨ [¬(Z →M) ∧ ¬(Z → S)]
49. ` [(A→ B) ∧ (A→ D)] → [A→ (B ∧D)]
50. ` [(¬A ∨B) ∧ (¬A ∨D)] → [¬A ∨ (B ∧D)]
51. B → ¬(S ∨ T ),¬(A ∨ ¬B),¬S →W `W
52. ¬(A ∧B), B, (¬A ∨ S) → ¬(D ∧ T ) ` ¬D ∨ ¬T
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53. A→ ¬(B → C),¬B ` ¬A
54. (B → C) → ¬(D → E), C ` ¬E
55. (S ∨W ) →M, (S ∧ T ) ↔ (R ∨ P ), R `M
56. [P ↔ (L ∨M)] →W,P,L ∨M `W
57. P ∧ [S ∧ (R ∧ ¬P )], R→ [(M → T ) →W ] `W
58. R↔ [(M → T ) → Z], S ∧ [¬P ∧ (¬Q ∧ ¬S)] ` Z
59. Z ↔ Q, (P ∨ ¬P ) → R,R→ (Z ∨Q) ` Q
60. S ↔ Z, (L ∨ ¬L) →M,M → (Z ∨ S) ` S
61. A→ Q, [(S ∧ ¬P ) ∧ (R ∧ T )] ∧ L,M ∧ (S ∨ T ) ` (Q ∨ ¬A) ∨ L
62. ¬A ∨Q, [(Z ∧ ¬P ) ∧ (V ∧ T )] ∧ L,M ∧ (Z ∨ T ) ` L ∨ (Q ∨ ¬A)

8.4.5 Multi-Proof +3

63. Associative Law (Disjunction): A ∨ (B ∨ C) a` (A ∨ B) ∨ C (only
itelim)

64. Associative Law (Conjunction): A ∧ (B ∧ C) a` (A ∧ B) ∧ C (only
itelim)

65. Commutative Law (Disjunction): A ∨B a` B ∨A (only itelim)
66. Commutative Law (Conjunction): A ∧B a` B ∧A (only itelim)
67. Distribution of conjunction over disjunction: A∧ (B ∨C) a` (A∧B)∨

(A ∧ C)
68. Distribution of disjunction over conjunction: A∨ (B ∧C) a` (A∨B)∧

(A ∨ C)
69. P → Q,¬Q ` ¬P and P → Q,¬P ` ¬Q
70. P ↔ Q a` (P → Q) ∧ (Q→ P )
71. P → Q a` ¬(P ∧ ¬Q)
72. ¬(P → Q) a` P ∧ ¬Q
73. P ↔ S a` (P ∧ S) ∨ (¬P ∧ ¬S)
74. ¬(P → Q) a` P ∧ ¬Q

8.4.6 Max Challenge +5

75. Contraposition: P → Q a` ¬Q→ ¬P (only intelim)
76. Absorption: P ∨ (P ∧Q) a` P and P ∧ (P ∨Q) a` P (only intelim)
77. ¬(A ∧Q) a` ¬A ∨ ¬Q and ¬(A ∨Q) a` ¬A ∧ ¬Qwithout using DeM
78. Translate the following argument into propositional logic, then create a

truth table to show that it is a valid, then a truth tree, and then prove it:
If inflation increases or banks are bailed out, then the common person
suffers. Banks are bailed out. Therefore, the common person suffers.

79. P, (P ∨ Q) → (Z ∧ S), (Z ∧ P ) ↔ W, (W → W ) → (L ∨ M), L →
O,M → O,¬(O ↔ P ) ` U
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QL Board Races!

The following is a game to practice proofs. It can be played in a classroom
setting, with friends, or used to test your knowledge.

8.4.7 Instructions

1. Step 1 (Group Formation): Form a group of four or fewer.
2. Step 2 (Picking a Category): Several groups will be called to the board

and asked to select one of the following categories: Very Easy, Easy,
Medium, Hard or Zero Premise, or Bonus.

3. Step 3 (Solving the Proof): Each group will then be assigned a proof
from the same category and will try to solve it within 5 minutes.

4. Step 4 (Reviewing the Proof): Once time expires, each group will re-
turn to their sets and we will, as a class, review the completed and un-
completed proofs. If your proof contains no serious (this is subject to
instructor discretion) mistakes, then each member of your group will
receive the number of extra credit points corresponding to the category
of your proof (e.g., +1 for Medium).

8.4.8 Easy +0.5

1. (∀x)Px ` Pa
2. Pa ` (∃x)Px
3. (∀x)Px ` (∃x)Px
4. Wa ∧Wb ` (∃y)Wy
5. (∃x)Rx→ (∃x)Mx,Ra ` (∃x)Mx
6. (∀x)Px ` Pa ∧ Pb
7. Pa ∧Ra, (∃x)Px→ Sb ` (∃x)Sx
8. (∀x)Px, (∀y)Py → Zb ` Zb
9. Wa ∧ Pb ` (∃x)Px ∧ (∃y)Wy

10. Pa,Ra, (∃y)(Py ∧Ry) → (∀x)Sx ` Sa
11. Wa,Rb,Mc ` (∃x)Wx ∧ (∃y)Wy
12. (∀x)(Ax→ Bx), (∀x)Ax ` (∃x)Bx
13. (∀x)(Ax→ Bx), (∃x)¬Bx ` (∃x)¬Ax
14. ((∃x)Px ∨ (∃y)Py) → Qa,Pa ` (∃z)Qz
15. ¬(∀x)Px, (∃x)¬Px→ ¬(∀y)Gy ` (∃y)¬Gy
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8.4.9 Medium +1

16. (∀x)(∀y)Pxy ` (∀z)Pzz
17. (∀x)(∀y)Pxy ` (∀z)(∀x)Pzx
18. Pa, Pb, Pc, (∀x)Px ` (∀y)Py
19. Paa→ Rbb, Pbb→ Rcc, (∀x)Pxx ` Rbb ∧Rcc
20. Pab, (∃x)(∃y)Pxy → (∀x)Zxx ` Zaa
21. (∀x)(∀y)Pxy, Pab→ Rc, Pde→ Rc ` (∃x)(Rx ∧Rx)
22. (∀x)(∀y)Pxy, Paa→ Lab ` (∃y)(∃x)Lxy
23. Labc, (∃x)(∃y)(∃z)Lxyz → ¬(∀x)Pxxx, (∀x)Pxxx∨(∀x)(∀y)(∀z)Mxyz `

Mdab
24. (∀x)Pxx→ (∃x)Rx, (∀x)¬Rx ` (∃x)¬Pxx
25. (∀x)¬(∃y)Pxy → (∀x)Zx, (∀x)(∀y)¬Pxy ` (∀x)Zx
26. ¬(∃x)(∃y)Pxy, (∀x)(∀y)¬Pxy → (∀z)Zz ` (∀z)Zz
27. ¬(∀x)Px ` (∃x)(¬Px ∨ Zx)
28. (∀x)Px ∨ (∃z)Zzz,¬¬(∃x)¬Px ` (∃z)Zzz
29. ¬(∃x)¬(Ax→ Bx), (∃x)¬Bx ` (∃x)¬Ax
30. (∃x)(Px ∧Rx), (∃x)Px→ (∀y)Wy ` (∀y)(Wy ∨ Py)
31. ¬(∃x)¬(Ax→ Bx), (∃x)¬Bx ` (∃x)¬Ax
32. (∃x)(Px ∧Mx), (∃y)(Py ∨Ry) → (∀x)Sx ` (∀x)Sx
33. (∀x)(Rx ∧Ma) ` ¬(∃y)¬Ry
34. (∀x)(∀y)Lxy, (∀x)Lxx→ (∃x)(∃y)Lxy ` (∃x)(∃y)Lxy
35. (∃x)Pxx ` (∃x)(Pxx ∨Rx)

8.4.10 Hard or Zero Premise +2

36. ` (∀x)(Px→ Px)
37. (∃x)(∃y)Pxy ` (∃z)(∃x)Pzx
38. (∃x)(∃y)Pxy ` ¬(∀w)¬(∃z)Pzw
39. (∃x)Px ∨ (∃x)Qx ` (∃x)(Px ∨Qx)
40. (∃x)(Px ∨Qx) ` (∃x)Px ∨ (∃x)Qx
41. (∀x)(∀y)(∀z)(Sxyz ∧ Txyz), (∃x)(∃y)(∃z)(Sxyz ∧ Txyz) → (∃x)Px `

(∃z)Pz
42. (∀x)[Px→ (∀y)(Qy →My)], (∃x)Px, (∃x)Qx ` (∃x)Mx
43. (∀x)(∀y)(Qxy → Pyx) ` (∀x)(Qxx→ Pxx)
44. ¬(∃x)(∃z)(∃y)Lxyz ` (∃x)¬Lxxx
45. ¬(∀x)(∀z)Pxz, (∃x)(∃z)¬Pxz → (∀z)Lz ` (∀w)(Lw ∨Mw)
46. (∀x)Px↔ (∃x)Lxx,¬(∃x)Lxx ` ¬(∀x)Px
47. (∀x)(Pxx→ Pxx) → (∃x)Mx ` (∃x)(Mx ∧Mx)
48. (∃x)(∃y)(∃z)(Lxy ∧ Lyz), (∃x)(∃y)Lxy → (∀z)(∀y)Pzy ` (∀x)Pxx
49. ` (∃x)Px→ (∀x)(Px→ Px)
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50. ` (∀x)[Px→ (∃y)Ry] → (∀x)(Px→ Px)
51. ` (∀x)(Px ∧Mb) → (∃z)(Lz → Pa)
52. ` (∃x)Px→ [(∃x)Sx→ (∃y)Py]
53. ` ¬(∃x)(Px ∨ Lx) → [(∃y)¬Ly ∨ (∀x)Zx]
54. ` (∃x)Px↔ (∃x)Px
55. ` (∀x)(Px ∨ ¬Px) ↔ ¬(∃x)¬(Px ∨ ¬Px)
56. ` ¬(∀x)(Px ∨ ¬Zx) → (∃z)Zz
57. ` ¬(∃x)Px→ [(∃x)Lxx→ (∀x)¬Px]

8.4.11 Bonus +3

58. ¬(∀x)Px a` (∃x)¬Px, without using QN
59. ¬(∃x)Px a` (∀x)¬Px, without using QN
60. (∃x)(Px ∨Qx) a` (∃x)Px ∨ (∃x)Qx
61. ¬(¬Na ∨ a = b), (∀x)((Nx ∧ x 6= b) → Fx) ` Fa
62. (∃x)(∀y)(Px ∧Qy ∧ x 6= y) ` (∃z)(Pz ∧Qz ∧ z 6= z)
63. ` (∀x)(x = x)
64. ` ¬(∀x)(x 6= x)
65. ` (∀x)(∀y)(x = y ↔ y = x)
66. ` (∀x)(∀y)(∀z)((x = y ∧ x = z) → x = z)
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Notes

Chapter 2 -- PL Language
1. Understanding scope requires you to know (1) how to construct a wff using
the formation rules and (2) what a subformula is. If you are struggling, consider
reviewing the formation rules in Definition 2.3.2 and the discussion of subformulas
in subsection 2.3.3.
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Solutions to Exercises

Solution 1.1

1. Be a yardstick of quality. (Not a Proposition)
3. How may I help you? (Not a proposition)
5. In a fixed rate par bond, the issuer issues the bond at par value. (Propo-

sition)

Solution 1.2

1. God does not exist. (This is debatable. If you think that the sentence
can be true or false, then it expresses a proposition. If you think that
sentences aboutGod aremeaningless, then it does not express a propo-
sition. Given our definition of a proposition, it does notmatterwhether
no one "knows" whether it is true or false.)

3. You are beautiful. (This is debatable. If you think that the sentence can
be true or false, then it expresses a proposition. If you think that sen-
tences about beauty are meaningless, then it does not express a propo-
sition.)

Solution 1.3

1. Argument. Notice the use of the argument indicator "Therefore", which
signifies the conclusion of the argument.

3. Not explicitly an argument. All three of the sentences are propositions,
but it is not clear that the third proposition is the conclusion.

Solution 1.4

1. Invalid. Imagine two people: Tek and Liz. If Tek is friendly but Liz
is not, then the premise of the argument is true, but the conclusion is
false. This would mean it is possible for the premise to be true and the
conclusion false. And so, the argument would be invalid.

3. Valid. There is no possible scenario where the premises are true and
the conclusion is false. Note that an argumentmaybe valid even though
it has false premises.
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Solution 1.6

1. An argument is sound if and only if (1) the argument is valid and (2)
all of the premises in the argument are true.

3. No. If an argument is sound argument, then all of the premises in
the argument are true. So, a sound argument cannot have at least one
premise.

Solution 1.7

1. Valid.
3. Invalid. It is possible for a person to have no good reason for thinking

God exists and yet God exists.

Solution 2.9

1. P is a propositional letter
3. ∧ is an operator
5. ( is a left parenthesis

Solution 2.10

1. A is a wff by Rule 1. Therefore, ¬(A) is a wff by Rule 2.
3. A and B are wffs by Rule 1. Since B is a wff, ¬(B) is a wff by Rule 2.

Since A and ¬(B) are wffs, (A ∧ ¬(B)) is a wff by Rule 3.

Solution 2.11

1. P is an atomic wff, a literal wff, but not a complex wff.
3. (P ∧Q) is a complex wff, but not an atomic wff or a literal wff.

Solution 2.12

1. The proper parts of (P → Q) are P and Q. The subformulas of (P →
Q) are (P → Q), P , and Q.

3. The proper parts of ¬((P ∧Q)) are P ,Q, and (P ∧Q). The subformulas
of ¬((P ∧Q)) are all of the proper parts and ¬((P ∧Q)).

Solution 2.14

1. The scope of ∧ is (P ∧Q).
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3. The scope of the leftmost ¬ is ¬(¬(P )). The scope of the rightmost ¬ is
¬(P )

Solution 2.15

1. The main operator of ¬(P ) is ¬.
3. The main operator of (P ∨ (Q ∧R)) is ∨.
5. The main operator of (¬(¬(M)) ∨R) is ∨

Solution 2.16

1. P → Q
2. Q
3. ¬¬P
4. P → (Q→ ¬R)

Solution 2.17

1. ¬(A)
3. ¬(¬(¬(A)))

Solution 2.18

1. A is an atomic wff.
3. (A ∧B) is a conjunction.
5. (A→ B) is a conditional.
7. ¬(¬(A)) is a negation of a negation. A double negation.
9. ¬(A ∨B) is a negated disjunction.

Solution 2.19

1. v(A) = T
3. v(¬(A)) = F
5. v((A ∧B)) = F

Solution 2.20

1. v(¬(P )) = T
3. v(P ∧Q) = T
5. v(P ↔ Q) = T
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Solution 2.21

Here is a hint on how to create your own operator. First, create a truth func-
tion. Consider how many truth values it takes as input and what its truth
value is as output given its input. Finally, create a symbol for your operator
and define it using your truth function.

Solution 2.22

1. J
4. D → R
4. J →M
5. J ∨M

Solution 2.23

1. (T ∧H) ∧A or T ∧ (H ∧A)
2. (R ∨ T ) ∨ ¬H or R ∨ (T ∨ ¬H)
3. (U ∧D) ∧R or U ∧ (D ∧R)

Solution 2.25

1. (R ∧ T ) ∧ L
3. ¬R ∧ ¬T or ¬(R ∨ T )
5. (T ∨ L) ∧ ¬(T ∧ L)

Solution 2.26

1. (P ∧W ) ∧ ¬L
3. ¬W ∧ ¬B or ¬(W ∨B)

Solution 2.27

1. Inclusive translations include: ¬E → C,E∨C, and¬C → E. Exclusive
translations: E ⊕ C, (E ∨ C) ∧ ¬(E ∧ C).

3. Inclusive translations include: ¬C →M , C ∨M , and ¬M → C. Exclu-
sive translations: C ⊕M , (C ∨M) ∧ ¬(C ∧M).

Solution 2.28

1. (H ∧ T ) ∧ S
3. ¬H ∧ ¬T
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Solution 3.30

1. ¬P → R is F
3. ¬(¬P ↔ ¬S) is F
4. P ∧ ¬R is T.

10. Hint: Consider both rows where the antecedent of the conditional is
false.

Solution 3.31

1. Truth table for P → ¬R
P R P → ¬ R

T T T F F T
T F T T T F
F T F T F T
F F F T T F

Solution 3.32

3. Truth table for ¬¬(P ↔ R) ∨ Z
P R Z ¬ ¬ (P ↔ R) ∨ Z

T T T T F T T T T T
T T F T F T T T T F
T F T F T T F F T T
T F F F T T F F F F
F T T F T F F T T T
F T F F T F F T F F
F F T T F F T F T T
F F F T F F T F T F

Solution 3.33

1. ¬P → ¬P is a tautology. The wff is true under every interpretation.
P ¬ P → ¬ P

T F T T F T
F T F T T F

3. P ↔ ¬R is a contingency. There is at least one T and at least one F under
the main operator.
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P R P ↔ ¬ R

T T T F F T
T F T T T F
F T F T F T
F F F F T F

Solution 3.34

1. P,Q is consistent. There is at least one row where P,Q are both true. We
can show this by simply setting up the truth table.
P Q

T T
T F
F T
F F

3. P ∨ Q,P ∧ Q is consistent. There is at least one row where both wffs are
true.
P Q P ∨ Q P ∧ Q

T T T T T T T T
T F T T F T F F
F T F T T F F F
F F F F F F F F

Solution 3.35

1. If Γ consists of a single wff φ, then Γ is consistent if and only if φ is a
PL-contingency or PL-tautology. This is because if φ is a tautology, φ
is true under every interpretation and so it is true under at least one
interpretation. If φ is a PL-contingency, then φ is true under at least
one interpretation. However, if φ is a PL-contradiction, then φ is false
under every interpretation and so it is not true under at least one in-
terpretation.

3. Let's first show that if φ ∧ ψ is a contradiction, then {φ, ψ} is incon-
sistent. If φ ∧ ψ is a contradiction, then φ ∧ ψ is false under every in-
terpretation. This means that there is no interpretation where both φ
and ψ are true. If there is no interpretation where φ and ψ are true,
then {φ, ψ} is inconsistent. Second, let's show that if {φ, ψ} is inconsis-
tent, then φ ∧ ψ is a contradiction. If {φ, ψ} is inconsistent, then there
is no interpretation where both φ and ψ are true. If there is no inter-
pretation where both φ and ψ are true, then φ ∧ ψ is false under every
interpretation. Therefore it is a contradiction.
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Solution 3.36

1. P,Q are not equivalent. We can see this simply by setting up the table.
Notice that there is at least one row where P and Q do not have the same
truth value.
P Q

T T
T F
F T
F F

3. P, P ∨ P are equivalent. Alternatively, we can say that the set containing
these wffs is equivalent: {P, P ∨ P}.
P P P ∨ P

T T T T T
F F F F F

Solution 3.37

1. If Γ consists of a single wff φ, then Γ is equivalent if and only if for
each interpretation I , φ has the same truth value as φ. Since for each
interpretation of φ, φ has the same truth value as φ, it follows that a set
Γ consisting of a single wff φ is equivalent.

3. If φ and ψ are equivalent, then there is no interpretation where φ and ψ
have different truth values. A wff φ↔ ψ is false just in the case where
φ and ψ have different truth values. Since there is no interpretation
where φ and ψ have different truth values, it follows that φ ↔ ψ is a
tautology.

Solution 3.38

1. P |= P since there is no row where P is T and P is F.

P P

T T
F T

3. P∧Q |= P since there is no rowwhereP∧Q is T andP is F.

P Q P ∧ Q |= P

T T T T T T
T F T F F T
F T F F T F
F F F F F F
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Solution 3.39

1. J ∨M,¬M |= ¬J is not the case since there is a rowwhere J ∨M and ¬M
are T and ¬J is F: Row 2.
J M J ∨ M ¬ M 6|= ¬ J

T T T T T F T F T
T F T T F T F F T
F T F T T F T T F
F F F F F T F T F

Solution 3.40

1. P ∧Q |= P but notice that P |= P ∧Q is not the case.
3. If Γ is inconsistent, then there is no single interpretation where all of

its members are true. If that is the case, then for any wff φ, there is
no interpretation where all of the members of Γ are true and φ is false.
Therefore, Γ |= φ.

Solution 4.44

1. A,A ∧ ¬B
1.
2.
3.
4.

A
A ∧ ¬B X

A
¬B

P
P
1∧D
1∧D

3. ¬A ∧B,P ∨ ¬Q
1.
2.
3.
4.

5.

¬A ∧B X
P ∨ ¬QX

¬A
B

P ¬Q

P
P
1∧D
1∧D

2∨D

5. ¬(A→ B),¬(A↔ B)

1.
2.
3.
4.

5.
6.

¬(A→ B)X
¬(A↔ B)X

A
¬B

A
¬B

¬A
B

P
P
1¬ → D
1¬ → D

2¬ → D
2¬ → D
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Solution 4.45

1. A ∧ (¬A ∧B)

1.
2.
3.
4.
5.

A ∧ (¬A ∧B)X
A

¬A ∧B
¬A
B
⊗
4,2

P
1∧D
1∧D
3∧D
3∧D

3. A ∧B,¬(A→ B)

1.
2.
3.
4.
5.
6.

A ∧B X
¬(A→ B) X

A
B
A
¬B
⊗
4,6

P
P
1∧D
1∧D
2¬ → D
2¬ → D

Solution 4.46

3. A ∧ ¬B,B,C → Q
1.
2.
3.
4.
5.

A ∧ ¬B X
B

C → QX
A
¬B
⊗
2,5

P
P
P
1∧D
1∧D

5. P ∨Q,A ∧ ¬A,B → C

1.
2.
3.
4.
5.

P ∨Q X
A ∧ ¬A X
B → C X

A
¬A
⊗
4,5

P
P
P
2∧D
2∧D
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Solution 4.47

1. P ∧ ¬P
1.
2.
3.

P ∧ ¬P X
P
¬P
⊗
2,3

P
1 ∧D
1 ∧D

3. P∧Q,Q∧R. Since there is a completed open branch, an interpretation that
wouldmake eachwff in the branch true is I (P ) = T,I (Q) = T,I (R) = T .
1.
2.
3.
4.
5.
6.

P ∧Q X
Q ∧R X

P
Q
Q
R

P
P
1 ∧D
1 ∧D
2 ∧D
2 ∧D

Solution 4.48

1. P,¬P . The set is inconsistent.
1.
2.

P
¬P
⊗
1,2

P
P

3. P → Q,P,¬Q. The set is inconsistent.
1.
2.
3.

4.

P → QX
P
¬Q

¬P
⊗
2,4

Q
⊗
3,5

P
P
P

1→ D

5. ¬¬(P ∨Q), P ∨Q. The set is consistent.
1.
2.
3.

4.

5.

¬¬(P ∨Q)X
P ∨QX
P ∨Q

P

P Q

Q

P Q

P
P
1¬¬D

2∨D

3∨D
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Solution 4.49

1. P ∧ ¬P is a contradiction.
1.
2.
3.

P ∧ ¬P X
P
¬P
⊗
2,3

P
1 ∧D
1 ∧D

3. P → P is a tautology. To test this using the truth-tree method, we test
whether ¬(P → P ) yields a closed or open tree. Since it yields a closed
tree, there is no interpretation where ¬(P → P ) is true. That is, ¬(P → P )
is false under every interpretation. Since ¬(P → P ) is false under every
interpretation, (P → P ) is true under every interpretation.
1.
2.
3.

¬(P → P ) X
P
P
⊗
2,3

P
1¬ → D
1¬ → D

5. P ∧(Q→ P ) is a contingency. The first tree shows it is not a contradiction.
The second shows it is not a tautology.
1.
2.
3.

4.

P ∧ (Q→ P ) X
P

Q→ P X

¬Q P

P
1 ∧D
1 ∧D

3 → D

1.

2.
3.
4.

¬(P ∧ (Q→ P ))X

¬P ¬(Q→ P )X
Q
¬P

P

1¬ ∧D
2 → D
2 → D
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Solution 4.50

1. P → Q,¬P ∧Q are not equivalent.
1.

2.
3.
4.
5.

6.

¬((P → Q) ↔ (¬P ∧Q))X

P → Q
¬(¬P ∧Q)

¬¬P
Q

P
⊗
4,6

Q
⊗
5,6

¬(P → Q)
¬P ∧Q
P
Q

P
⊗
4,6

Q
⊗
5,6

P

1¬ ↔ D
1¬ ↔ D
3¬ ∧D; 2¬ ∧D
3¬ ∧D; 2¬ ∧D

2 → D

3. P → Q,¬P ∨ ¬Q are not equivalent.
1.

2.
3.
4.
5.
6.

7.
8.

¬((P → Q) ↔ (¬P ∨ ¬Q))X

P → Q
¬(¬P ∨ ¬Q)

¬¬P
¬¬Q
Q

¬P
⊗
4,6

Q

¬(P → Q)
¬P ∨ ¬Q

P
¬Q

¬P
⊗
4,6

¬Q

P

1¬ ↔ D
1¬ ↔ D
3¬ ∨D; 2¬ → D
3¬ ∨D; 2¬ → D
3¬¬D

2→ D
3∨D

Solution 4.51

1. P ∧Q |= Q

1.
2.
3.

4.

P ∧Q X
P
¬Q

P
⊗
2,4

Q
⊗
3,4

P
P
P

1 ∧D

3. A→ B,B |= A
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1.
2.
3.

4.

A→ B X
B
¬A

A
⊗
2,4

B
⊗
3,4

P
P
P

1 → D

5. (A ∧B) → C,A 6|= C

1.
2.
3.

4.

5.

(A ∧B) → C X
A
¬C

¬(A ∧B)

¬A
⊗
2,5

¬B

C
⊗
3,4

P
P
P

1 → D

4¬ ∧D

Solution 5.52

1. ¬P,¬P → Z ` Z
1 ¬P P
2 ¬P → Z P, Z

3. P,Q,R ` (P ∧Q) ∧R
1 P P
2 Q P
3 R P, (P ∧Q) ∧R

5. ¬¬P ` P 1 ¬¬P P, P

Solution 5.53

1. P,Q,R, S ` P ∧ S
1 P P
2 Q P
3 R P
4 S P
5 P ∧ S ∧I 1, 4

339



3. P ∧ (R ∧M) ` R
1 P ∧ (R ∧M) P
2 R ∧M ∧E 1
3 R ∧E 2

5. P ∧R,¬Z ∧ ¬W ` P ∧ ¬W
1 P ∧R P
2 ¬Z ∧ ¬W P
3 P ∧E 1
4 ¬W ∧E 2
5 P ∧ ¬W ∧I 3, 4

Solution 5.54

1. P → Q,P ` Q
1 P → Q P
2 P P
3 Q → E 1, 2

3. (A ∧B) → C,A,B ` C
1 (A ∧B) → C P
2 A P
3 B P
4 A ∧B ∧I 2, 3
5 C → E 1, 4

5. R→ Z,Z →W,R ∧M `W ∧M
1 R→ Z P
2 Z →W P
3 R ∧M P
4 R ∧E 3
5 Z → E 1, 4
6 W → E 2, 5
7 M ∧E 3
8 W ∧M ∧I 6, 8
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Solution 5.55

1. P ∧R ` Z → P
1 P ∧R P
2 Z A
3 P ∧E 1
4 Z → P → I 2-3

3. R ` R→ R
1 R P
2 R A
3 R ∧R ∧ 1,2
4 R ∧E 3
5 R→ R → I 2-4

5. P,Q ` P → Q

1 P P
2 Q Q
3 P A
4 P ∧Q ∧I 1,2
5 Q ∧E 3
6 P → Q → I 3-5

Solution 5.56

1. P → Z,P ` P ∧ Z
1 P → Z P
2 P P
3 Z → E 1,2
4 P ∧ Z ∧I 2,3

3. P ` R→ P
1 P P
2 R A
3 P R 1
4 R→ P → I 1-3

5. (R ∨ F ) → Z,M ∧ (R ∨ F ) `M ∧ Z
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1 (R ∨ F ) → Z P
2 M ∧ (R ∨ F ) P
3 M ∧E 2
4 R ∨ F ∧E 2
5 Z → E 1,4
6 M ∧ Z ∧I 3,5

Solution 5.57

1. P ∧ ¬P ` R
1 P ∧ ¬P P
2 R A
3 P ∧E 1
4 ¬P ∧E 1
5 ¬R ¬I 2-4

3. L,¬L ` ¬¬¬M
1 L P
2 ¬L P
3 ¬¬M A
4 L R 1
5 ¬L R 2
6 ¬¬¬M ¬I 3-5

Solution 5.58

1. A ` A ∨ ¬B
1 A P
2 A ∨ ¬B ∨I 1

3. A,B ` A ∨B
1 A P
2 B P
3 A ∨B ∨I 1

5. ¬A ∨B,¬A→ S,B → S ` S
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1 ¬A ∨B P
2 ¬A→ S P
3 B → S P
4 ¬A A
5 S → E 2, 4
6 B A
7 S → E 3, 6
8 S ∨E 1, 4-5, 6-7

7. P ∨Q,¬Q ` P

• Hint 1: Start by assuming ¬P . In making this assumption, the goal is
to derive P using ¬E.

• Hint 2: After you have assumed ¬P , consider using ∨E. This will re-
quire you to make two subproofs, one for P and one for Q.

Solution 5.59

1. (P ∧Q) ↔ R,P,Q ` R
1 (P ∧Q) ↔ R P
2 P P
3 Q P
4 P ∧Q ∧I 2,3
5 R ↔ E 1, 4

3. (P ∨ ¬M) ↔ R,P ↔ (W ∨ L), L ` R
1 (P ∨ ¬M) ↔ R P
2 P ↔ (W ∨ L) P
3 L P
4 W ∨ L ∨I 3
5 P ↔ E 2, 4
6 P ∨ ¬M ∨I 5
7 R ↔ E 1,6
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Solution 5.60

1. Z ∧ (B ∧ F ), (M ∧ T ) ∧ (L→ P ), Q ∧ (R ∧ P ) ` ¬R ∨ (S ∨ T )
1 Z ∧ (B ∧ F ) P
2 (M ∧ T ) ∧ (L→ P ) P
3 Q ∧ (R ∧ P ) P
4 M ∧ T ∧E 2
5 T ∧E 4
6 S ∨ T ∨I 5
7 ¬R ∨ (S ∨ T ) ∨I 6

3. (Z ∧Q) ∧ (F ∧ L), R ∧ P,W ∧B ` (Z ∨ T ) ∨ (M → R)

1 (Z ∧Q) ∧ (F ∧ L) P
2 R ∧ P P
3 W ∧B P
4 Z ∧Q ∧E 1
5 Z ∧E 4
6 Z ∨ T ∨I 5
7 (Z ∨ T ) ∨ (M → R) ∨I 6

5. M ∧ (R ∧ ¬Z), S ∧ (P ∧W ), Q ` (S ↔ Q) ∨ [M ∧ (R ∧ Z)]
1 M ∧ (R ∧ ¬Z) P
2 S ∧ (P ∧W ) P
3 Q P
4 S A
5 Q R 3
6 Q A
7 S ∧E 2
8 S ↔ Q ↔ I 4-5, 6-7
9 (S ↔ Q) ∨ [M ∧ (R ∧ Z)] ∨I 8
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Solution 5.61

1. P → Q,¬Q ` ¬P
1 P → Q P
2 ¬Q P
3 ¬P MT 1,2

3. ¬(P ∨R) ` ¬P ∧ ¬R
1 ¬(P ∨R) P
2 ¬P ∧ ¬R DeM 1

5. (¬P ∧L) → ¬Q, (M∧T )∧(¬R∧L), (M∧¬R) → (Z∧¬P ) ` ¬Q∨(A↔ B)

1 (¬P ∧ L) → ¬Q P
2 (M ∧ T ) ∧ (¬R ∧ L) P
3 (M ∧ ¬R) → (Z ∧ ¬P ) P
4 M ∧ T ∧E 2
5 ¬R ∧ L ∧E 2
6 M ∧E 4
7 ¬R ∧E 5
8 M ∧ ¬R ∧I 6, 7
9 Z ∧ ¬P → E 3, 8

10 ¬P ∧E 9
11 L ∧E 5
12 ¬P ∧ L ∧I 11, 12
13 ¬Q → E 1, 13
14 ¬Q ∨ (A↔ B) ∨I 14

Solution 5.62

1. (R ∧ T ) ∨ ¬W,S ∧ ¬¬W ` R ∧ T
1 (R ∧ T ) ∨ ¬W P
2 S ∧ ¬¬W P
3 ¬¬W ∧E 2
4 R ∧ T DS 1, 3

3. (R ∧ T ) → ¬W,M → (R ∧ T ),¬W → (S ∧R) `M → (S ∧R)
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1 (R ∧ T ) → ¬W P
2 M → (R ∧ T ) P
3 ¬W → (S ∧R) P
4 M A
5 R ∧ T → E 2, 4
6 ¬W → E 1, 4
7 S ∧R → E 3, 5
8 M → (S ∧R) → I 1-6

5. Hint: Consider using → I .

Solution 5.63

1. ¬¬(¬¬P → Q) ` P → ¬¬Q
1 ¬¬(¬¬P → Q) P
2 ¬¬(P → Q) DN 1
3 (P → Q) DN 2
4 P → ¬¬Q DN 3

3. S → ¬Q ` ¬S ∨ ¬Q
1 S → ¬Q P
2 ¬¬S ∨ ¬Q IMP 1

5. ¬(P ∨R) → (¬Z ∨ ¬W ),¬P ∧ ¬R ` ¬(Z ∧W )

1 ¬(P ∨R) → (¬Z ∨ ¬W ) P
2 ¬P ∧ ¬R P
3 ¬(P ∨R) DeM 2
4 ¬Z ∨ ¬W → E 1, 3
5 ¬(Z ∧W ) DeM 4

Solution 5.64

1. P ∧ ¬Q,T ∨Q ` T
1 P ∧ ¬Q P
2 T ∨Q P
3 ¬Q ∧E 1
4 T DS 3, 4

3. A→ C,A ∧D ` C
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1 A→ C P
2 A ∧D P
3 A ∧E 2
4 C → E 1, 3

5. A ` B → (B ∧A)
1 A P
2 B A
3 B ∧A ∧I 1, 2
4 B → (B ∧A) → I 2-3

Solution 5.65

1. (S ↔ D) → T, P ↔ (S ∧D), P ` T
1 (S ↔ D) → T P
2 P ↔ (S ∧D) P
3 P P
4 S ∧D ↔ E 3, 2
5 S A
6 D ∧E 4
7 D A
8 S ∧E 4
9 S ↔ D ↔ I 5-8

10 T → E 1, 9

3. B → ¬(S ∨ T ),¬(A ∨ ¬B),¬S →W `W
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1 B → ¬(S ∨ T ) P
2 ¬(A ∨ ¬B) P
3 ¬S →W P
4 ¬A ∧ ¬¬B DeM 1
5 ¬¬B ∧E 4
6 B DN 5
7 ¬(S ∨ T ) → E 1, 6
8 ¬S ∧ ¬T DeM 7
9 ¬S ∧E 8

10 W → E 3, 9

5. ¬(A ∧B), B, (¬A ∨ S) → ¬(D ∧ T ) ` ¬D ∨ ¬T
1 ¬(A ∧B) P
2 B P
3 (¬A ∨ S) → ¬(D ∧ T ) P
4 ¬A ∨ ¬B DeM 1
5 ¬¬B DN 2
6 ¬A DS 4, 5
7 ¬A ∨ S ∨I 6
8 ¬(D ∧ T ) → E 3, 7
9 ¬D ∨ ¬T DeM 8
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Solution 5.66

1. ¬ (A ∨ [¬(B → R) ∨ ¬(C → R)]) ,¬A↔ (B ∨ C) ` R
1 ¬ (A ∨ [¬(B → R) ∨ ¬(C → R)]) P
2 ¬A↔ (B ∨ C) P
3 ¬A ∧ ¬ [¬(B → R) ∨ ¬(C → R)] DeM 1
4 ¬A ∧E 3
5 ¬ [¬(B → R) ∨ ¬(C → R)] ∧E 3
6 ¬¬(B → R) ∧ ¬¬(C → R) DeM 5
7 ¬¬(B → R) ∧E 6
8 ¬¬(C → R) ∧E 6
9 B → R DN 7

10 C → R DN 8
11 B ∨ C ↔ E 2, 4
12 B A
13 R → E 9, 12
14 C A
15 R → E 10, 12
16 R ∨E 11, 12-15

3. A ∨B,R ∨ ¬(S ∨M), A→ S,B →M ` R
1 A ∨B P
2 R ∨ ¬(S ∨M) P
3 A→ S P
4 B →M P
5 ¬R A
6 ¬(S ∨M) DS 2,5
7 ¬S ∧ ¬M DeM 6
8 ¬S ∧E 7
9 ¬M ∧E 7

10 ¬B MT 4, 9
11 A DS 1, 10
12 ¬A MT 3, 8
13 R ¬E 5-12
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5. A ` ¬(¬A ∧ ¬B)

1 A P
2 ¬¬A DN 1
3 ¬¬A ∨ ¬¬B ∨I 2
4 ¬(¬A ∧ ¬B) DeM 3

Solution 5.67

1. ` P → P
1 P A
2 P R 1
3 P → P → I 1-2

3. ` ¬(P ∧ ¬P )
1 P ∧ ¬P A
2 P ∧E 1
3 ¬P ∧E 1
4 ¬(P ∧ ¬P ) ¬I 1-3

5. ` A→ ¬(B ∧ ¬B)

1 A A
2 (B ∧ ¬B) A
3 B ∧E 2
4 ¬B ∧E 2
5 ¬(B ∧ ¬B) ¬I 2-4
6 A→ ¬(B ∧ ¬B) → I 1-5

7. ` A→ (A ∨ ¬A)
1 A A
2 ¬(A ∨ ¬A) A
3 ¬A ∧ ¬¬A DeM 2
4 ¬A ∧E 3
5 ¬¬A ∧E 3
6 A ∨ ¬A ¬I 2-5
7 A→ (A ∨ ¬A) → I 1-6
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Solution 6.68

1. a is a name.
3. g is a name.
5. x is a variable.

Solution 6.69

1. Ra is a wff (rule 1). Paa is a wff (rule 1). (Ra ∧ Paa) is a wff (rule 3).
3. Zx is a wff (rule 1). (∃x)(Zx) is a wff (rule 4).
5. Pxx is a wff (rule 1). (∀x)(Pxx) is a wff (rule 4). ¬(((∀x)(Pxx))) (rule

4). Zx is a wff (rule 1). (∃x)(Zx) is a wff (rule 4). (¬((∀x)(Pxx)) ∧
(∃x)(Zx)) is a wff (rule 3).

Solution 6.70

1. Fb is a literal wff.
3. ¬(¬(Fb)) is not a literal wff.
5. Fb ∧ Fq is not a literal wff.

Solution 6.71

1. The scope of (∀x)Px is (∀x)Px
3. The scope of (∃x)¬Rx is (∃x)¬Rx

Solution 6.72

1. (∀x)
3. ∧
5. ¬

Solution 6.73

1. x is bound in Rx
3. x is bound inMx and Rx
5. w is bound in V x but x is free in Lx

Solution 6.74

1. Open. x is free.
3. Closed
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5. Closed

Solution 6.75

1. Let the domain refer to the set that includes both Jon and Liz. Let "Jon"
refer to Jon and "Liz" refer to Liz. Let "loves" refer to the set of ordered
pairs 〈Jon, Liz〉 and 〈Liz, Jon〉.

Solution 6.76

1. v(Ha) = T
3. v((∀x)Hx) = T
5. v((Ha ∧Hb) ∧Hc) = T

Solution 6.77

1. (∀x)(Ex→ Nx) is T
3. (∀x)(Ex→ ¬Ox) is T.
5. (∃x)(Ex ∨Ox) is T.
7. (∀x)Gxx is F.

Solution 6.78

1. Sa. Ann is sad.
3. Sb ∧ Sc. Bob is sad and Chris is sad.
5. ¬Fba. Bob is not friends with Ann.

Solution 6.79

1. Everyone is friendly.
3. All ghosts are friendly.
5. It is not the case that all ghosts are friendly.
7. Everyone is either friendly or a ghost.

Solution 6.80

1. Everyone is poor.
3. Everyone is poor and everyone is lazy.
5. No poor people are lazy.
7. Someone is poor.
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Solution 6.81

1. Everyone loves Bob.
3. No one who loves Bob hates Sally.
5. If Bob loves Sally and Bob hates someone, then Bob loves Sally.

Solution 6.82

1. Involving presence. "Criminals are bad" is ambiguous between "all
criminals are bad" and "some criminals are bad". The former can be
translated as (∀x)(Cx → Bx) while the latter can be translated as
(∃x)(Cx ∧Bx).

3. Involving presence and involving scope. "Smokers are not bad" is am-
biguous between "all smokers are not bad" and "some smokers are not
bad". The former is additionally ambiguous between "it is not the case
that all smokers are bad" and "no smokers are bad". The first sentence
can be translated as ¬(∀x)(Sx → Bx) while the second can be trans-
lated as (∀x)(Sx → ¬Bx). On the other hand, "some smokers are not
bad" can be translated as (∃x)(Sx ∧ ¬Bx).

Solution 8.83

1. (∀x)Px, (∀z)Qz ` Pa ∧Qa

1 (∀x)Px P
2 (∀z)Qz P
3 Pa ∀E 1
4 Qa ∀E 2
5 Pa ∧Qa ∧I 3, 4

3. Lab→ Sa, (∀x)(∀y)Lxy ` Sa

1 Lab→ Sa P
2 (∀x)(∀y)Lxy P
3 (∀y)Lay ∀E 2
4 Lab ∀E 3
5 Sa → E 1, 4

Solution 8.84

1. Pa,Rb ` (∃x)(Px ∧Rb)
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1 Pa P
2 Rb P
3 Pa ∧Rb ∧I 1, 2
4 (∃x)(Px ∧Rb) ∃I 3

3. (∃x)Rx→Mc,Ra ` (∃x)Mx

1 (∃x)Rx→Mc P
2 Ra P
3 (∃x)Rx ∃I 2
4 Mc → E 1, 3
5 (∃x)Mx ∃I 4

Solution 8.85

1. (∀x)Px ` (∀y)Py

1 (∀x)Px P
2 Pa ∀E 1
3 (∀y)Py ∀I 2

3. (∀x)Px ∧ (∀y)Sy ` (∀x)(Px ∧ Sx)

1 (∀x)Px ∧ (∀y)Sy P
2 (∀x)Px ∧E 1
3 Pa ∀E 2
4 (∀y)Sy ∧E 1
5 Sa ∀E 4
6 Pa ∧ Sa ∧I 3, 5
7 (∀x)(Px ∧ Sx) ∀I 6

Solution 8.86

1. (∃x)Lxx ` (∃y)Lyy

1 (∃x)Lxx P
2 Lbb A
3 (∃y)Lyy ∃I 2
4 (∃y)Lyy ∃E 1, 2-3
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3. (∀x)Lax, (∃x)Px ` (∃y)Py

1 (∀x)Lax P
2 (∃x)Px P
3 Pd A
4 (∃y)Py ∃I 3
5 (∃y)Py ∃E 2, 3-4

Solution 8.87

1. (∃x)¬Px,¬(∀x)Lxx ` ¬(∀x)Px ∧ (∃x)¬Lxx

1 (∃x)¬Px P
2 ¬(∀x)Lxx P
3 ¬(∀x)Px QN 1
4 (∃x)¬Lxx QN 2
5 ¬(∀x)Px ∧ (∃x)¬Lxx ∧I 4, 5

3. (∀x)¬(∃y)Pxy → (∀x)Zx, (∀x)(∀y)¬Pxy ` (∀x)Zx

1 (∀x)¬(∃y)Pxy → (∀x)Zx P
2 (∀x)(∀y)¬Pxy P
3 (∀x)¬(∃y)Pxy QN 2
4 (∀x)Zx → E 1, 3
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Table, Tree, Proof Rules
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Truth table rules

P ¬P
T F
F T

P R P ∧R P ∨R P → R P ↔ R

T T T T T T
T F F T F F
F T F T T F
F F F F T T

358



Truth tree rules

φ ∧ ψ
φ
ψ

∧D
∧D

¬(φ ∧ ψ)

¬(φ) ¬(ψ) ¬ ∧D

φ ∨ ψ

φ ψ ∨D

¬(φ ∨ ψ)
¬(φ)
¬(ψ)

¬ ∨D
¬ ∨D

φ→ ψ

¬(φ) ψ → D

¬(φ→ ψ)
φ

¬(ψ)
¬ → D
¬ → D

φ↔ ψ

φ
ψ

¬(φ)
¬(ψ)

↔ D
↔ D

¬(φ↔ ψ)

φ
¬(ψ)

¬(φ)
ψ

¬ ↔ D
¬ ↔ D

¬¬φ
φ ¬¬D
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Intelim rules

Definition 8.4.2: Conjunction Introduction ∧I

φ, ψ ` φ ∧ ψ or φ, ψ ` ψ ∧ φ

Definition 8.4.3: Conjunction Elimination (∧E)

φ ∧ ψ ` φ or φ ∧ ψ ` ψ

Definition 8.4.4: Conditional Introduction (→ I)

n φ A
...

m ψ

m+1 φ→ ψ → I n-m

Definition 8.4.5: Conditional Elimination (→ E)

φ→ ψ, φ ` ψ

Definition 8.4.6: Reiteration (R)

φ ` φ

Definition 8.4.7: Negation Introduction (¬I)

k φ A
...

...
n ψ

n+1 ¬(ψ)
n+2 ¬(φ) ¬I k-(n+1)
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Definition 8.4.8: Negation Elimination (¬E)

k ¬(φ) A
...

...
n ψ

n+1 ¬(ψ)
n+2 φ ¬E k-(n+1)

Definition 8.4.9: Disjunction Introduction (∨I)

φ ` φ ∨ ψ or φ ` ψ ∨ φ

Definition 8.4.10: Disjunction Elimination (∨E)

n φ ∨ ψ P
k ψ A

...
k+i χ

j ψ A
...

j+l χ

m χ ∨E n, k-(k+i), j-(j+l)

Definition 8.4.11: Biconditional Introduction (↔ I)

n φ A
...

n+i ψ

k ψ A
...

k+j φ

m φ↔ ψ ↔ I n+1, k+j
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Definition 8.4.12: Biconditional Elimination (↔ E)

φ↔ ψ, φ ` ψ or φ↔ ψ,ψ ` φ

Derived Rules

Definition 8.4.13: Disjunctive Syllogism (DS)

φ ∨ ψ,¬(ψ) ` φ or φ ∨ ψ,¬(φ) ` ψ

Definition 8.4.14: Modus Tollens (MT)

φ→ ψ,¬(ψ) ` ¬(φ)

Definition 8.4.15: Hypothetical Syllogism (HS)

φ→ ψ,ψ → χ ` φ→ χ

Definition 8.4.16: Double Negation (DN)

φ a` ¬¬(φ)

Definition 8.4.17: De Morgan’s Laws (DeM)

¬(φ ∨ ψ) a` ¬(φ) ∧ ¬(ψ) or ¬(φ ∧ ψ) a` ¬(φ) ∨ ¬(ψ)

Definition 8.4.18: Implication (IMP)

φ→ ψ a` ¬(φ) ∨ ψ
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Quantifier rules

Definition 8.4.19: Universal Elimination (∀E)

(∀x)φ(x1 . . . xn) ` φ(α1 . . . αn/x1 . . . xn) where x is not in φ(α1 . . . αn)

Definition 8.4.20: Existential Introduction (∃I)

φ(αi) ` (∃x)φ(xn/αn) where x is not in φ(αi)

Definition 8.4.21: Universal Introduction (∀I)

φ(α1 . . . αn) ` (∀x)φ(x1 . . . xn/α1, . . . αn) where the name α does
not occur as premise, as an assumption in an open subproof, or in
(∀x)φ(x1 . . . xn/α1, . . . αn) and where x is not in φ(α1 . . . αn)

Definition 8.4.22: Existential Elimination (∃E)

n (∃x)φx P
j φ(α/x) A

...
j+i ψ

j+(i+1) ψ ∃E, n, j-(j+1)

Definition 8.4.23: Quantifier Negation (QN)

¬(∀x)φ a` (∃x)¬φ or ¬(∃x)φ a` (∀x)¬φ
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Additional PL Rules

These rules are not to be used on an exam nor are they an official part of
the course. They may only be used when explicitly stated in extra-credit
questions.

Definition 8.4.24: XOR Elimination (⊕E1)

φ⊕ ψ, φ ` ¬ψ and φ⊕ ψ,ψ ` ¬φ

Definition 8.4.25: XOR Elimination (⊕E2)

φ⊕ ψ,¬(ψ) ` φ and φ⊕ ψ,¬(φ) ` ψ

Definition 8.4.26: XOR Introduction (⊕I)

φ,¬(ψ) ` φ⊕ ψ and ¬(φ), ψ ` φ⊕ ψ

Definition 8.4.27: NAND Elimination ↑ E

φ ↑ ψ, φ ` ¬ψ and φ ↑ ψ,ψ ` ¬φ

Definition 8.4.28: NAND Introduction ↑ I

k φ ∧ ψ A
...

...
n ⊥

n+1 φ ↑ ψ ↑ I k-n

Definition 8.4.29: NOR Elimination (↓ E)

φ ↓ ψ ` ¬ψ and φ ↓ ψ ` ¬φ

Definition 8.4.30: NOR Introduction (↓ I)

Show both φ and ψ leads to ⊥ and you can derive φ ↓ ψ.
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k φ A
...

...
n ⊥
o ψ A
...

...
p ⊥

p+1 φ ↓ ψ ↓ I k-p
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Definition 8.4.31: Identity Introduction (= I)

At any point in the proof, you may write α = α for any name α.

Definition 8.4.32: Identity Elimination (= E)

From α = β and a wff φ, you may substitute α for β in φ or β for α in
φ. α = β, φ ` φ(α/β) or α = β, φ ` φ(β/α)

Definition 8.4.33: Negated Identity Equivalence (¬ = E)

From ¬(α = β) a` (α 6= β)
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